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PREFACE 


The remarkable progress made m recent years m the Theory of 
General Functions has revolutiomsed the method of treatment 
of many of the higher branches of Pure Mathematics , and the 
bnlhant work of Riemann, Weierstrass, and their followers has 
opened out new paths for research The discovery by Stokes 
and Seidel of the fundamental principles underlying the con- 
vergence of an indmte senes has been far-reaching, and the 
question of umformity or non-uniformity of approach to a 
limit which anses in dealing with such senes and of continuity 
in the hmiting values of functions dependent upon more than 
one vanable when those vanables are made to approach defimtely 
assigned values, are matters which necessitate close attention 
Professor Chrystal, in his Alge^a, vol ii , discusses such ques- 
tions at considerable length in a most useful chapter on “ The 
Convergence of Infimte Senes and Products 
A general discussion of Abel’s Theorem regardmg »the general 
mtegration of Algebraic Functions and of its development by 
Liouville and others is given by Bertrand {Qah Intkg , u , ch v ), 
and an account of the general problem of integration of a function 
of a single vanable, its possibihties and its bamers, is to be found 
m No 2 of the Cambridge Mathematical Tracts (2nd ed ) by Mr 
G H Hardy A clear and careful exposition of the modem 
theory of Integration from Riemann’s point of view, and of 
the question of Convergence of Infinite Integrals, is given in 
Professor Carslaw’s work on the Theory of Fawner's Senes 
It was my onginal intention to incorporate into this book some 
account of the more recent developments of the subject, and a 
long chapter was wntten foi Volume I with that view But the 
further I progressed the stronger was my conviction, gained from 
many years of experience of work with post-graduate students, 
that there is in these days far too great a tendency on the part 
of teachers to push on their pupils so fast to the Higher Branches 
of Analysis or to Physical Mathematics that many have neither 
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time nor opportunity for the cultivation of real personal pro- 
ficiency, or for the acquirement of that mdividual manipulative 
alnll which IS essential to any real confidence of the student m his 
own power to conduct unaided mvestigation, and without the 
possession of which any temporary mterest he may have gamed 
as a student must speedily die a natural death I therefore felt 
that I should best serve ^e interests of the majonty of readers 
by endeavounng to help them to cultivate and consohdate their 
knowledge, and to acqmre an adequate mastery over the common 
processes of the Calculus rather than by pomtmg out the direc- 
tion of the more modem trends of thought and by indicating 
further vistas for research To do this, it has been necessary to 
exhibit a large number of worked-out illustrative examples, in 
addition to furnishing an adequate selection for personal practice 
A great part of what I had prepared with regard to modem work 
was regretfully withdrawn, and other projected and partially 
completed portions either abandoned or drastically abridged, as 
they dealt with matters which would rather be of mterest to 
specialists than helpful to the average reader 
The functions considered are for the most part combmations of 
the Elementary Functions of Ordinary Analysis, continuous and 
in general bounded, and for such the defimtion of mtegration as 
used by Cauchy and generally adopted m text-books will suffice, 
and form an adequate instrument for the treatment of the 
particular classes discussed The more elaborate defimtion by 
Biemann, which furnishes a more powerful and dehcate, but at 
the same time somewhat complex instrument for the discussion 
of generalised functions, introduces certam difficulties of con- 
ception hkely to be an unnecessary source of trouble to the 
ordinary student m his earher studies It is therefore postponed 
until it IS to be expected that he has amved at a thorough 
mastery of the common processes to be used m the various apph- 
cations of the Calculus, and has gamed a nper expenence for its 
consideration And it does not appear that any danger is to be 
apprehended m such delay, seemg that Baemann’s defimtion is 
specially devised to meet generahties which will only have to be 
dealt with m a later stage of speciahsation 

JOSEPH EDWARDS 


Queen’s College, London, 
1922 
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CHAPTER XXIII 


CHANGE OF THE VARIABLES IN A MULTIPLE 
INTEGRAL 

826 A NUMBER of cases have occurred m previous chapters 
in which the evaluation ot an area or a volume has been much 
facilitated by a proper choice of coordinates, and changes 
have been made fiom one specific system of coordinates to 
another specific system, such, for example, as from Caitesians 
to polars, or to elliptic coordinates 
In particulai, we have established the results, that in 
transforming from an x, y system, which may be regarded as 
Cartesian, to a w, v system, we have 

and when we change from a three-dimensional Cartesian a?, y, z 
system to another system in terms of new variables w, v, w, we 

the symbol F' representing merely the value of F as expressed 
m terms of the new coordinate system 

These changes have been found very especially useful in 
the case where the houni%ng curves or surfaces of the regions 
under consideration wre themselves members of the three families, 

u = const , V = const , w = const 

This was the case in the typical example of Ait 793, viy the evalua 
tion of the aiea of a Oainot’s cycle, bounded by isotherraals ^y=ai, 
and the adiabatics a-ud it will be lecalled that 
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the region thus bounded was divided into elementary areas bounded by 
curves of the same types, \iz 

xy=u-\r8u Ty^=v+Sv 

Exactly the same course was followed in the three-dimension 
typical examples of Articles 797, 798 

827 Further Examples 

1 The quadrilateral bounded by the four parabolas 

revolves round the axis of y , find the volume generated 

[OOLLEOFS a, 1800 ] 

If be an elementaiy rectangle of this area, we have 





Now, instead of taking elements of rectangular shape such as 8y, let 
us divide up the area by the families of parabolas 

( 1 ) 

Then i4=a and w=6, v==e and v^f are the bounding parabolas of 
the region, and the elementary area enclosed hj u, v, v + Bv is 

didBu Bv 
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Fiom eqaations (1) x=ui^, y=«*i), 

' ’ ' I I 

Sence V=67rJ J u^v^dudv 

-oHh; 

=I3(«*‘-6‘)(«‘-/*) 

2 Evaluate the triple integral j j taken through a volume 
hounded by bix confocal qnadnos, the semiaxes of the quadrics being 

«!, ii, c^1 a, b„ c„\ ffi„ 6,, c„-| 

and Oi, h, e^J and a,', b;, o,'J and a,', 6,', c,' / 

[Maih Trip , 1889 ] 

Taking a definite confocal a, b, e, let the three confocals through any 
point V, y, z of the region be 

5^++=^> sfe++=i. 

•<« (Ar. M), 


whence 

and 


2 0a?_ 1 

z 3A. A,+a* ’ as 'dfi ~ 
im/z\ 1 

Ii. rZTa» 


Hence 

f f fdxdudz 1 


1 

— ; — ®tc , 

1 

1 

M+a*’ 

»/ + «* 

1 

1 

/x+6*’ 

V+fe* 

1 

1 


v + c* 


— i2 [log (A + a*)] {[log (/t + 6»)] [log ( v + «•)] 
and at one set of the boundaiies [log(/t+<, )] [log(v+6 )]}, 


A+a*=ai*, A+6*=6,», A+o*=Ci», 
M+a*=a,*, n + b*^bt', /i+c*=t,* 

v+a*=a,* v+6* = 6,», y+ca=(,^»_ 

and for the other set, 

A + a*=ai'*, A +&*=&/*, etc 
Hence the limits for A are from to 

for fjL from - 6* to tj'* - 6*, 
for V from Ci*-c* to 
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Theiefore 




'•e^. i«8^. 

'°‘i '"V 


828 Remarks on the Transformation 

The iiseiulness of a change of variables is not, however, 
confined to the case in which the bounding curves or surfaces 
of the region considered are partioular cases of the famtkes of 
curves or surfaces by which it has been deemed desirable to divide 
up the region into elements and for which case the limits are 
constants 

The piocess of transformation is threefold 

(а) The tianaformation of the subject of integration mto 
terms of the new \anable& 

(б) The determmation of the new element of integration, 

which resolves itself into the calculation of J 

(c) The determination of the new limits 

Of these, (a) and (6) are merely algebraic processes, and give 
no trouble 

The deteimination of the new limits (c) howevei, often 
presents considerable diflSculty to the student And we can- 
not lay down explicit lules to be followed to suit all cases 
Generally speaking, it is best to proceed, from geometnca] 
considerations, fiist forming a clear idea of the region which the 
original element of area or volume was made to traverse This 
will be clearly indicated by the limits of the integrals occurring 
in the expression to be transformed Then the new limits 
for the transformed integral must be so chosen that the new 
element of area or volume, as the case may be, traverses the same 
region^ once and once ordy, as was traversed by the original 
element in its march as defined by the limits of the ongmal 
integral 

The student will require considerable practice in the assign- 
ment of the new limits, and therefore a number of illustrative 
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examples are appended fiom which he may gather an idea of 
the course to be adopted 

And before proceeding to discuss them in detail the student 
IS advised to note that at times, even a change of order %n the 
integration, without any change in the vaiiables, may be useful, 
and that in some cases an integiation in diflfeient ordeis may 
lead to important conclusions Some of the earliei examples 
are theiefore confined to mere change of older with no change 
in the coordinates, and the necessary change in the limits 
will be the subject of mam attention 

829 Change op Order op Integration 


Ex 1 Conaidei J J <ill the limits being known constants 

Heie the sjiace bounded by y=c, ^ = a, r—b is the legion 

thiough which all pi od nets such as f(z,i/)Sa;S?/ are to be added, viz the 



Fig 2% 


lectangle ABCD in Pig 296 In the integration as it stands we integrate 
fiist with regaid to ?/, keeping ? constant, thus adding up all elements 
in such a strip as RS& R! in the figure Then all such strips aie to be 

added in the operation f ( 

Ja 

If we wish to change the oidet of the operation and express it as 
fdiy fdxf{x,y) 

we have to assign the new limits 

Clearly in this case the sum of such elements as we have consideied, 
added up along such a stiip as PQQ'F paiallel to the x axis, will be 

f y(4,y)d^, 

Ja 
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and the sum of all these stiips, from y—e to y=d, will be 
( dyi dxf(t,y) 

Jo Ja 

Thus [ o?r/(r,y) 

Ja 'e Jc Ja 

Tt appears therefoxe that lu the case of constant limits no change is 
entailed hy a change iii the oidei of integiation 

Ex 2 Consider j j f{sr^y)dTdy 

Heie the limits for y aie from ^=0 to y=^, and for v from 07=0 to 
x=a 

These indicate that the boundaries of the region for which the elements 
/(or, y) &j? Sy are to be added are 

the 07-axis, the line ^= o’, the line v—a 

And if instead of taking strips parallel to the y axis, we add up the 
elements in strips parallel to the or-axis, of which PQQ^F is a type 



(Fig 297), this summation is to be taken fiom v—y to 07=a, and 

I the strip PQQF 

J» 

These strips are then to be added from y=0 to y=a, giving 

as the transformed result 
i*a cos a 

Ex 3 Consider I I f{'Cfy)dvdy 

Jo J iB tan a 

The region of integiation is bounded by the straight line y= or tan a, 
the circle and the y-axis 

The piesent summation is that of strips parallel to the y axis If we 
change the order of the integration we must add up all elements in a strip 
parallel to the x axis before adding the strips 
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These strips change their character at the point wheie y =asm a , from 
y—0 to y^asiua, the length of a stiip is bounded by the yaxis and 
the stiaight line y=a;tana, from y=asina to y^a the stup is termi 
nated by the circle 

Hence the integration consists of two sepaiate parts, viz 

f{^^y)dydx^\ f{y,y)dydx 

Jo Jo JaainaJo 



It IS often useful to teat general results and verify our conclusions by 
application to some simple case Take, for instance, /(^>y)=l Then 
the pnniaiy integral represents the area of the sectoi of a circle of 
radius a and angle ^ “ a Hence the result should be Ja* 

The integration of the transformed result is 

ra sin a 

I ycota<fy+j -y* <fy 

Jo Jasinci 


= ^ cot aj**™*+ \ [y ^/a* -y* + a* 

I 1 S ^ 15 

ss-g smacosa + ia* ^ - ia*sm a cos a - c 
as it should be 


a 

a sin a 



Ex 4 To change the order of integration in the integral 

f(’i!,y)drdy 

n/o*— «* 

Here the region of integration is bounded by 

(1) The parabola y^=ax 

(2) The semicircle a;*+y*=aa!, which we may note is the circle of 

curvature at the vertex of the parabola, and lies entirely within 
the parabola 
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(3) The straight line x=a , and this is a tangent to the circle 
Instead of adding up the quantities /(a?, y) Sx 8y along strips such as 
2)^ (Fig 299) paiallel to the y-axis, and then adding the strips, we have 



to add up elements in a strip parallel to the a;-axis, and then add up these 
new strips It will be noted that so long as ^ is less than | such strips 
are broken into two parts as FO and JTiT, but for \alues of y > ~ they 

are contmuous as at CF Let W be the point of contact of the tangent 
BC to the semicircle, which is parallel to the j7-azis The new integration 
must cover the thzee porbons 

(1) AFBWGA, (2) WOKNHW, (3) BUPCWB 
Referniig to the hgure in which the lines FK and UV parallel to the 
x-axis meet the y-axis at L and if respectively, 

In region (1), 

the limits for x are fiom LF to LO^ and for y fiom 0 to NG 
In region (2), 

the limits for x are from LH to LK, and for y fiom 0 to FC 
In region (3), 

the limits for x are from MU to i/T, and for y fiom NC to NP 
Hence the transformed result will be 


tf 

Jo Ji 








Ex 5 Change the order of integration in 


J rtZ(l+C08fl) 


0 J a oos 0 


f{r, d)rd6dr+ 


•ir ra\ 
, £ , 0 


.(1+cosd) 


/(^, d)rdOdf 


As the integral stands, integration is effected through a region bounded 
by the upper half cardioide r=a(l +cos d), the upper half circle r*=a cos 6 
and the intercepted portion of the initial line 
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When the order of integiation is changed we aie to add elements along 
stnps which are bounded by circular arcs as shown in Fig 300, and then 
add all the strips Let BC be the arc, with centie 0, which touches the 
circle at B Let MQ, M'Q' be contiguous arcs with centres at 0 inter- 
cepted between the circle and the cardioide, and NP, N*P^ contiguous 



arcs with centres at 0 intercepted beWeen the initial line and the 
cardioide Then the new limits of integration are 

for 6, from Q—AOM to d=A0Q, foi values of r from 0 to OB^ 

and for B, from ^=0 to B^AOP^ foi values of r from OB to OA 
The first of these accounts for the region OMBCQO 
The second accounts for the legion A PCS A 
And the transformed integral stands as 






Ex 6 Change the order of operation in the integration system 

Sos 


fa 

1 f(js,y)dxdy+ 


ffi rfi«-3a 

Ja 




/(a?, y)dxdy 





»(2a-») 


f{x,y)d3!dy 
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Here summation is effected by strips parallel to the y axis withm a 
lesrion bounded by 

(1) the parabola 2ay - x\ 

(2) the semiciicle 

(3) the hypeibola 5a^=2ai 

The coordinates of the intersections of the curves aie shown in Fig 301 



Let Cy D be the inteibections of the ciicle and the hypeibola, and B 
the veitex of the parabola Let LPQ be the tangent to the parabola at 
and let MB be diawn through D parallel to the v-axis, cutting the 
y-axia at L and M respectively 

Then in division by atiips paiallel to the x axis we ha\e foui regions 
to considei, viz (i) OPB^ (ii) BQA^ (iii) PRDQ^ and (iv) RCEDR 
We then obtain foi the tiansfoimed lesult, 


a a __ 

J T fa—va*— 2tty TT fo+Va*' 

1 ^ f{%y)dydv-\-\ 

0 Ja— va*— y* Jq Jo+Va* 


f(x, y)dyd% 






Zay_ 


a Ja-^a*-y* 


f(jit>,y)dydx-\- 


f a rsy-Sa 

1 f{x,y)dydx, 

8tf Ja— Va*— y* 


T 8 

the se\eial items of integiation refernng to the respective regions 
enumerated 


Ex 7 Evaluate the [g, john-s Coll , 1889 ] 

As the integral stands, summation is conducted over the infinite region 
bounded by the line y=r, the y-axis, and an infinite boundary, say 
where a is infinitely laige, and along which the subject of integra- 

tion — IS ultimately zero, the strips being taken parallel to the y-axis 

y 

Change the order of integration, taking stiips parallel to the o^-axis 
The new limits are for a, from r=0 to x=y 
and for y, fiom y=*0 to y—a 
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And the mtegtal becomes Lta^t 


— dydx 



= Litax 


.Te-odi, 



Hence the value of the integral is unity 



Ex 8 Change the order of integration of the tuple integral 

lair’ Ia~’~‘-^^^’ 

in all possible pei mutations of da, dy, dz 
The integration referred to is evidently through the volume bounded 
by the three coordinate planes and the plane a7+y+«=a 
The integration ae it stands supposes this region divided into volume- 
elements 8^ 82 by means ot slices or laminae parallel to the plane ^==0, 
subdivided into tubes or prisms parallel to the z axis, and these further 
subdivided into elementary cuboids by planes parallel to the plane 2=0 
The other modes of division and summation are obvious 
And the transfoimations are 



12 


CHAPTER XXni 


foi f{x,y,z)^di<h, 

n a—t yo— 2-x 

, I f{v,y,z)didvdrj, 

a a— * 

/o n^,V>^)dzdydv 


Ex 9 Express the integral 

J** ”** J^a*—**— v* 

as an integial of the foim 


/■(/, ?/, z)dTdydz 




In the first integral the region ovet which the summation is conducted 
IS bounded by 

(1) the sphere «?®+y*+**=o^ 

(2) the plane y=0, 

(3) the plane ^=0, 

(4) the plane 2 



and the first integration was that of elementary cuboids in the tubes on 
Sr8y for base and parallel to the ^^axis The second with regard toy 


CHANaE OF THE VARIABLES 13 

added the tubes in a slice paiallel to the plane *=0 and the 
m^ted with regard to added up the shc« ’ 

We aie now to construct tubes on Sy & foi base, and the limits for the 
first integiation will be for fioni 0 to * 



Fig 304 


'^**’®’* bounded on two sides by 
'O'- * »'■« ftom *=y to 

Finally the slices thus formed aie to be added from y=0 to y— 4 

The transformed integral is therefore 

a 

/■vi /■V5=j!=a „ 

Jo I, jo f(%y,>0<^dtd3i. 

880 Examples of Change of the Vanables 

We shall use the notation F for any function of the oneinal 
vanables and V' for the same function expressed in terms of 
the new vanables 

In the case of change from Cartesians to Polars for two- 
dimeneion problems, the element of area SxSy is replaced by 
and for three-dimension problems SxSySz is replaced 
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by 7^ sm 9 S9 8<j> Sr In converting from thiee-dimension Car- 
tesians to cylindrical coordinates SxSySz is replaced by the 
new element of volume r S9 Sr Sz 
It IS convenient to remembei these, as the labour of calcu- 
lating the new element from the general result, viz 

J SU SV SW or y* 
is in these cases thereby avoided 


831 XUustrative Examples 

Ex 1 Show that r rrudvdu, 
ify+a;=t/,y=uv [Colleges, 1881 1 

(J«icobi’s Transformation, ./oMfwoZ, vol xi p 307*) 

a!—u(l—v)f y=uvj 




l-tJ, -U | = M 


Also V upon transformation becomes V 
The transformed lesult therefoie becomeb 

j J ^ t^dvdu 01 j j V'ududv^ 

according as we are to integrate with regaid to uot with regard to v first 



In our example the former is the case We now have to determine the 
proper limits of integration 

In the original form the integration was for y from 0 to c-a and for 
X fiom 0 to 0 


♦ Gregory’s Exam^es, p 41 
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The region through -which the integration is to be conducted is then 
that bounded by the axes and the straight line x+2/=c 

The transformation formulae 

indicate that the new divibioii of the aiea ib to be by means of lines 
drawn paiallel to af+y=^c and by ladial lines through the ongin, the 
lines w, u-h&u, V, v+Sv bounding the element whose area has already 
been formed, viz u Su 8v 

Let these lines be LM, LM\ OP, OQ respectively Then as we aie to 
integrate hist with regard to u, keeping v constant, we are to add up all 
the elements in the triangle OPQ, and afterwards add up the elementaiy 
triangles In passing from 0 to P u increases from u=0 to u=c 

Hence the first integration is ( V*u du 


In the second integration changes from tan 0 (t e 0) to tan 90° 
(? tf 00 ), and V changes from 0 to 1 Hence the tiansformed result is 

V'v dv du 

If we had elected to mtegiate in the opposite older the lesult would 

have been n 

/ / V*u du dv 
Jo Jo 

Ex 2 Change the vaiiables in jjd%d^ to u, v, wheie 

, and apply the result to show that the aiea included between 
the ciicles one branch of the hyperbola a®- 

and the axis of y is 

tlA 3\ I -1 Cr* fC* , c®, + — 6^ 


where c<a<b 
Here 


and therefore 


2r, 

2r, 


2y =-8ay, 

-2f/ 


1 

8 ay 4 — 


and the tiansformed integral —\l where it lemains to assign 

the proper limits 

The region over which summation is to be conducted is the portion 
ABECDFA of Fig 306 

If OFE be the asymptote of the rectangular hyperbola^ the area of the 
portion FECD is plainly J(7r6®-7ra*) We have then to turn our atten- 
tion to the portion ABEF And foi this the Ime FE is a case of 
rectangular hyperbola, viz v=0 Hence for this legion the limits are 
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constant, viz u=a^ and t;=0 to v—e^, and with this assignment of 
limits we may omit the - sign and take 

Ar,^ ABEF~\rr-^^ 


4 y La 

—-T Bin ^ — au 
4Ja^ U 

= 7 wsm-1— +7 I >— r — 

4L wJa* 4 la* — C* 

,«» a* ,<.Vc^, 6 >+n/F=7‘ 

= 4 ‘ p-4”°~'^+4^°g a^+^a«-6« 



Hence adding the portion FECD already found, we have 


Area of ABECDFA 


IT 

8 


/M S\ . ^ -1 C® a* _1 

(6»-o»)+jsm ‘p-^sin » 


c» , c®, Js + '^yM-e* 


Ez 3 Show by tiansforming to polar coordinates that 

f tana^tan^ dxdy 

Jo (^+2^+a^y 

= i { sin a tan-i (tan j8coaa )+ sin /B tan“^ (tan a cos /B)} 

^ [C0LLJ1.GKS, 1887 ] 


Putting j;=9Cos^, rsin^ and remembering that the element of 

area SarSy is replaced in polais by rS^Sr, \ie have 
remains to assign the limits for 9 and $ 
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The legion of integration la the lectaiigle bounded by r— 0, a=atana, 
y =0, y =a tan P If y be the angle which the diagonal thi ough the origin 

makes with the oj-axis, tany 



rf‘ 


The whole integration consists of two pait^i, viz 

itinaseoS , dddl mtan/3coBecS f dddl 

Jo P+PP’ 

the fiibt lefeiiing to the poition of the lectangle between the diagonal 
and the v axis, and the second to the pait between the diagonal and the 
y axis 

Tins is clearly 


1 fyr 1 I pr 1 

ij, ly L-;T^J, 

2 ^ ro ( ( 

tan^add 


a tan/3oosoo0 


cl0 


J 

±r. 

2a^ L e 




sin^6^ + tan^ 




d0 


tui^P dd 
^ sec^j^^ siiHd+ tan^^ cos-* 6/ 


’ 2a^ Iq sec-*tt cos^6/ + Un^a sin^6> 2a^ (y 

L p 1 r coseL’^d6? 

2a^jo coaec^ a + tan^ 0 2a^ Jy cosec-^^S+cot^^ 

“ 2P C®'" ® tan“»(sm a tan |^Bin p tan-*(sin P cot 0)^ 

==^ am a tan-*(cos a Un i sin P tan-^cos p tan a) 


Ex 4 Two lemnisc.ites whose equations aie ?^=Oi2cos2^ and 
»^ = 6i^siii20 lespectively, aio diawn thiough a point I\ and two others 
whose respective equations aie and »^^ft/ain2^ aie drawn 

thiough Q P and Q aie both in tlio hist qiiadiant Tlie remaining 
intei sections of the four ciiivos in the hist quadiant are R and S The 
coordinates of these points aie xospectivoly (» i, 00. Oa, ^a), Os, ^j), (Ui B\)^ 
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It IS required to show that the cuivilinear quadnlateial thus enclosed 
has an area if/ \ ( >.» \] 

2 I Vsi 046/3"^ sin 46^4/ \sin 46 ^i*^sin 46 ^,/J 

Considering the two types f*=M^cofc»2^, ? 2 «v^ 8 in 2 ^, we obtain 


\u vj 


-4 


1 and tan 2$ 


itV /i 1 4. _i 

^=4tdn-i-- 


u+v' 




Hence 


30 , 0)_ 


v) 167^1 1 0 *+*^^ ^^^{u+v)^ 

Also A^j fried, =//, -Telj^i 

The limits of lutegiation are a,* to for u, and 61* to b^* foi v taking 
a positive sign befoie the integial 



iej.,4 [_ (B+i,)iJ ,,4 


=ip‘r_L_ — L_id» 

= i[(V+<».‘)*-(V+ai*)*-(V+a,*)i+(5,*+o.*)4l 
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Now tlie cuives Oj, Sj mteiseot at r^, 0^, and 
Samdarly. ^ 

and a,*+5,‘ 

Hence .<=11"— !»! i *4* >1* »,* "] 

2Lbiii46i, am 4^4 ein4<Ji Bm46»,J 


4>.« 

sm*45. 


Ex 6 Tranafoim the ^J2p<l> d0 by the auhat.tut.on 

a «sin<^co8^, 3^ = siin^sin^, 

and show that its value is ir -r-w 

[Oxford II P , 1880 ] 

Here as I ^ <l> sin $ I 

I cos ^ sin sin cos ^ I 


and 


= am <l> cos (fi 


The original limits weie 0=0 to 0=^ and <f>=0 to <^=5 
Now Ji>+y‘ = ,m*^ and f = ta.n0 



We may then regaid the integration as extending through the positive 

rf<" “» m. h„,u to * L b. ,Zt.” 

to VI -y*, and for y fiom ?y=0 to y= 1 
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Keeping y constant 



Ex 6 Show that if a!=a(i+») anj 

I I i(^-»y+^(^+y)+l}-icUd2,=:r f^dvdu, 

Jq Jv 

and prove the identity by finding the value of each integral 


Here „ |.i+„+, [OxroBo II P . 1889 ] 

I ®. 1+m| 

and («-y)*+2(®+y) + I-(«-„).+ 2 («+„)+ 4 «^+l.(„+^+]). 
Hence f fn^-yy+i(x+Y)+l}-ida!dff-=l jdvdv 



Fig 810 


'-*■ •• 01,1. .a. 

The loci «=oonst, »=const are respectively the lines 


SB y 
U 1 + 14 “ 


1. I- 
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We are to integrate first with legard to keeping v constant, 
le along a stiip formed by the lines % y + These lines, leprcsented 

by CiAiPiQi and CtAgPzQt lespectively m the figure, form a stiip of 
gradually widening bieadth in passing fiom P to Q, for, as the intercept 
OOi on the x axis increases (negatively), the line rotates counterclock 
wise It begins its lotation, as fai as our triangle is concerned, with 
coincidence with ON, for whuh ^*=0, and ends its lotation when t?=l, 


when the line is =1, and passes thiough P(2, 2), taking the position 

1 A 

C'P Now along the whole length of OP, le we have u=v, and 

2 

along the whole length of NB, i e x—% we have 2=w(l +v), i e 

Hence, in integrating along the stiip PiQiQzP», keeping constant 

2 

u changes from w=t; at Pj to 

2 

Hence the limits foi u sue v and i and foi v, 0 and 1 

1 -Hv’ ’ 


2 

Hence / / {{x--yY-\-^(x+y)+\)~^dxd}/-\ f ^ dvda 
>0 •'0 'o 

The student may show without diflSculty that each side of the identity 
takes the value 2 log 2 - ^ 

If, howevei, the integration had been conducted in the leveise ordei, 
integrating fiist foi strips along which it is constant, it is to be noted 
that the chaiacter of such stiips changes when the line D^BiRi passes 
through E{\, 0), the stups being terminated by OE {v—0) and Oli (y=w) 


for the portion OER 
part 

We then have 


and by EN (y=0)aiid NR 
du^‘dv+ ^ 'dv 


■) 


for the second 


Ex 7 Obtain the value of 



W 6^ «V 


dit dy dz. 


the integral being taken for all values of x, y, z, such that 


We shall divide up the ellipsoidal volume into a set of thin honioeoidal 
shells, that is shells bounded b> ellipsoidal surfaces, conrentiic, siiiiilai 
and siinilaily situated with the bounding surface Let a t>pical mem- 
bei of this family of surfaces be 


j-fl 


p lying between 0 and 1 
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Then the volume of the shell bounded by p and p+8piB 
S IT (ap) (bp) (cp)} = Atrahcp^ 8pt 

and the value of points between the boundaries of the 

shell differs from p* by an infinitesimal only 

Hence I = 

Write /o=cos^ 

V 

Then f 4Tabc cos*</>8in 

Jo >1+C08<#> ^ ^ ^ 


s= ^vabc I (1 - cos <l>) cos* d(l> 
=4^«6cg|-|) 


l‘jrabc(Zrr — S) 


Ez 8 If xu+^v=a^ and ^-yi^=0, prove that 

^V'a*dudv 


j ffV'a^dudv 


And if the limits in the former integral aie y«0 to y=^»Ja^~af and 
07^0 to mvestigate the limits in the latter [St John’s, 1885 ] 


Heie 

and 

whence 


J= 


_ a^v 
-2uv 


(u^+v^)* I -2w}, I 




where V' is what V becomes aftez substitution foi x and y in terms of 
tt and V 

n Vo^— 

Vdxdy the mtegiation is over the 

region bounded by the positive quadiant of the circle 
Eliminating v and u alternately, we have 




and the curves const, const, are ozthogonal ciicles touching 
the axes at the origin Let us integrate first with legard to v, then with 
regard to u Whilst integrating with legaid to v, the element JSu &oib 
bounded always by the two complete semicircles u and u + Bu, so long as 
this ring lies entirely within the circle and the limits for v aie 

from the case wheie the v-curve is a urcle of infinite radius coinciding 
with the v axis, to the case where it is a point ciicle at the ongin The 
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“ 2v limits for v are fiom to v = ao And the 

« circle has a radius and chanifea from a circle of radius | to a circle 
of radius zero, » « M changes from «=a to u= oo 

When the tt mde has a radius in excess of the limits for » will be 

2thf o,’.!?n 1 .“® ® » point-oirde 

ac tne oiigin, le when v=ao 

Now at P we have 

and — a:=a2 
" u ’ 

I e at that point ai=B and y=.», whence i(»=ai>-«s 



Fig 311 

Hence the limits foi v are from to «, and ti now varies 

betwMn the value which makes the «-ciicle a straight line coincident 
thft ^ ^ ^ value of u which gives a semiciicle on 

two no * ‘e integration referred to divides into 

two portions the first referring to the portion of the quadrant included 

tL qradr’ant^* ”” diameter, and the other to the remaindei of 

Thus 

rr^Vda,cly^a^rr^^+a*rr 

It may be observed that the transformation formulae 

®I*° inveision from the Cartesian coordinates a-.y of a point within 
circle, with a for the constant of inversion, to a point whose coordi 
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nates are w, v, which lies without the circle Hence as (ar, y) is to traverse 
the xntenoi of the quadiant of the circle, (w, v) is to traverse the portion 
of the first quadrant of space which lies outside the quadrant of the circle, 
and theiefoie, the circle having equation m the ne>^ coordinates, 

the limits must be 

to «;=oo fiom m= 0 to 

and v=0 to f?=oo fiom to «=«, 

Mhich agrees with the result stated 


Ex 9 Obtain the value of the integral 

Is jj<l>XAt*+2Bi!y+Cy*)dxdif, 

extended to all values of y which satisfy the condition 
Ax* + 2Bxy + ^ 1, 

A and C being supposed positive, and AC-B*>0 
The conditions given indicate integration within the area bounded by 
the ellipse A 2Bxy +Cy*^l 

Divide this aiea up by a family of similai and similaily situated con- 
centric ellipses, of which a type is 

Ao?* + 2 Rot?/ + Cy* = i, 

t varying fiom 0 to 1 

The equation to find the semi-axes of this ellipse is 

1 ^ + ^ 1 AO— A [Smith, Oontc Sectiona, 

t p*'^ ? * Alt 171] 


and its area is 


Hence the area of the annulus bounded by the ellipses t and is 


ht 

and </)'(i4a:*+25i:y+Cy) only differs fiom <#»'(<) by an infinitesimal at 
any point of this nng 

Hence in the limit 7= | w-p=== 

h V A C — jd* 

'slAC-& 


Ex 10 Prove that J jdudv over a portion of the surface u;=0 i 


r/|^ 


22) 


dS 




dw\». 






u^v^w being functions of r, y, z 

Let A, y, 2 be a point on the surface ti;=0 at which an element of the 
normal is fin Then 5n=-^, where -I- (Art 789) 



change oe the vabiables 


Also BS ^ 18 an element of volume^ and may be replaced in volume- 
integration by 

(Art 794), 


te B8 replaced by 8t> Sti; 

*) 

Ex 11 Piove that 1= j J j jdxdi/dzdw foi all values of the variables 
for which w not less than a® and not greater than 6® is 

In this case we cannot appeal immediately to a figure to help in the 
determination of the limits 

We may at first ignore the condition that is not less 

than a®, and let the variables have full range of any values up to such as 
will make jr*-|-y®+«®+to®=6® We shall then subtract the result for such 
as make the variables in the extreme case such that :B®+y®+z®+ie^:4>a® 

In the first integration, keeping 4 ?, y, z fixed, w ranges through all 
values from y-«® to +n/ 6®— and 


III / J j[y^]d3Pd^dz 


In this integral, keeping x and y constant, z langes from 
s=s -n/ 6®— 5i®-y® to «= +n/ 6®— ar^-y®, 

X and y being constant during the integiation And inserting the limits, 

We have now ledaced j j j jdxdj^dtdu to 2 ^ j , 

and now we aie to integrate with regard to y, keeping x constant, and the 
limits for y are from to +^/6*— a;^ 

Also J(b^-~x‘ -y®)dy = (6* - a^)y - 

=2H(5«-4^)»] 


and 

when the limits axe taken 
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We have now arnved at the limits for jr being fiom 

-6 to +6 Put a?=s6sin 6 The mtegial then l)ecomes 

2 |ir/^ h^LO^^dhcoBddS or *« 

Now, in exactly the same way '^e may see, as is indeed obvious at once, 
that the amount included in excess by giving the vanables free play up 
to the case instead of excluding those values which 

make ig ILqA 

2 

Hence the bummation of the cases from 


IS 

It IS clear also that after the fiist integration with regard to vj had been 
completed we might for the lemainder have illustrated the triple integral 

d^dz 

b y integration t hiough a spherical volume, the summation being that of 
>/6* - -y^ - a? throughout the sphei e r* +y^ + 21 ® = 6® 

Then wilting j:;2+y*+^=r®, we have 


sin OdO dcfidr 

=8jrjr»>>/FrPrf, =6wb^j^ ^sin^ X X 0 = ^ sin x) 


as befoie 


832 Case of an Implicit Relation between Two Sets of Vanables 
In our previous ^ ork and in the typical examples discussed, 
we liave regarded the transformation formulae to be such 
that each of the one set of vanables is expressed, or easily 
expressible, as an explicit function of the vanables of the new 
group If this be not so, we can still form the Jacobian by 
the rules of Arts 543 and 544, Diff Calculm 
For in the case when 


/i(®, y, «. «)=0, y, u, v)=0 
are the connecting equations, we have 

y) _ 3(/»/«) 
y) 3(«, v) zlu, v) ’ 

and when Aitr, y, z, tt, v, u!)=0, 

/s(*. y, 2. M, ®, M’)=0, 

Aix, y, Z, u, V, w)^0, 
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are the connecting formulae, 

^ (fv f2> fs) / 1 \3 ?i/ L i£s 1 .«^ 8 ) 

and generally, if there be n connecting equations, 

/i=0, / 2 = 0 , fi=0, /n=0, 

between 2w variables, 

Wl, Wg, Wn flJg, Xf^, 

^ifiyfa fn) ^29 ^n) / /«*) 

3(a?l, iCg, iCn) 3K,t42> ^«) 9(^1, Wg, Wn) 

Hence for a double integration 

3(/t,/2) 

3 {®. y) 

and for a triple integration 

3(!r, y, z) 

and so on 

Digbession on Jacobi ans Jacobi’s and Bertband’s 
Definitions 

833 Jacobi’s Definition 

I^/i> / 2 » /sj fn ^ function of the n variables 
the determinant 

7 = §A ^ ^ 

3jCi’ 3a:,’ dx^' ?a„ 

9^ ^ ^ 

3a3i’ BXg* 'dx^' 3x„ 

^/n ^/n §/n ^fn 

0£Ci’ 3a;/ 3a;,’ 3a;„ 

IS called the J acobian of fn with regard to x^, a;„ 

Jacobi in one of his memoiis pointed out the strong analogy 
which the properties of this function bears to those of a 
differential coefficient of a function of a single variable This 
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resemblance of results, rathei than oi demonstrations, has 
already been mentioned (JDiff Calculiis, Articles 642 onwaids) 
It was by starting from the form of this determinant that 
Jacobi’s investigation proceeded 

834 Bertrand's System of Increments 

A different standpoint was suggested by M J Bertrand in 
a memoir to the Academie des Sciences (1861), which has 
many advantages, and Jacobi’s results may be deduced from 
M Bertrand’s new definitions almost as corollaries 

fn ^ functions of the n independent variables 

Let us give to these independent variables the following n 
systems of inciements, viz 



djX^ 


djx„ 



dgStf, 




etc, 




d^x^f 

«*«•»« 


and let the corresponding increments in the several functions be 


difv 

^ 1 / 2 * 

drU 

djn 


^ 2 / 2 * 


djn 



etc. 


dnfv 

^n/2> 


dnfn 



i e dj.f^ IS the increment of fg when x^, etc , increase to 
x^+d^^, x^+d^2> ®tc 

These several increments djX^, d^^, d^^, etc, though in- 
crements of the same variable, aie arbitrary and independent, 
and theie is reserved to us the power of making them equal 
later, or of assummg any such relations between them as we 
may subsequently choose 

It IS clear that we have the relations of which 

is a type, it being unnecessary in the partial differential 
coefficients occurring to specify which of the particular in- 
crements vve choose when we proceed to the limit in their 
formation 
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835 Bertrand’s Definition of a Jacobian 
M Bertrand’s definition of a Jacobian is that it is the latio 
of the determinant formed by the increments of Group B to 
the determinant formed of the increments in Group A 
Now 



diX^i 

d^x^f 

, diX^ 

X 

3/i 

Txci' 

A 

a*,’ 


d^Xi, 

d^X^ , 

da^si 

, d^Xn 



3/. 

a®,’ 


4*1. 

d^x^, 

dn^i 

, dnXn 


A 

a»i’ 

a/« 

a®,’ 

a®n 

4/i> 

djfti 

djs. 

f difn 

» 




4fi. 

da /21 

difiy 

i difn 





iji. 

dn/a» 

dfifsi 

i dnf fi 






by the rule of multiplication of determinants and by virtue 
of the equations of Group C 

Hence Bertrand’s definition agrees with that of Jacobi 
We Aave, however, gained command over the increments of the 
independent variables 

If we adopt the notation JDf and Dx for the determinants 


djf If djf^. 

and 

d-]Xif d^^x^f 

difif f 


d^if 1 

dnf If 1 


dn^lt » 


j)f 

respectively, we have J 
836 CoTollanes 

1 It follows at once that if F^, F^ be functions of 
/i» / 2 . /n» aiid fx> / 2 . /n be functions of x^, then, 

since ^ 

we have 

(Jacobian of Fi, Fz, \ fJacobian of jPi, F^, \ 

I with regard to 0 ^ 1 , x^, (with regaid to/ 1 ,/ 2 , / 

/Jacobian of /,,/ 2 , ) 

\ with regard to a?i , ajj, / 
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JDf Dx 

2 Also, since ^X-r 5 >=l» we have 
Dx Dj 


JJacobian of /j, /j, ] fjacol 

t with regard to x^.x^, J ^ t with 


(Jacobian of x-^, x^, 
regard to /i, /a, 


}=’ 


3 Again, if Ji=0, J*r=0 , Fn=^ be n indepen- 
dent equations connecting n variables « 2 > ^ 

other vaiiables x^x^j x^ then, since 


ZFrj , dFr, , , dFr. 


we have 




?}Frj , , Birr , /BJ'rj , 

which may be abbieviated into 




i,^xFr^—d»uFry (a) 

the suffix X being attached to indicate those partial differential 
coefficients in which Wi, Ug, are regarded as constant whilst 
»i, aJgj vary and vwe verbd 

Now DxF and DuF are the respective determinants 


xFly 

^l,xF n 

and 

^luFu 

di^uF^i 


^ixFi, d^xFi, 

^2 wFn 


di nFi, 

d^ uF 


^n,aFi, dju^xFi, 

dnxFn 


^nv.F\i 

dn,uF„ 

B-^" n 


and by virtue of equations (a) the constituents of the one only 
differ from the corresponding constituents of the other by 
a negative sign, whence 


that IS 


DxF 

Bx ^ ^ 

Du 


Hence in the case of %w^l%c%t connections amongst the 2n 
variables t4„, asi, x^, x^, by virtue of n equations 

J\=0, jF 2 = 0 , connecting them. 
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(The Jacobian of Wj, Wg, Wn) 
( with regard to X 2 , Xnj 




Jacobian of F^y with regard to x^y a?*, 

treating Ui, ttg, as constants 

Jacobian of F^y F^, with legard to Wi, u^y 
treating x^y x^, as constants 


The substance of this and the immediately preceding ai tides 
on M Bertrand’s treatment of Jacobians was communicated to 
the author many years ago by his foimer tutor, the late 
Dr E J Routh The reader may consult Bertrand’s CdUml 
Ihffireni%ely pages 62-70, and Galcul IntSgral, pages 465-469 


837 Advantage of Bertrand’s Definition 
It will be seen that M Bertrand’s definition leads to simpler 
proofs of the fundamental properties of Jacobians than those 
given m Arts 540, 544 of the author’s D%fferent%al Cabulus, 
and retains a command of the several increments which we 
shall find useful for subsequent work in the transformation of 
a multiple integral 


838 Bertrand’s Method of Calculating the Jacobian Determinant 
Let there be 2/i variables, in two groups, viz a?i, x^^ x^ 
and Wi, Wj, connected by n independent implicit relations 

jPj= 0, Jf’a=0, jP’3=0, Fn=0 Then n of the 2n variables 
are independent If increments be given to each, these 2w 
increments are connected by n homogeneous linear equations, 
and if w— 1 of the inciements be chosen to be zero, the ratios 
of the remaimng n-1-1 are determinate by the n connecting 
equations 

Consider the n incremental systems, 



that IS systems m which 

increments d^u^y d^^u^y , give nse to an increment 
d^Xi in Xi, but make no change in Ta, x^, , x^y 
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and increments dgWjj, give rise to a change 

djtCj make no change in Wi, as,, x^, , JCn* 

and so on 

Let J be the Jacobian of Xi, X2, , x„ with regard to 

^2, , Un Then forming J according to Bertrand’s defini- 

tion, each of the determinants of the increments, the one 
formed from the aj-increments, the other fiom the w-increments, 
reduces to its diagonal term, and 

Y r J diXj d 2 a ?2 ^8^8 ^2 ^3 

djWj dnUn du^ du^ du^ du^ 

where is the limit of the infinitesimal change in Xr to 
dUr 

that in Ur when Wj, le#, »>+i» ^2 aie regarded 

as constants 

839 It IS necessary for the use of this rule to consider the 
several connecting equations reduced to such form that 

(1) IS a function of t4j_, sca, x^t , > % only varying , 

(2) X2 IS a function of tCj, Wg, j ^2 only varying , 

(3) aJa IS a function ot Wj, u^, u^, x^, , U3 only varying , 

(n) Xn IS a function of u^, Us, , u„, only varying 

The calculation of J will then be reduced to the multipli- 
cation of the several partial diflferential coeflScients derived 
therefrom 

840 niustrative Examples 

Ex 1 If a?=rco8^, y*=7Sin^, write 

containing one of the new vaiiables, 

Bin 6, containing two and no t 

Then J^-fJ===^ 1 co%d=r 

Ex 2 If j;— r Bind cos </>, y=7 am dam z—ico^$j write 

containing one of the new vanables , 

2 =s:r COB 6, containing two and no a , 
y^rBixiS sin containing three and no vov z 

Then ^ (-r 8 in^)(rBin^C 08 <^)= -r*sin ^ 
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Ex 3 If y-\‘%^WD^ z=u%w^ we have 

x=u-y~z^ containing o?i« new vaiiable, 
y—uv-z^ containing two and no a-, 
z—umo, containing thee and no a; oi ^ , 

and 7 ^ ; 5 - = l M 

OU OV 


Ex 4 If 071=9 am d cos 03=9 am dam 

0'a=9 coad coa^, i4=rco8 dsui i/', 
we have — ra*--**A contdinina 


0*4 = 9 cos 0 cos 

94 =rcos 0 sui x//, 





- 0 * 4 *, containing ; , 

*-«» 

^ 8 , 

^4i 

^7t = ^/9*COS*0-^4*3 

, containing 9 , 

e, 



i 4 =rsm 0 bm <#>, 

containing 9 , 

e. 



1 . 4=9 coa 0 am i/', 

containing ; , 

e. 




r 3ii 3 o 7 j Sr* 3 94 __ 9 - / * sin ^ c os 0 

~ “99 ^2 

= - 9 ® am d cos ^ 

Ex 6 If ri=rcoadi. 


lSindCOS<f> 9C08^C0b^ 


Ex 6 If ri=rcoadi, 

07i=9 sin ^I'coa 6^, 

Tg = 9 am di am d% coa 6 ^#, 
it^=rsm 61 am^asm ^gcos ^4, 

0*4=9 am am ^a'»in ^4 bin ^4 cob ^4, 

04=9 am $1 am ^2 am am ^4 am ^4, 

we ha\e 

x-i—i coa ^1, 

0*1=9 sin ^icos 

0*4= r am 0% am d% coa 6zi 

v^—ram dz. am 6% am 6^ cos ^4, 

I4 =9 am dz. sill Oi am 6 ^ sm 6 ^ coa , 
and t7= — ( - 9 am di) ( - 9 sm di sm ^j) ( - 9 sm ft sm ft sm ft) 

X ( - 9 sm ^1 sm ft sm ft sm ft)( - 9 sm 6x am 6% sm ft am ft sm ft) 
= ( - 1 )® 9 ** bin* dx am* ft am* ft sm ft, 
a result \ihich can obvioubly be geneialised 


841 Change of the Variables in any Multiple Integral General 
Theorem 

Let tlie integral in question be 

Z=||| JydaJiCfo^ 

there being n integration signs, and V any function of the 
vaiiables x^, x^ Let the new system of vaiiables be 

Wj, u^i there being n independent connecting relations 

^^1=0, ^2=0, J^n=0, 
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between the two groups of vaiiables, either set forming a 
group in which there is no interdependence That is, the gioup 
rCj, ccg, forms a set of n independent variables, as also does 
the group ^2* When a further relation is assigned, 

say X 2 , ®n)=0, to be satisfied at the boundaiies of the 

region of integration, an intei dependence of the cc-group is 
created, and one of the x-gioup of variables is dependent upon 
the otheis Integration is then to be conducted for the domain 
or region bounded by the specihc limitation 0=0 There will 
then be a corresponding relation amongst the w-group of 
coordinates, and a specific limitation will be implied for the 
new definition of the domain of integration when I has been 
ref ei red to its new coordinates 

842 In the transformation of I three sepaiate considerations 
are to be attended to As has already been pointed out in the 
case of double and triple integration, we have to consider 

(1) the determination of the new form of V, which is merely 

an algebraic matter of substitution or elimination , 

(2) the assignment of the new limits which is also an 

algebraic matter, matenally assisted in the case of 
double and tuple integration by geometiical con- 
siderations , 

(3) the determination of the new element of integration 

which IS to replace dx^ dx^ dx^ dx^ 

As regards the assignment of new limits it is not possible 
to give a general rule, but it must be such as mil came the 
march of the new dement as described %n the new system of variables 
to traverse the sarm dmnam once and once only as was traversed 
vn the march of the omgvnal dement, which domam wOtS defined 
by the limits of integration m the original system of variables 

Let us imagine that the connecting equations have been 
thrown into the forms 



^2» 

®8. 

®n) 

(1). 

le W3, Wn eliminated. 



®8. 

*n) 

(2). 

le x^, u^, „ 





(3). 

etc , 



etc, 




»«=/(«!, 

^2, 

Ms. 

M„) 

(«) 

etc 
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We have seen in earlier az tides and examples, that in a 
given multiple iiitegial the order of integration may be 
changed, provided a suitable change be made in the limits 
Then, first, suppose we attempt to leplace integration with 
regard to by integration with regard to 
Change the older of integiation in 

■^=111 dx„, 

so that dxj^ stands last with the suitable change in the limits 
We then have to peiform the operation 

and in tins operation x^, x^, x„ are to be legarded as 
constants, and equation (1) gives 

And since ^ du-^, we liave as x^ and aie the 

only varying quantities 

where Fj is what V becomes when /i(m„ x^, x^ x„) has 
been substitute.! for x„ that is, F, is the value of F expressed 
in terms ot x^, r„ 

We ha\e now ai lived at 

^=111 dx„du. 

Lot us repeat the piocess 

By diange of oidci of integration with a suitable diange in 
the limits, tiansiei dx^ so that it stands last 

'-IJJ *•■*“.*. 

“ |[JI 

and in this opeiation x^, x^, a;„, aie to be legarded as 

constants, and equation (2) gives dxj,=^^ du^ 
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■Whence again applying the theorem 
and *2, being the only varying quantities, we have 

where is what becomes when a;,, Xn) is sub- 

stituted for ajg, that is Fg value of F expressed in terms 
of Wj, W2> ^*^39 ariived at 

Continuing this process of changing the order of integration 
so that dajg is transferred to the end, and then exchanging the 
variable for u^, etc, we finally ainve at 


'-1W KS S S 


*01^ dU^ 0^3 


where Fn is the value of F when all letters of the cc-group in 
F have been replaced by letters of the w-group, that is 
F„=F', say 

Now it has been seen that 


^ 3/2 M 3/n^ 7 

0Wi 0^2 0^3 ’0W„ ^ 

the Jacobian of x^, x^, with regard to t^, w„ , and 



SJ?! 

ZFi 1 

BjFj 

3Jfi 

3^1 

3«i’ 

OMs’ 

9«« / 

aci’ 

3®,’ 

3!1J„ 





3J, 


3tti’ 


3«» / 

3 * 1 ’ 

3®,’ 

3a:„ 




3J„ 

ZF„ 

3^ 

3Mi’ 

3«a’ 

3«„ 

3xi' 

3a^' 

3a;„ 



0(ajj, a?29 353 , a5„) 


where in forming the numerator all letters of the a-group are 
considered constant, and in the denominator all letters of the 
tt-group are considered constant 
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Hence, we have finally, 

111 

Z{F„ F^, JJ 
d{Xi, a^, x„) 

843 Ex If xu+yv = aW , . . 

^ ^ / be the connecting equations, 


y 

-y, A 


W, V 

1 

+ 

few 

1 

1 

+ 

V, —u 



Compare the piocess of Ex 8, Art 831 

844 The Vaniahing of J 

It may be noted that the vanishing of J would imply that 
when x^, x^ are regarded as functions of » 

theie would be some identical relation amongst the members 
of the a;-group of vanables , and if J were infinite, we should 
have J'=0, and there would be some identical relation amongst 
the values of as expressed in terms of ccg, 

(Art 547, Ihfferentml Calculus) We have, however, assumed 
all our several connecting equations i^i=0, F^=0, to 

be independent relations, so that no such identical relation 
can occur amongst either set of vanables 

845 Bemarks 

It may be useful to call attention to the fact that in the 
geometrical tieatment of Airts 792 and 794 foi double and 
triple integrals respectively, the new element of integration 
was formed and the variables were changed to the new group 
all together In the geneial proof of Art 842, the original 
variables weie exchanged for the new vanables one at a tirm 
When a geometncal method of determining the new limits 
IS not available, this consideration will often be useful foi 
their proper assignment, and may be used when other means 
are wanting But the process followed out in detail is 
generally tedious, as eveiy change in order of an integiation 
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as well as every exchange of a new variable for an old one 
necessitates in geneial a readjustment of the limits of each 
integration 


846 Examples in which Multiple Integrals of Order higher than 
the Third occur m Physics 


Multiple integrals occui fiequently m researches of physical 
nature, of highei degiee of multiplicity than the third For 
instance, in the problem of the illumination of one surface by 
anothei, the two surfaces being such that eveiy point of the 
one can be seen fiom each point ol the othei, the quantity to 
be evaluated is the quadruple mtegial* 




where dS, dS' are the elements of the two surfaces , the 
angles which the outward normals make with r, the distance 
between dS and dS\ and the integration is to be conducted 
over each surface In such case, the limits form two separate 
groups, the one referring to surface S, the other to surface S', 
and if any transfoimation of variables be lequned, a new 
assignment of limits being required, they will be available 
from geometrical conditions foi each gioup 
Another illustration from Physics is in the mutual potential 
of two attiacting systems, which for a continuous distribution 


of mattei in regions P, Q has for its expiession the sextuple 
inte^l al r r r r 


where pp is the volume density at a point p of the legion P , 
Pq the volume density at a point q of the legion Q , 

^Tp, drg elements of volume at p and q, and rpq the 
distance from p to q 


In this case also the system of limits will be two separate 
systems, the one ensuimg summation tliiough the region P 
and the othei thiough the region Q And if any change of 
variable be required to facilitate integiation, necessitating a 
new assignment of limits, they will be available as in the 
former case fiom the geometrical conditions foi each gioup 


*See Heiman, GeometiiccU OpticSy Art 157 
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847 Case of Implicit Relations 

If in Art 839 Equations (1), (2), (n) had not been supposed 

to express 

Xi explicitly as a function of Wj, X2, x^, a;„, 

X2 explicitly as a function of Wj, x^, 
etc, 

but had been given as implicit relations, viz 


0 l(Wi, Xi, Xg, xj 

=0 

(1), m which «J, «„ M„ are 
elimmated. 

02(^1) ^2» ^2> 

T 

0 

(2), in which x^, «„ «„ are 

eliminated, 

03 (^ 1 » ^2i ^ 3 > ®3» 

etc. 

0 

II 

( 3 ), etc , 

0fi(«^l> ^2i W3, Wn, 

»«)=o 

(w) etc , 


we have in the subsequent woik, fiom equation (1), con- 
sidering iCg, iCa, x„ as constants. 


3 ^ 

301 

3 x 1 


1 » 


and fiom equation (2), consideiing Wi, X3, x„ as constants, 


302 

and so on 

And we finally obtain in the same way as befoie, 


II dx^dx2 dxn 

Jf 


0^ 3^8 3^ 
f 3^1 31^2 


3 w, 


3 x, 


<303 30a 
3 X 2 


Q0n 

3 x, 


du^ du^ dUn 


848 Fox example, taking 

=0 (containing a, y, ;i?, r), 
02 = ;^siii^^- /2_y2__Q (umtainmgy, r, ^), 
0a = » sin ^cos0- r =0 (containing jr, f, ft/, 0) 
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'dy 'dx 

r/Tir/Sz* 2Hsin ^co 8^(-2 bin ^sm<i) , j/u. 

= -JiJ (-2i)r-2y)(-l) 

= - f f f 

jJJ rsm^bin^ rcob^ ^ 

-in- r^sin Bd9 ddd<l>^ 

aa should expect , bee Ex 2, Ait 840, and elsewhere 


849 Example of Assignment of Limits 


Ex As an example of the assignment of limits in a multiple integial, 
let us take two squares of bides 2a in parallel planes at distance c apart, 
the squares being placed so that they fotm the ends of a i octangular 
parallelepiped of square section, and let us find tke mean value of the 
squares of the distances of points on the one squa/re from points on the othes 
By a mean or aveiage value we shall suppose to be meant that each 
square is divided up into equal small elements, and the sum of the 
squares of the distances apart is to be divided by their number, i e if 
there be n such elements, and r^q be the distance between two of them at 

P and at § respectively, ?!i8, or, which is the same thing, 

n ^oSpo^Q 

if BSp and BSq be the elements at P and Q , and in the limit, when n 
becomes infinitely large, we have 


1.1 ] 


(See Chapter XXXVI , Art 1657 ) 


Let 0, 0' be the centres of the squares, and take 0 for origin and axes 
of so and y parallel to the sides of the squares 
Divide up each square by families of lines parallel to the axes, and let 
(r, y, 0), (d/, y', c) be the respective cooidinates of P and Q Then the 
Mean Value required is 


j I J f[{v-x')»+(y-y')‘+c^dx'dy'dxdt, 

J If 

Now keeping the position of Q fixed, we may add up all the elements 
r^SsiSy in a strip between r and a7+&r, by varying y from —a to +a, 
keeping of ^ x constant Then, still keeping y' constants, we may 
add up all the strips in the square A BCD which lies in the r-y plane, by 
integrating with regard to v fiom 5?= -a to x^+a We have then 
completed the summation of all such quantities as r%q dv'dy' for all 
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positions of P m the squaie ABCD In the same way we may add up the 
lesults of these integrations for various points of the square A'BC'jy^ 
by integrating with regaid toy fiom —a to +a, keeping of constant to 
add up the elements in a strip between x' and jr'+Sa?' And finally in- 
tegrating with regard to fiom - a to -\-a will add up the results for all 
the strips in the square A' BCPf and will complete the integiation 



And the same with the denominator The lesult for the denominator 
is obviously the product of the two areas, % e 4a® x 4a® or 16a* 

The numerator is 

J jj j(a^-\-^+x'^’\-y'^-2xx'-2yy'+<^)dx'dycUdy, 


and it will save some trouble to obseive 

(1) That for every term xx' Sx' 8^' 8x Sy, there is another term 

x(-x')8x'8y'8x8if 

Hence such a term contiibutes nothing to the value of the 
integral, and the same with the yy' term 

(2) That obviously 

Sr® dS dS' = 2y® dS dS' = Sr'® dS d8' ^2y'^d8 d8' 

Hence it will be sufGicient to attend to the value of one of them, 
and quadruple the result 

Now 

f* f */* f f J 2ar®c?a7'c?y'c?F 

Hence the value of the numerator is 


and 


4(^®a®)+c® 16a*, 
j^_ 4a®+3c^ 


3 
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It follows that the mean of the squares of the distances from any point 

of a square to an^ othei point of the same squaie is — , by putting c=0 
[Also see Ait 1657 and Art 1668, Ex 2 ] 

850 A Consideration useful for the Simplification of some 
Transformation Formulae 

Let a multiple integral || J F du^ du^ du^ be tians- 
foi med in two ways 

(1) to a set of vaiiables asg, , 

(2) to a set of variables 

And suppose these two sets aie hnearly connected with each 
other, the tiansformation foimulae 
for the linear connections being 
given by the transfoimation scheme 
in the margin And let the two 
results be 

II 

andlf di„ 

Then, the Jacobian is a co variant of ^ 1 ,^ 2 . , wo have 

rn^, Wg, [Diff Oaic, Art 646), 

fj. being the transformation modulus And that the above 
expiessions are equal may be seen by transforming diiectly, for 

jj IFj/i dajidicj dx^ 

=II di, 

=II di„, 

and the results are identical, as might have been expected 
It follows that if a transformation be pioposed to a set 
of variables transfoimation to another set 
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®8> may be substituted for the former, where a 
suitable choice of linear connection between the former and 
the latter sets may sometimes be made to simphfy the 
working 

861 For example, if the transformation formulae proposed be 
«i= (-4^+5??) bin (C'^+Diy), 

^ = (-4 ^ + Bv) cos Drj), 

we shall have the same result as if we tranbfoi m with the easiei formulae 

t4x=Abmy,) 

tt^=^eosy,J 

foi which the Jacobian is obvioubly —v, and multiply the result by the 
modulus AD-BG 

Thus j j Vdu^dUi^ -j j Vivdxdij 

= -(AD-£0)j j Tt(Ai+By,)d$dr,, 

thus avoiding the moie troublesome evaluation of the Jacobian with 
legard to rj 

852 Speaking of the result 

Lacroix* remarks “Ce lesultat a 6t6 donnee pour la premifere 
fois pai Lagrange en 1773 Mais Legendre, en 1788, en a 
fait des applications que Lagiange n'avoit point indiqudes ” 
This application referred iii part to the analytical pi oof of a 
theorem with legard to the attraction of a spheioid 

The corresponding lesult for a double integral had been 
employed by Euler in 1760 

Many lefeiences with legard to the histoiy of the subject 
aie given by Todhuntei, Integral Calculus, Ait 251 Theie is 
a valuable table of references in Lacioix’s Calc Diff et Int , 
vol 11 , prefixed to the volume, which may be useful to 
students interested in the subject and desiiing to consult early 
writers 


•Lacioix, Calcid Diff et hit , vol u , p 206 
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PEOBLEMS 

1 If the rectangular coordinates of a point are 

x = o + e^coaa, y=;S + e^sina, 

show that the area included between the curves a,, B,, a«, Bo is 

[Math Teip , 1873 ] 

2 Integrate over the space enclosed by the four 

parabolas = a:® = 4ry, = 

[Tbinity Coll , 1882 ] 

3 The four cuives y = ax^, y = bx^, y-ca^, y = da^ intersect in four 
points, excluding the origin, and thus form a curvilinear quadri- 
lateral , prove that its area is 

12^“'" \C^ dV [OXFOBD II P , 1901 ] 

4 An area is bounded by those portions of the four rectangular 

hyperbolae xy = a^, xy = a'^^ = x^-y^ = d\ which he in the 

first quadrant Every element of the area is multiplied by the 
square of its distance from the centre Prove that the sum of all 
such products is ^ ^ ^ ^ ^ ^ ^ 

5 If the surface density o- of the area in the first quadrant 
bounded by 

be given by <^ry = ^, show that the mass is 

mq-wp ^ ® 

6 Change the variables from ^ and y to % and v in the double 
integral 

fa f * 

JoJ* 

where !cy = «», s® + ys = jggg ^ 

7 Show that in J J ^f{x,y)dxdy all terms in f{x,y) may be 
ormtted which contain an odd power of r or y 

Find J I (^ + y) cos {7nz -h ny) di <Iy 

8 Transform ^ 2^2 ^7 substitution 

and show that its value i;» 


[Trinity Coll , 1881 ] 


[Oxford II P , 1903 ] 



PBOBLESiS 


45 


9 Change the order of integration in 




[St JoH^’s, 1889 ] 


10 If — jc^-y^^Tf transform f f Fdxdy so that in the 

Jo Jo 

result we integrate first with regard to ^ and then with regard to rj 

[RP] 

1 1 Change the order of integration in the expression 


Jo Ji3?‘-. 


Vdzdy y 


also, change the mnables to ^ and r) where x^ + y^=^ijy ^x = cy, without 
assigmng the new limits (It may be assumed that ^ is greater 
than h ) [St John*s, 1888 ] 

12 Prove that 

the integral being taken for all positive values of x and y such that 

^2 + 52 [Colleges, 1886 ] 

13 Express y)dxdy in terms of r and where = r cos 0, 

y^TBiad 

Change the order of integration in 

rf'^“ f{x,y)^dy 

J 0 J ^ ax -^ x * [Colleges a, 1883 ] 

14 Change the order of integration in 

f f(«!,y)dydr 

Jo Jo [St John’s, 1892] 


[St John’s, 1892 ] 


15 Change the order of integiation in 

^ JacosS _ 


rr J{r,&)dedr 

JoJaaec*^ 


16 Change the variables from re, y to w, v, where a;®+y® = tt, 
xy = Vy and find the limits in the new integral when integration is 
extended over the positive quadrant of the circle x^^y^ — a^ 

[St John’s, 1881 ] 
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17 Change the order of integiation in the integral 
fit Vdxdy, 


6J^sla*—s^ 


where c is less than a 


[COLLEGFS a, 1888 ] 


18 Change the ordei of integration in 

II Udx dy^ 

JoJ 

U being a function of x and y 

Express the same integral in polar cooidinates [Collkobs o, 1886 ] 

1 9 Show that 

Vdxdy^^^ ^Fdrjdi, 

Jo j *^Zax-x* Ja Jri-a V 

when t = ^ 

* Sa;’ ^ 2a ' 

and change the order of integration in the latter integral 

[Colleges jS, 1889 ] 

20 If the density of a plate be show that the mass of the 

part enclosed by the curves z^-i/=.a, x^-y^=^p, ^ = '^y^^ is 

dudv 

Show whether this gives the mass of one of the areas between the 
two curves, or of both [Colieoss 1883 ] 

21 Change the variables from (v, y) to (w, ®) in the double 
integral ^^4>{x,y)d%dy, where + ?/ = », iy=v, and the integration 
extends over the area bounded by the straight lines 

y = !r, i + y=l, y=0, 

obtaining the new limits on the supposition that the order of inte- 
grafaon is first a and then ® [CWoes a. 1870 ] 

Verify your result by evaluation of the integral for the case 
when = 1 

22 Change the variables from x and y to f and i; in the expression 
J J rdcdy, having given y, ^, ,) = 0 and yp{z, y, v) = 0 

Show, by transforming to polar coordinates, that 




‘f r 


(a-S + j,2 + g3)J 


= tan“i 


sec a - cos a 


[Tbinitt, 1882 ] 
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3 If 7 r be the distances of a point in the plane of reference 
from two fixed points at a distance 2c apait on the axis of a, then 
between corresponding limits of integiation 

2cyd^dy= ffij'didj' 

24 Prove that [Ox«>kd n . 1886 ] 

\dx^yyF(:t, y) = ^^dx^yyF{l-y, l-x), 
and hence deduce that 

lo lo ^ ~ ^ {B-ff). 

25 Prove that 

L ‘^*'1 = [dz{f{z) -/(O)} - ') 

J 0 

[St John’s, 1885 ] 

26 Tiansform the integral ^Vdxdy by the substitution 

/» - Jt ^ t . 


13 5 (4t- 1) TT 

2 4 6 4t 7 

[bl L\ ESTER ] 


a = c cos ^ cosh 17, y = 6sin^sinhi7 


[OOLLKCIBS 7 , 1890 ] 


27 If M + = <f,(x+y.J - 1), piove that 

. rr/ 1. - . 


when y IS the result of substituting for a-, y m terms of v, v in F 
^ [CoiLEGiSa, 1881 ] 

-8 If a- = a sing 00a g cosh i; and y = a sin a sin g smh ,, tiansform 

n coBftVa*-®* 

into an integral in teims of g and r,, and evaluate the new integral 

+ p + ‘‘"d -S=jJda,(ty7r+p^ + j2, transform the 

variables m the integral to 6, <(,, where 

x = a sin 6 cos y = i sin d sin ^ 

[IvoRT, PhU Tram , 1809 ] 

30 Prove that the assumptions 
= i cos dj, 
a.3 = rsin djcos^j, 


»«_,=» sin dj sin dj sin d„_j cos d„_j , 
X, = 1 sm dj sin dj sm d^ sin d^, , 
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will transform the integral Vdx^ dx^ dx^ dx^ into 

±111 sm”“2 sin**"S sin dO^^^ 

[Clare, eio , 1881 , Todhunter, Inf Code , p 241 ] 
31 Show that p^- 

48111 {x^+y^’\-z^) dtdy dz^bira^ 

for positive values of z, y, z limited by z^-^i/ -^az and 

' [Oxford II P , 1889 ] 


32 Piove that 


, 

0 (aa + y’+sS+a*)^' 2(m + d) 

[C 0 LLEGPS 7 , 1882] 

33 Two given lectangular hypeibolae have the same asymptotes , 

two other given rectangular hyperbolae have also common asymp 
totes, one of which coincides with an asymptote of the first pair, 
while the other is parallel to their other asymptote Show that the 
area of the cuivilinear quadrangle formed by the foui hyperbolae 
18 the same, whatever the distance between the pair of parallel 
asymptotes [Math Trifos, 1896 ] 

34 Transfonn the double integral 

by the formulae a; + y = w, y^wo^ showing that the transformed 

result IS PP 

I ^m+n-l (I ^ „n-l 

[Jacobi, Ortllt's Jounwl, tom xi ] 

35 If «i« = W2^sj u^z^u^u^^ 

prove that j*|| V dx dy dz 

IS transformed into 4 1 1 1 T, dw, du^ dv,^ 

JJI ^ ^ ® ® [Oxford II P , 1886 ] 

36 Show that 

Ja Jo ^ 

and both fiom geometncal considerations and by direct evaluation, 
show that this integral is equal to the integral 

Jo ^J« (*^ + y*;* [OXFOBD I P , 1912 ] 


— ^^ —^- -^^^ dxdydz=- 

(aj2 + ^ + aP) ^ 
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EULERIAN INTEGRALS, GAUSS’ H FUNCTION, ETC 


853 The Onginal Forms of the Eulenan Integrals 
The properties oi the two important integrals 

(1— a;") “ 


were the subject of several remarkable memoiis by Eulei 
His investigations were published in the Institutiones Calculi 
Integralis, 1768-1770, and are of great importance in the 
general theory of Definite Integrals The notation above, viz 



IS that used by Eulei, and the above forms are 


those in which the integials were studied both by Euler 
and Lagiange In each of these the value of the integral 
was supposed to change by the vaiiation of p and q, the 
n which occurs in the hist integial was supposed to be a 
constant 

Legendie, foi the purpose of characterising these integrals 
and honouimg their gieat discoverer, named them ‘‘Integrales 
Eul^nennes ” * The second pait of Legendie’s Exercices de 
Gahul Integral is devoted to a discussion of their propeities 


He adheies to the notation foi the fust integral, but 
suggests the notation foi the second, legarding r(a) as 
a continuous function of a 


*Evefc%u<i de CcUud Intdqtal, pai A M Legendre, 1811, p 211 
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854 The More Ooavement Modem Forms 

The above forms of the integrals are not the most convenient 

integral, write a:»=y, and put 

Then 

lx. 


xp-^dx py” n 

"‘-Jo — Hp=j. 


y 


“ n x‘--- 
0 -y) 




(1— T") « XJ— yx '• 

Taking the second integral and venting logi=y, that is 
a;-=e-y and putting ^=n, 

dx^l^e-yyn-Hy 

855 Definition 

i™.“ 

m) s J* * 1 - 1(1 -xY^-Hx 


and 


r(?i)sf e-’W'-^dx, 

Jo 


and refer to them respectively as the Beta and Gamwa 

i-ct.™ It »..i u th.t Eft 4t Tt™?;*: 

integial discussed by Euler, that is n(tj 

uii t\~z 

867 The Beta Function is symmetnc in ^ and m, that is, 

B(^, m)==B(m, 1) 

If in the Beta function 

B(Z, 
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we wnte 1— y foi x, we obtain 
B(Z, w)= — (1 — 

Jo 

whence it appears that B(Z, m) is a symmetric function of 
I and m, the I and m being interchangeable and 
B(Z, m) = B(m, 1) 

This propel ty might be exhibited by wilting B(?, m) as 
B(l, m)=i r [a!'-i(l-a:)«-i+a?»-i(l -xY-^-\dx 


858 Case when I or m is a Positive Integer 
When either of the two quantities Z, m is a positive integei, 
the integration is expiessible in finite terms 
Suppose m IS a positive integei, 


B(Z, w)=f 
Jo 

and by continued integration by paite 

-[y(i (“-iKi 




l(l+l)(l+2) 

2;Z+?n-l 


+/(Z+1) 

(m— 1)’ 


^ (w— l)(m— 

— yr(m-l)(w— 2) 2 


~l{l+l) (Z+m-1) 

Similarly, if Z be a positive integei, 

(?-!)’ 


B{Z, m)= 


(m+Z-1)’ 

and if both be positive integers, 

x,ii (Z-l)i(m-l)' 


859 Various Forms of the Beta Function 
The Beta function may be thrown into many othei forms 
by a change of the variable, and therefoie many other integrals 
aie expressible in terms of the Beta function 
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_X 

“a 


Thus (1) Let 
Then 

1 r« 


Hence 
(2) Let 
Then 


1 

~i+x 




_ f° 0 ^-^ 

Jo (i-[-xy+>»^’ 

and since I, m are interchangeable this must also 

which would have appeared immediately if we had made the 
substitution y=y^ instead of v- -^ 

l-f-JK y 1+X 

Note also that the symmetry in 1, m may be exhibited as 
whilst for all positive values of I and m we have 


f 

Jo 


-{te=0 


So that, for instanco, 

i Tl +»>“ i ^-gB(6, IS) 
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Jtt)= r 


dsc 

(a+a)^ 


Hence T B(l.m) 

Jo (a-|-a:)*+’" a**(l+a)' 

This IS Abel’s tramfoimation (CEuwes, Vol I , p 93) 
(4) Put v=~ 


Then B(l!, m)sf 
J 0 

_ f* / a— b \‘-^ / a—x y-^ dx 

Jj Iff— 6/ Ka—bJ a—b 

=(a_6)l+m-ijj {3'-by-^a-a)^-^dx, 
and (a-6)'-^(a-ai)’»-i(fo!=(a-6)J+'«-iB(J, m) 

Here the limits hsive been chsing'ed to any arbitiary con- 
stants a and b 

(5) Transform by the formula -—-=a— 6 

a y 

Here the limits lemain unaltered, foi if ^=1 we have a=l, 
and if i/=0, a=0 

B(Z, ’>2')= j dy 

= p -iL(lz±)_ 1’"- ^ ahdx 

Jo\«+(6— a)a/ lo+(i— a)^J {a+(6— tt)a}* 


Jo U*+(6— a)a/ lo4-(h— a)^J {a- 

J»«bv»udr m) , 

and if we write a— 6=c, 


ri/jji-i Q 1 
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(6) In the last tiansfoimation, put a;=sin^d 

P sin®‘‘*6cos-“"’6 _ - rt ,A I -D/-; \ 

J ;j;;.2axf. ; »nivrv4 - » 2 ^ m), 


Jo(acos20+l)sm^d)‘+»'' 

^ ^ J 0 (it cos^ 0+ 6 sin^ ^ 

i, m, a and b being positive constants 


(7) I-\' 

Jo 


sinP0cos®0d0 lb expiessible m the same way in 


terms of a Beta function 

Let •iind=Jjc, le cos0cZ0=— 

%Jx 

ri H 2=1 1 

->(*¥■ 

This also follows fiom No (6) by putting a=?)==l 

860 Properties of the Chamraa Function 
Consider next the Gamma function, viz 

f w 

0 

Integrating by parts 

r('7i)=j^— 1)J dx, 

and whatevei mi may be, piovided it be finite and >1, 
vanibhes at both limits 
Hence r(7i)=(u— 1) r(7i— 1) 

Similarly, IV 71 — l)=(?i— 2) r(n— 2), 

and so on 

In the case then, wheie mi is a positive integei, 
^(?^)=(7^-l)(u-2)(7^-3) 3 2 ir(l), 


r(l)=j“e-*(fo=[ -«-»]"= 1, 


whence r(n)=(n— 1)> in that case 
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861 Working Properties 

We then have the propeities 

r('n+l)=ur(%), I 

r(i)=i, II 

and when -n is a positive integei , 

r(7i+l)=7it III 

The Gamma functions of the positive integers are then 

r(i)=i, 

r(2)=i 1=1, 
r(S)=2r(2)=i % 
r(4)=3r(3)=l 2 3, 
r(5)=4r(4)=l 2 3 4, 
etc, 

fiom which a rough idea of the march of r(£t) as a continuous 
function may he inferred, viz a minimum existing somewhere 
between a;=l and a;=2, and then after x=2 a quantity 
increasing more and more rapidly 

862 In any case the equation r{^+l)='n r(^) fiiimshes a 
means of reduction of the Gamma function of any numhei 
greater than unity to a Gamma function of a number less 
than unity 


I'd instance 


r(-V-)=Y-r(Y-)=\^ Vr(V)=V V !ra)= 


.14 11 

—y -3 


\ |r(S) 


__14 11 8 6 

-‘ 3-3 3 3 

That is, the Gamma function of any number greatei than 
unity can he connected with the Gamma function of a numbei 
which is not greater than unity , so that it is alieady obvious 
that when we come to the calculation and tabulation of the 
numeiical values of Gamma functions it will be unnecessary 
to tabulate r(jL) for any values of x except those which lie 
between 0 and 1 


863 A Caution 

The student should guard against the idea that the equations 

r(fic)= f dv and r(a;+ l)=S3r(a;) 

Jo 

are co equivalent They are not so The latter is a eonse- 
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quence of the former, not the former of the latter The lattei 
IS a functional or difference equation, viz 

^(£C-fl) =05^(35) or Uf^+i=XWsB, 

and such equations may have many solutions What is proved 


IS that is a paHwvJxjur solution of 

Jo fico 

But so also are A\ e-^v^^dv when A is any constant, or 
Jo 

such an expression as 

^+.gcoB«2^r!c 

6’+i)siu»27raJo'^^ 

where G, D are constants, for these multiplieis are not 
altered when x is increased by unity Nor does it follow 


that occurs as a factoi in all solutions of the 

Jo 

difference equation 

The solution of is obviously 

Ja}(fl?— 1)(»— 2) . (r+ l)nir 

when A is either a constant or some arbitrary pei iodic function 
of £B whose penodicity is unity, and which therefore does not 
alter when x is increased or decreased by any integer, and 
any assumed initial value of We shall letum to this 
matter later 


864 Transfoxioation of the Gamma Punction 
As in the case of the Beta function, transformations of the 
vanable will give rise to other integrals 


(1) We have seen that a;=log- or produces 

oo ^ 

r(7i)s[ aj"-ic“®da;=r(log-) dy, 

Jft Jqx y/ 


the form studied by Euler 
(2) If we write kx for cc, 

r(w)=f 

Jo 

whence f 

Jo 

provided fc be a real constant (see Arts 1169 to 1162 
and 1827) 
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(3) If we put a^=y where n is positive, 
r('»)=;^| e-v'l/y, 

GO ^ 

e-y^dy^n r('w)=r(w.+ 1) 

0 

In this case, if we put >i=J, 

Jo Jo 

and this leads to an easy calculation of r(i) 

For {irG)}*=f%-*“*rx [ e-y^dy, 

Jo Jo 

and as x and y are independent vaiiables and the limits 
constant, we may wiite this as 

rre-(**+y)d®dy 

Jo Jo 

Now, regarding a, y as the Cartesian coordinates of a point 
we have to sum all such elements as through an 

infinite square m the positive quadrant, two of whose sides aie 
the coordinate axes 

y 


o X 

F]g 313 

Transforming to polars, we have to sum 
through the same square 

Let a!=a, where a=oo , be the other two sides of the 
square Then for the portion of the square which lies inside 

the circle aj*+ 2 /®=a* the limits for Q are 0 and ^ for 
0 and 00 
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Hence the portion within the circular qua»drant contributes 

At points of the square outside the circle the elements are 
never greater than e''^'rS9 St, and when a is made sufficiently 
great this becomes an infinitesimal of higher degree than the 
second, and hence in the double integration disappears There- 
fore the portion ot the aiea between the circle and the square, 
exterioi to the circle, contributes nothing 

Hence the value of r(i) is and as all the Qamma 

functions are from the definition essentially positive quantities, 

r(i)=VT* 

866 We may also regard the investigation of 1 e~^'du as 

Jo 

the problem of finding the volume t bounded by the plane of 
x-y and the surface formed by the revolution about the 2;-axi8 
of the curve tor this volume may be regarded as 




bemg built up of cylindrical shells whose axes coincide with 

the 2;-axis The volume of this solid is then 1 2tu du z, where 

Jo 

v, IS the radius of a section parallel to the x-y plane, 

= 2'7r[ iie-'^*dn=T 

Jo 

*EaUr, Tom V , dea anciens Mmnt es de Piter&hourg, p 44 
t Airy, Errors of Ohaervation, p 12 
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But dividing it by planes parallel to the coordinate planes 
of 35=0 and i/=0, the volume is also expressed by 

J — l J JO J J— 00 J— CO 


=4(j^e- dxy, 

whence [ e~^dx=*^J 

Jo " 

Tins gives another geometrical interpretation to the work 
of the preceding article 

860 When?? is diminished without limit 1 e-^x^'~^dv be- 

Jfl 

comes infinite Foi the formula r(7iH-l)='nr('r2») holds for 
all positive values of n Hence 


if„=or(n) = £« . 

le r(0)=oo 

This IS also obvious from the integral itself For the 

g-jC 

integrand — (foi the case u=0) takes an oo value at the 

lowei limit, and the principal value of the integral becomes 
infinite (see Ait 348) 


8G7 Ooimection of the Two Functions 

We shall next prove that the Beta function is expressible in 
teims of Gamma functions, the connection being 

Ba r(m) 

m, «i)- r(i-)-TO) 

Consider the double integial 


/= 


e-^v{xyy ^ X e-^aJ^dxdy 


[that IS xy is written for x in the integrand of r(Z), and this is 
multiplied by the factois of the integrand of r(7n+l)], i e 

/=f f cZi/ 

Jo Jo 

Integrating hist with regard to x, we have 

jo^ ^ 

=V m), by Art 859 (2) 
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But clianging the order of integration, taking y first, 

j* y-ie'-'i'daidj/ 


=J” e-«a;*+«» 


of 

e-^oUKt-^dx 


=r(0j^ 

=r(or(m) 

Hence B(i, 

^ ’ r(i+m) 

868 Dddnctions 
It further follows that 

and therefore that ” 

B(f, w)B(i+w, 

r(^-|- 771+71) * 

which IS a symmetnc function of 1. m, n Hence we have 

B{1. m) B(Hm, «)=B(m, 7i)B(m+u, Z)=BK J) B(ri+f, m) 
Hence also 

B(f, TO) B(i+9n, «)B(i+Tra+», H- rfflr(TO)r(»?)rfi>) 

r(J4-wi-f w+j^) > 

follows that the results of the transformations 
ottoe Beta Jinction given in Ait 859 could be fuither expressed 
as Uamma functions 
Thus 

aijw-lffa. 1 Tyn\Ti/ ^ 

J. (b+cxY^m 

Joiaco8*y+isin*d)J+»* r(f+T^ » 

rami' eco8«ed0=iBf^i^ 2±i\ 

^ ^ ’ 2 ) ~2r(Ep+i) ’ 

etc 

^ “ earlier 

ittTd^ZTr “■> 
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1+35 


cZa; 


870 We have also m Art 859, Case 2, the integral 

r j ryn ™N_r(0r(m) 

Jo r(i+m) 

Put Z+m=l Then, since r(l)=l, we have 

r(m) r(l-m)=J^ 

where m is a positive proper fraction 
We have then to consider this integral next 

cfec where 0 <n < 1 

The integration | may be separated into two parts, viz 

H 


Jo 


In the second part put oo= 
Then 




Hence 

and by division 


y 

U 


■i: 


1+a; 


-da?, 


1 


Hence 


f ^ ^ -L L_-|_ -L(— lU— 

\w» l-j-w 2-|-w 3-f"W ^-{-Wr 


1— n 2— w J— « 





62 


CHAPTER XXIV 


Now cosec 2 != 

1 1 1. 1 .1 1 1_ , ^ ^ 

z z-\-ir z-\-^nr Z'—^TT ^i+Stt 2?— Stt 


Hence 


(Hobson, Trigonometry, p 335 ) 


1_ 2_J- JL J- I 1-4- -1-4. 00 

n l+n^ l—Ti^ 2+n 2— w 3+n’^3— 


and since in the limit when k is made indefinitely large the 
last term of the senes for I, viz (— l)*^ 3 ^q 7 Y becomes zero, 

the portion of I within the brackets becomes — ^ 

^ sin n'jT 

1 1 1^ 25“ ** 

— =rr — 

0 i-t-a; 

note that as x lies between 0 and 1 and is a positive proper 
fraction, 2 ;*+^ is diminished indefinitely by an infinite increase 
in k If then this integiation be expressed as a summation 
according to the definition of Art 11, each term of the sum- 
mation IS diminished without limit, and may be regarded as 
an infinitesimal of the second or higher order when k is 
sufficiently increased 


Hence 


LtjtStOQ I 

Jo 




and we are left with 


f * 25**“^ TT 

r-r— where 0<w<i 

Q 1+x sinwTT 


872 An Important Result 
It now follows that 

r(n)r(l-n)=- 


(0<«<1) 


As a particular case put n= J 


(r©r~-'. 


r(i)=7ir, as has been seen before, Art 864 


and 
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Again, put 71 



Hence r(T), r(5), etc, aie expiessed in terms of Gamma 
functions of numbers which are < \ , whence it will appeal 
that if all Gamma functions were tabulated from r(0) to r(J), 
all otheis could be found by this theorem, together with the 
theorem r(7i+l)=72r(7i) 

The result F (%) P ( 1 — ii) = — — ^ ^ as temporarily borrowed 

m an earlier chapter. Art 592, in the calculation of a certain 
arc of a Lemniscate 

Since r(l-f»i)=nr(7i) and r(7i)r(l — >0= — " — » 
this formula may be written 

878 To show that 

ra)r(|)r0 r(^).2^ 

We are now able to consider the continued pioduct 

where n for the present %s any positive integer 

By wilting it down again in the reveise order, multiplying 
the results, and noting that 



sin - TT 
n 
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and since 

^=2-1 sm (e+l) sin (d+^) sm ( 0 +^) sin ( 0 +^) 

(Hobson, Trigonometry, p 117), 

we have in the limit when 0=0, 

. , w 2ir Sir (m-l)ir 

n=2«-ism-sin — sin— sin ^ 

HeTioA 2w=^!!I^2“-^ and P being positive, we have 

rG)r©ra) 

874 Ckinss’ H rimction 

Taking the onginal Eulenan form of the Gamma function, viz 

r(.)=£(icgl)“&. 

1 

and remembering that 


we may wiite 




where e is something which vanishes in the limit when /a 
becomes infinite 

Let us take ju as a positive integer 

Then r(n)=£M""^(l-»^) 

In the brat integral put x=y^ 

Then r(ii)=/i“£ 

and as /X IS a positive integer, 
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Hence, making /i increase without limit, the integral ulti- 
mately vanishes, and 

IW («+/*-!)■ 

or, which is the same thing, 

and wntmg n+1 for n, 


This limit IS known as Gauss’ 11 function, and is wiitten 
TT/„\ Ta « 1 2 3 U 


n(w) = i<^:,eoiU” 
or, which IS the same thing, 


(n+1) {n+^y 


(x+!)(i+”) (1+2) 


Here /ti is integral, and n is essentially positive but not 
necessarily integral 

875 The limiting foim at which we ha\e ariived at the 
end of the last article plays an extremely important part in 
the development of the general theory of Gamma functions 
It will be very desirable for the student to pay consideiable 
attention to it, and we propose therefore, in due course, to con- 
sider at some length the general behaviour of the function 
12 3 

/ I \ aw I ox^ — 7 — I — foi different values of u and 
(x+l)(a;+2)(a;+3) (jt+m) 

foi different values of x, and the only restriction we shall 
place upon it at present will be that ^ is to be a positive 
integer, not necessaiily large 

Two theorems, however, are required in dealing with such 
expressions as will arise, viz 

(1) Wallis’ Theorem, which states that when n is a very 


large positive integer, j[ 

finite in a ratio of equality, ^ e 
2 4 6 


(2w-l) 


and ^/mr become in- 


13 5 (2n — 1) ijnw 
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(2) Starling's Theorem, which states that when is a very- 
large positive integei 

12 3 n and J^nir w” e"" 
become infinite in a latio of equality, that is 

The first of these appears in most treatises on Tiigonometry, 
foi instance, Hobson's Trigonometry, p 331, Ex 1, but scarcely 
appears to receive the prominence in the text-books that it 
deserves The second, Stirling's Theorem, is less available for 
the student, hence these theorems are reproduced here for 
present use 

876 Digression on WaUis* and Stirling's Theorems 

Wallis Expressing sin0 as 6^1— ^^(l — 2^) ^ 

TT 

and putting 0=-^, we have 


13 3 5 5 7 (2n-l)(2ji+l) 

2® 4* 6* (2n)* 


1* 3* 6* 
2 * 4 ® 6 ^ 


(2»-l)* 

(2np 


(2n+l)x(l-*), 


where e becomes mde£nitely small when n becomes mdefimtely 
large 

Hence, when n is large, we have 

2 4 6 2« jir . , 

1 3 5 (2n-l) =V2 (^+^5 ultimately , 

and since n is very great, we have 


Lt 


2 4 2n 1 
1 3 (2n~l) 


and j— g (^~ T) ^ replaced by Jnw, th€ 

being ultimately equal This i& Wallis' Theorem 


X 
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gives 

Let 


877 Stirling Stirling’s Theorem states that for very large 
values of w, 1 2 3 n and 4 are ultimately equal 
Wiite for 12 3 n 

Then ^(27i)=:l 2 3 

and 2«^(n)=2 4 6 2,n 

Hence Wallis’ Theorem, which may be written as 
22 42 02 ( 2 n )2 

1 2 3 4 (2«-l) 

-^§L be called F(«) 

Then 22«[w**\/2nx F(w)]®=is/n 7 r( 2 n) 2 »Ay 4 n^F( 2 w), 
F(2 w)=[F(7i)]2 

To solve this functional equation, write 2 m for n 
Then F(22 m)=[F(2w)]2=[F(m)P® 

Similarly F( 2 %)= PB'(m)] 2 ®, etc , 

and F( 2 ^m)=:[F(m)] 2 ^ 

5 ) being a positive integer 
Now, putting 2 *'M=a;, 

r(»)=[[F(n)f‘}* 

Let p increase indefinitely and m decrease indefinitely in 

such way as to keep the product inite Also let 

1 

J^n=o[F(n)]« 

be called Ic 

Then F(a;)=^“, which indicates the form of F to be expon- 
ential We have to determine Tc 
Takmg 12 3 n^^{n)=n'^j2nir'k^^ 

change nio n-\-l 

12 3 n (M+l)=(?i+l)”^^N/ 2 rt-l-l 7 rfc»‘+i 
Hence, by division, 

w” Vm 


%e 


*-‘-('+S‘('+D' 


= 6 
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in the limit when n is indefimtely large Hence h=er\ and 
therefore 12 3 n and become infinite with n, 

in a ratio of equality, or, what is the same thing, 






This is Stirling’s Theorem Tlie result will be considered 
further in a subsequent article (Art 884) 

This particular form of proof was given by Dr E J Eouth 
m lectures at Cambridge (see also Dr Qlaisher on Stirling’s 
Theorem m the If essen^ero/Ma^Aema^^cs) 


878 ULostrations of the Use of Stirlmg's Theorem 
Stirhng’s Theorem is useful m such cases as involve factorials 
of large numbeis 

1 Thus the middle coeflScient of the expansion of (1 +a:)^ where n is 
a positive integer, viz , is ultimately when n is very large, 


This IS the limiting form It is of course infinite itself, but for large 
values of 9^ a close approximation will be thus obtained Thus, for m 
stance, even taking a case when n is not exceedingly large, m calculating 
40 1 2^ 

**^”“(20^ and fro™ the logaiithm tables the latter only exceeds 

the foimer by about 0 7 per cent , and in calculating *^od 

£100 vOW T 

^he latter only exceeds the former by about 0 26 per cent , and the 

enor is dimimshmg as the magnitude of the numbers dealt with increases 
Ultimately, for exceedingly large values of n, the middle coefficients of 
the successive expansions (1+^)*^, (1 etc, form what is neaily a 
o F with common ratio, 

2^+2 / 29 » 

X^-====/- 7 =, %e 4 1, 

\/(7i + l)7r' yjnir 

as IS also directly obvious 

2 The 91**^ number of Bernoulli, viz (see Dif Cede , p 602), being 
given by 


we have, when n is large. 


«y2n 2T(2»y"e~^ 
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Similarly if ^ be the coefficient of ^ in the expansion of sec tan 
it IS known that 

2n+2^ 1 






inhich embraces the cases of Beinoulhan numbers and Eulerian numbeis 
together, viz 

Kin s the Euleiian number, 

2w 

?y laige, 

-) e 

In this expansion, viz 

sec ^ + tan ic = 1 + JTi p + iSTg ^ + iTj ^ + 

the ratio of the (n + l)“* term to the is 


and we have when n is very laige, 
2«+2 


(see D%ff CcHc , Art 673, etc ), 
n\«+i 


Kn ^ 


and when n is large this becomes 


U 










-n+1 


= £*1 I 

we ” 

2 1 2i 

" »=¥ 


It appears that, since = — , the coefficients increase with gieat 

IT 

rapidity ultimately, and the series will be diveigent for values of a? <1:; 2 
3 In the senes which gives rise to the Beinoulhan numbers, viz 
f«oth|s^5^+|=l + JSi^-5,|^+B,^- , 

the ratio of the (n+1)*^ term to the is 
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and when n is large, 

4^-s!»+*e-2»»s«+» 3,2 

(2»-X)2» 

= -■^^5 ?/ _i\^ (2»-l)2n 


_ rj 1 1 ± „s 
“ ~ P e» e-2 4n‘ 


The series is therefore diveigent for values of f® 4: (Sir)®, and as 
Lt ^sdL - Z4 ^ ultimately, 

^2nr^ 47r® TT® 

the Bernoullian numbers ultimately met ease with gieat rapidity 

It will be noted that cothf becomes infinite if v have the unieal value 

StTT When v is complex it is tberefoze necessaty to limit expansion to 
the case for which the modulus of the complex is < 2ir * 

879 A method of Calculation of the Numbers of Beiiioulli and the 
Numbers of Euler is explained in the Diffetential Calculus, Art 673 
Both sets have been calculated foi many coefficients of then lespective 
senes (see ProceedAuga of the Bntiah Asaoaatton 1877), and piobably far 
enough foi all practical pui poses foi which they will evei be requited 
Seveial aie quoted on pages 106 and 501 of the Diffeiential Calculus A 
few extia lesults are put upon tecoid here for refeience, foi the con> 
venience of the leadei Also, as we are about to deal with such sums as 

to 00 which for even values of p are to be found from 

2(2»)i 

we tabulate a few of these results also 

Bxi—-f^}^, Bi,=J, 

B..=m 

1^4=6, j&,=61, B,=1385, ,=60621, 


Bj g-, Bi-gg, B,-g^j., Bj-g^gg, 


^“"93566 


The values of up to 8%^ reduced to decimals will be found tabulated 
later foi purposes of evaluation of integials to be discussed (Art 967) 

880 Foi other methods of Calculation of Bernoulli’s Numbers etc, 
see Boole, Finite Differences, Chapter VI 

881 We note that >B, >Bb< J57< etc , and the coefficient jBb 
is the smallest of Bernoulli’s Numbers, after which they lapidly increase 

*See Bertiand, Calc Diff, Art 412 
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882 The Value of n(i^) 

Consider next the case of Gauss’ n function iov 71 =^ 


n©= 


Lit. 


12 3 




= Tjt, 


'‘““3 5 2;uH-l' 

2 2 2 

2* 4* 6* M i 

(2/.)(2^+l)^ 


■''‘“"I 2 3 4 
-Lt J 

2^2;mr e~^ 


= Lt 


’'‘"*'V(4/i + 2)ir(2;u+l)*^+ie-(2’‘+» 


M* 


— 6sf^‘ 






1 1~ ^ ^ 

= eV^ - 1 2 -y» 


whence 


n©=f 


It Will be remembered that for positive values of n, 

n(n) = r(7i+l), 

therefore r(|) = n(|)=5^ and r(|) = |r(|). 

ra)=V^i^. 

which agrees with Art 864 


883 The Gh:aph of y =ic"e“* 

We shall next study the nature of the family of curves 
y^x^er^ 

for various values of n 

The subject of integration in the Gamma Function r(w+l) 
viz x'^er^, has a maximum value when 

nx'^h-^ — x^er^ = 0, %e when a? = -n (n > 0), 
and the maximum ordinate of the curve for positive 

values of x is 

The graphs of the members of this family for 7i = 0, ?i = 0 5 
n = l, 71 = 2 are shown in the accompanying figure for the first 
quadrant, which is all we require 
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The case u=0, viz y = er^, is a loganthmic curve, and cuts 
the 7 -azis at a point y=l It has no maxnnum ordinate 



The case 0 5 has a maximuiu ordinate at a; = viz 


s/2e' 


and then runs to the positive end of the a;-axis asymptotically 

The case n=l has a maximum at z = 1, viz - 

’ e 

4 

The case 2 has a maximum at z = 2, viz -s 

65 * 

All the curves have the a^axis as an asymptote, and all go 
through the point (l) > where they cross 


For values of n between 0 and 1, the curves touch the y axis 
at the origin 

The case n=l touches the line y =a5 at the origin 
The cases for n > 1 touch the z-axis at the origin 
The several maxima, viz dimimsh for various values 

of u fiom 71 = 0 to — 1, and then increase again, all the crests 
the curves lying upon le 



the least of the maximum ordinates being at a!;=l, and 
belonging to the curve y = xe^ 

The area bounded by any of these curves y = z’*e”*, the 
a^axis and the ordinate at z= qo , is 

I %e r(7i+l), 

and increases without hmit as n increases 



STERHKG’S THEOEEM EXTENDED 


73 


884 Extension of Stirlmg’s Theorem 

We have shown (Stirling’s Theorem) that when u w a la/rge 

positive integer, 

12 3 


the meaning of the equality sign being that these quantities 
become infinite in a ratio of equahty 
We proceed to show- that even when n is not integral, but 
still positive, ^(«+l)=^yWw»e-», 

when n is indefimtely increased 
We have r(^ ” Jo 

Let us transform this integral by putting 

® , (1) 


which is legitimate, as has been shown to be the 

maximum value of aS^er^ 

Now, as t ranges from — oo through zero to + oc , 

X ranges from 0 through % to +oo 

Thus r(ro+ 1) ^ r 

doc 

and we have to find Let x=n{l + r) 

Then ® , 

--yt 

(l+Tye'‘”^ = e ^ and log(l+T)— t= — (2) 


Clearly t vanishes with t, and as t can be expressed in 
terms of t by expanding the logarithm, we can by the 
ordinary process of reversion of series expand r m terms of t 

Let T=-di 


Then, differentiating equation (2), 

rg-fa+T), (8) 

whence, by substituting the senes for t and equating 
coefficients, we can readily obtain the values of A g, etc 



74 


CHAPTBB XXIV 


Now 

n^er^ J-* at J-oo at 

• nf e *' 

.»d 

by writing xt for x in the result of Art 223, Ex 4, 

rC-^) 

“ ;j5+i » 

and 1“ i^ie-''*‘**=(), 

as IS obvious, for the negative elements of the summation 
cancel out the positive ones 
Hence 

rer dr©* 1 

=^'[^+5 I T?+5 ]■ 

and it remains to obtain the numerical values of the coefficients 
Substituting the senes for t m the differential equation (3), 

=*(l+-4l jl + -^2^ + -^ 83 ~'+ )j 


whence 


Mi=i. 


■di 4 — -^1 

1 1 1 1^21 1 1 ’ 

Ai An A2 An An j A| 

Ti2i+^rHrMi=r 


and generally 

•^1 I -^2 _^n — 1 I -^S ■‘^n -2 

1' (n-l)i^2i ('n-2)i^3i(Ti-3)i 


, -53 I . £ 2 , d _ 


-_dn=l_ 

(n-l)t’ 
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^ e 


nJ.A 7) A A I «■(« — I)(to-2) , 

^ 1 2 + ri-g 


? 6 




1 2 


+ 


-^2-^n-l 


+ 


(7?> + 1)7^(7Z~1) 

12 3 -^S-^n-2 


-f" =^^n-l. 

the senes proceeding as far as the gieatest hinomial coefficient 
in (l+«)«H-i and the last term of the senes being halved if n 
be odd 

Thus ^ 1 = 1 , 

SAiAt=2Ai, 

4>A^A,+BA^<^=3A^. 

SAlA^+^0A^A^=4,A^, 

6A^A,+ 15A^^+10At»=5At, 
7A^At-\-21A^A^+35A^At=6A^, 

84i4,+ 28^a4,+66^,46+3544‘=7^„ 

etc, 

giving 4,=1. ^,= 1 , ^ - 1 , A,=^, 

■^i~Tsr> -^ 9 =”^^. etc 

Hence, finally, 


r(n+l)=V2w7r7i'*e-'‘ri-l-:i 1-f-L. JLj_ 1 
L ^12TC^288n*^ J 

When n is indefinitely large, we therefore have 
r(7i.+l)=v/2nx7i."6“®, 

which removes the limitation that n should be a positive 
integer, as supposed in Art 877 Moreover, it will be noted that 

“ »' “ I*”"'" »' i "" 


r(u+i) ,.11. 11 139 1 

s/2njrn"e-^ 12 288 91* 61840 71® 


, ff^4I 1 
21’|3' Tiv"^ 


the law of formation of A^p^i being as above stated 


886 Ex 1 In calculating 10 * in this ’way, 

logN /2F~lQ 10“ ^-“ = 6 3561461 (Chamber’ seven figure logarithms) , 
\/2 t 10 10^®6r“ = 3598695 (the last hgiire doubtful) 

Carrying the senes to four terms, viz 

-yrsyrW^ 1 00836637, 
we get 10 I = 3598695 x 1 00836637 = 3628799 etc 
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The true value is 3628800, so there is only an error iii the last figure 
in the approximation 

Ex 2 Calculate 100 > Here 

log(100 ')=log{\/27r 100 -hT!lW + 7ffFl7FinJ“ )} 

= 167 9700036, 

indicating a number of 158 figures, beginnmg with 983262, viz 
9 33262x10“’ 

[The logarithms from 1 to 100 add up to 167 9700038, which is in 
agreement with this result, except for the seventh figure of logarithms ] 

886 Properties of Ganss’ II Function 

We may now proceed to discuss the nature and properties 
of Gauss’ n function 

Let us start again with, a consideration of the expression 

TT/ V_ 1 2 3 JLt 

^WW=(a, + l)(-B+2)(aj43) (a5+/*)^ ’ 

where ju is a positive integer, not necessarily large, at present, 
and » 18 a fixed number, either real or unreal, positive or 
negative, integral or fractional, but finite Call the expression 
II(aj, /j), and abbreviate it further into Jl(x) when m the limit 
/X is QO , so that n(5c) stands for !!(», oo ) 

Consider the graphs of 

_ 1 2 3 ju ^ 

^ (a!+l)(a!+2) 

for different values of /a 
T here are jjl asymptotes parallel to the y-axis 

2 / is positive from a ; =00 to a;=-“l, 
negative from x = — 1 to a; = — 2, 
positive from a;=— 2 to a?= — 3, 

and so on 

And if /A be >1, the o^axis is an asymptote at its negative 
extremity only , 

also when a;=0, y=l , 

■when x=l, . 

etc , 
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and these ordinates approximate to 1, 1, 2*, 3 ^ as /a in- 
creases, whilst at the same time the number of asymptotes 
increases 

The cases of 2, 3 and 4 are shown in the accompanying 
figures, which are intended to exhibit graphically the general 
characteristics of the functions, but aie not drawn to scale 

The case /u=l gives ^ rectangular hyperbola, with 

y=0, a;= —1 for asymptotes 



The case ^=2 gives y= (a;+i)(g+2) 



Fig 317 
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The lengths of the ordinates for various values of 'C and /a 
are shown in the table 



II 

a=4 


II 

to 

aj=l 

1 

11 

o 

/* = ! 

0 167 

0 200 

0 270 

0 333 

0 500 

0 667 

1 



1067 


0 667 


0 754 

1 

CO 

II 

4 339 

2 314 

1 350 

0900 

0 750 

0 792 

1 

Ai=4 







S 



SB 

BB 




B 

Ai=oo 

120 

24 

6 

2 

1 

0 886 

1 


1 

SB=i — — i 
2 

aj=-l 

S 

a?= 

-2 

2-5= - 

5 

2 

»= - 

3 

-i 

Bi 

■1 

fi=l 

2 

00 

- 2 

-1 

-0 667 

-0500 


-0 333 

on 

II 

1 886 

00 

-2 828 

oo 

1-0 471 

0 125 

0 047 

0021 

ISI 


00 



-f-l 026 

oo 

-0 068 

-0 013 

/a=4 

1 829 

00 

-3200 


-1-1 333 

oo 


00 





^B 





fl^CO 

1772 

oo 

-3 545 

oo 

2 363 

00 

-0 945 

00 


887 General Remarks 

From these considerations it will appear that m these curves, 
VIZ /u=2, /u= 3, /x=4, etc, 

(1) At a;=0 all the ordinates are =1, and any two of the 
curves cross each other 

(2) At 0 ;=}, 1, 2, 3, 4, the ordinates of the several curves 
form an increasing senes, so that the curves as yu increases 
are such that of any two the one with the greater /x has the 
greater ordinate 

(3) As a? increases through zero the curves are all initially 
approaching the aj-axis The limiting case of the hyperbola 

2/==^;^ continues to do so, the others all ultimately ha\e 
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ordinates > 1 , and therefore have mmimum ordinates in the 
first quadrant Moreover it may be shown that 

^=2 has a minimum ordinate between 1 and 2, 

/u=3 „ „ „ 09 and 1, 

ju^4 „ „ „ 07 and 08, 

etc 

As pt. increases, the minimum ordinate begins to approach 
the 2 /-axis, but does not do so without limit For in the 
case /it=oo it lies somewhere between 0 and 1 

(4) On the negative side of the y-axis at aj= — J the succes- 
sive ordinates of the curves /a=1, /4=2, /i=3, etc, form a 
diminishing set 

(5) jui=l has one asymptote parallel to the y-axis, 

/jt=2 Ims two asymptotes parallel to the y-axis, 

Pl=3 has three asymptotes parallel to the y-axis, 

etc 

is asymptotic to the a^axis at both ends 
/a==2, /a = 3, At=4, etc, are only asymptotic to the aj-oxis 
at its negative end^ and alternately from above and 
below the 2 ;-axis 

(6) Observe the behaviour between the several asymptotes 

Between x— — 1 and aj= —2 the several ordinates at a?— — J 

are all negative but numerically increasing, the more 
asymptotes there are the further do these branches recede from 
the a?-axis. Similarly between the asymptotes 2 and 
x= —3, or any consecutive pair 

Note also that for each given value of ju the branch between 
two consecutive a8ymptx)tes has a numerically greater ordinate 
midway between those asymptotes than is the case for a branch 
between two consecutive asymptotes more remote from the 
2/-ax]s 

(7) The hmiting case 

becomes, when x is positive, the curve y =r(a?+l), as has been 
shown 

The shape of this hmiting form will be more carefully 
considered later in Art 922 
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But there is this difference between the functions 


I/-””*' 

that though they coincide la value for all positive values of x, 
the former hecomes infinite at the values a;= — 1, x= — 2, 
r=— 3, etc, but has finite values for other negative values of 
X, whilst the definite integral is permanently infinite for all 
negative values of a+l 


888 That the factox form has fmite values, \\hen becomes infinitely 
large, for negative values of x between the asymptotes nia^ be made 
deal by taking a case Take r = 

"“""■■(-I)®© (¥)'■' 


j. 2 4 6 2ix 1 
■“113 5 (2ju-3)^i 

j. 2® 4* 6» (2/*)a (2 m- 1) 

■“12 3 4 (2m-3)(2m-2)(2m-1)(2/.) 

zt 2^'’ (2m -I) 


Jj^ 2ft- 1 

2>/7rfI ^ 



Similarly at jr= ~ the coiiesponding limit is 

7 2^ 

at ^ = - ^ the corresponding limit is 

and so on 

Thebe mid ordinates, half way between the successive asymptotes, thus 
form a i egular descending series 




889 It IS worth noticing that Tl(x, jut) may be written as 


II(a;,yti)s 


12 3 fx 
(as-l- l)(aj+2)rjz;+3) 


UpB 


mt)W c."i 


M+iy 

. M / 




(’+? 
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('+8' 


■(>+8‘ 


('+! 


>(1+3) 

(1+8 




(i+T 

V+i^ -1(1+5) 


where indicates that the product of all such fractions as 

rs *! 

follow it IS to he taken from r=l to r=fi 
And in the limit, when /«=oo , 

n(cr)=P 

r=i 1+5 

or, what is the same thing, when x is real and positive, 

890 Eeduction of 11 («+ 1) 

Again, 

_ . _ 12 3 fx 

II(a:+l> M)-(j.+2)(a;+3)(®+4) (x+/u)(®+/i+l) 


,*+1 


Hence 




n(x+i, M)=(®+i)n(a!, ^)x-— 


which IS the law of connexion of the successive values of 
n('e. ft) for unit differences in x 

In the case when /* is indefinitely increased, the factor 

becomes unity, and we are left with n(®+l)--(®"t"^)I^(^) 



com»ARisoN OP n and r 


83 


and changing x to as— 1, 11 (sc) = a? 11 (a;— 1) This is true for all 

finite values of x, positive or negative 
la the case of values of a>0 we have n(5ti)=r(ir-l-l), and 
therefore r(a;+ l)=a;r(a;), the formula already established for 
the Gamma function 

891 The Case when a; is a Positive Integer 

When a; IS a positive integer we may multiply the numerator 
and denominator of 

CG ^ JtJL ^ 

obtaining in that case n(aJ, y /r®, 

and then removing ju. ^ , 

n(x, ® (M+a)'"* 

so that when ju is mdefimtely increased, x remaining finite, 
II (a?) becomes cc*, which is in accordance with the result 
r(iB+l)=a;t of Art 860 

892 Oompanson of the Gamma Function with Gauss’ Function 
It will now he clear, £iom Ait 887, that the two functions 

II( 2 c) and r(a!;+l) are identical for all real values of cc gieater 
than —1 , but that 11 (a) is a more general function, embracing 
real or unreal values of x quite unrestiicted as to sign That 
II(x) becomes infinite for all negative mtegial values of x, but 
has finite values for negative fractional values of x, whilst r(cc) 

fOO 

defined as J dv is infinite for all negative values of x 

Graphically this means that the curves y=Il(x—l) and 
y=r{x) absolutely coincide for all positive values of x, but do 
not do so for negative values of x It we had resti icted the 
defimtion of Gauss* function, viz 

12 3 

iv— !!(», (®+1 )(!b+2) 

to real values of x gieater than —1, the identity of n(a;) with 
Eulei*a Gamma function r(sc-fl) would have been complete 
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893 We have, from the definition, 

^ 12 3 (/>t— 1)/A 


, tt/ 1 \ 12 3 (/UL — l)/x _ , 

and (x+^-l)^ 

Huace multiplying them together, and assuming that x is 
not an integer, 

1 1 * 2 » 3 * U-lf fi 


X (l»-a!®)(2*-a!®)(3*-a?) 




and 'when ^ increases 'without limit, Lt — ® being finite, 
and we have ^ 


n(- a;)n(a;-l)= 




It 'Will he noticed that in proving this result no assumption 
has been made with regard to x except that it is not to he an 
integer, either positive or negative For such values one or 
other of the n functions would he infinite, as also of course 

'would — ^ — 
sin XT 

Taking positive values of x less than umty, and remembering 
that m that case II(»)=r(cc+l), have 

r(i-a<)ri!c)=-^, 

^ ^ ^ sinjrTT 

as pie'viously found 

894 If we were to base the discussion of the properties of 
r(a5) on this method of procedure, we could therefore infer the 

f l ®— 1 (jj» 

-=-i — d-uof Art 870 to be , 

pl-fv sinjKx 

where 0<a;<l, instead of mvestigatmg the integral first and 

TT 

then deducing the result r(l— j!c)r(ir)= 
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895 An Unreal Value of sc 

We note also that if x be unreal and 

,n(-.y)n(,y-l)-55fjp, 

but that r, as defined in the Eulenan manner, loses its meaning 
See, howev^er, Art 900 foi an extension of the definition of F 

896 Both functions, viz 11(35) and r(a5+l), have been 
shown to satisfy the equation of differences 

Let us see from this point of view what can be ascertained 
as to the nature of the function u* 

It has already been stated that this equation necessitates 
one form of the result to be 

u„=Ax(a—l)(x—2) {'I +l)ribr, 

where A is a constant or some aibitiary periodic function of x 
of unit periodicity, and Ur is some initial value of Ux to be 
chosen at pleasure 

Following Laplace’s mode of piocedure in such cases, assunoe 
as a trial solution, r 

where the form of F(t) and the limits of integration are 
reserved for future choice 
Then, since 

j” it= (!c+ 1) dt 
=^F{f){x+l)t^dt 
= [iJ'Ct) <»+i] - dt, 

the integration being by parts, and the square brackets de- 
noting as usual that the term integrated is to be taken between 
the hmits ultimately chosen 

Hence the choice must be such as to satisfy the equation 
|t*-w [J(<)+i’'(«)] dt=[F(t)t'»-^'] 

* See noole, Finite Differences, -p 251 
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Let us then take F(t) so that and the limits 

such that [F(<)<»+i]=:0 

Our choice is now complete, and there is no further latitude 

The first equation gives F{t)=Ce^\ where G 

IS an arbitrary constant as regards t 

This determines the form of the function F in our trial 
solution 

The hunts must then be such as will satisfy the equation 


Supposing a;-|-l to be poaiti\e, this will be efiected by taking 

^=0 and ^=oo , for in each case Lt — 7-=0 

& 

Hence a solution of the equation for positive values of a? +1 is 

Jo 


So ^ta.=(7^(£c+l) IS a solution, provided a+l be positive 
where Q is any aibitraiy constant as oega^ds t 

To put the possible dependence upon x in evidence call 

C.v, 

Then 

%+i=^x+ir (05+ 2) = ya+i(a;+ 1) r (a?+ 1 ), 


whence it is clear that 'Vg^ is either an absolute constant or 
some arbitral y pei iodic function of x whose periodicity is 

unity, such as eo8»2Ta! or ^ 

absolute constants, such functions returning to their original 
values when x is inci eased by unity 
Thus ' 24 ip=/(a;)r ( 05 + 1 ) satisfies the difference equation con- 
sidered when f{x) is such a penodic function as desciibed 
It appeals, therefore, that the equation 'i^a!+i=(o5+l)Ua, 
18 not co-equivalent with 'i6«=r(a5+l), %e Euler’s Gamma 
function, or with iiz=TL[x)y %e Gauss’ H function, hut that 
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these are particular foims of the solution, as has been pre- 
viously pointed out 


897 Euler’s Constant 

The limiting' value when n is made infinitely sreat of 

is finite, positive and less than unity This limit plays an 
impoitant pait in our subsequent woik It is called Euler’s 
constant and denoted by y Its value has been computed to 
over 100 places of decimals (Proc Royal Society, vol xix 
and vol xx , p 29) 

The first twenty figures are* 

ys0 577 215 664 901 512 860 60 

We shall presently show how it is to be computed For the 
present it is suflScient to show that it is a positive proper 
fraction, and this admits of elementary proof 
For 


f+log^=i-log(l+i) 


i.4. 

2r2 3r^^4r^ 5r®^ 


a convergent senes if 


=positive, since r ^ 1 , for eveiy bracket is positive , 
(l+log 5 )+Q+log|)+ +(i+log^) IS positive, 


1 , 1,1 


12 3 


I+l+S'*’ 3 4 ^ IS positive, 

+~log(»i+l) IS positive, 
log(«+l)>logn. 

J+ 2 +I+ ^ positive 


r Meffial CalrtduH, p 256, Seirtt, Calt I-ni^gral, p 183, 

.egendre, Ex^xcea, p 295, De Morgan. D and I Calculus, p 578 
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Secondly, 

J-Mog^=^+log(l-i) 


= — > ®' convergent senes if r > 1 


A/1,, r-l\_ lAl lAl 

=a negative quantity 


Theiefore 


[■which, when 7^=oo, 
,-[are all convergent 
[senes, 


1 . 1 , 1 ., , 1 ,.. 123 7h — 1 , 11 

2-Hg+4+ +-+log 2 3 4 —IS a negative quantity, 

t e n IS a negative quantity, 

and 

and it has been shown to be positive 

Hence, making n increase indefinitely, y is a positive proper 
fraction 


898 Obser Limits for y 

Let t«»=2^‘^-log (w+1), 71 (ti > l) 

Then Vn- ‘W„=log = positive, if n be finite, and ultimately vanish- 
ing when 11 = 00 , 10 =y 

Now-M„-n„., = i4logj^=positi\e, Vn-Vn-l=^^-bg ^^=negative, 

therefore, as ninci eases, Un increases and deci eases towaids the common 
limit y , and whilst 71 remains finite 

Taking Bottomless tables of Reciprocals and IN'apieiian Logarithms, we 
readily find 

-Mi= 3069, ii2= 4014, Wio= 5311, 5532, 1*30= 6610, etc 

Vi=l 0000, v,= 8069, Vio= 6264, 114)= 6020, %= 6938, etc 

We thus have an approaching set of inferior and supeiior limits foi 7, and 
note that it must lie between 056 and 060 It will be seen Utei that 
7=0 5772 (Alt 917) 

899 Except for negative integral values of 11 (ss) is Pinite 
whatever z may he, Real or Complex 

If 1 ^ 2 , Wj, Un be any senes of real positive quantities, 

r* 00 

each of which is less than unity, the infinite products EE (1+Wr)> 

r= « fesl 

11(1— Wy) are convergent or divergent according as the infinite 

r«l 
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senes 2^ is convergent oi divergent (see Smith’s Algebra^ 
p 423 * and Hobson’s Trigonometry, p. 319), and if the quantities 
^ 1 ) ^ complex quantities, the modulus of each being 

r=eo 

less than unity, the product II (1 +m^) converges if the series 

f=i 

2 mod Ur converges (See Hobson’s Trigonometry, p 320 ) 

It can be shown that though the infinite product 

(^+l)0+i)(l+i)(l+f) to infinity, 

which occurs frequently in the present chapter, is obviously 
divergent, yet if we multiply the several factors by 

a _* _* 

e \ e e etc , respectively,! 
we arrive at a product 

which IS absolutely convergent for all values of z positive oi 
negative, real or complex 

For logfl + -')=--.^+^— 

® \ nJ n 2n^ dw* 

IS a seiies absolutely convergent if mods<;n foi some finite 
value of n , whence 


1 6 





) 


= say, 


where is a series absolutely con\ergent which for finite 
values of z ultimately vanishes when n is infinitely large , 




* Also see Arndt, Ghwiet zxi 78 

tWeierstrass, Ahhandlungen Acad of Berhn, 1876 See also Hobson, Trtgo- 

nometry, p 327 
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Suppose E the greatest of the moduli of l+e„ foi all values 
of z within a range foi which the greatest modulus of z 

” Ez^ 

does not exceed a given finite quantity, then ^ mod ^ 
18 an absolutely conveigent senes, and theiefore also 
2 ^(l-|-eJ IS an absolutely convergent senes, and since 

to 

P IS absolutely convergent when 2 mod is convergent, 

?(■+!)•■* 

IS an al>solately convergent product, as is also 


P(l--)ei 
1 V nJ 


Now Gauss’ n tnnction being defined as 

12 3 fjL 


n(a)=I«, 


> It. Boa 


can he wi itten = Lt 


>lt,tsao 




(*H-l)(s-h2)(z+3) 

{ i + i )(‘+ l )('+0 ('+;) 
.•(■-H-l-S- -3 


1 V 


1 \ 

where y is Euler's constant, which shows that for all values 
of z, real or complex, positive or negative, excepting negative 
integial values, 


n(^) 


and IS therefore fimte 




a finite function of z* 


900 Extension of Meaxung of r(s;) 

So far it has been convenient to adhere to the Legendrian 
definition of the symbol T{x% \iz 
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and to regal d r in this Eulerian integral as representing a real 
variable It has been shown to be identical with Gauss* 
n function, II(J5— 1), foi all real positive values of x Having 
diawn attention to the diffeienee o£ behaviour of the function 
defined as an integral and the factor-function of Gauss foi 
negative values of a?, it is scarcely worth while observing the 
distinction fuither, and we piopose to extend the use of the 
symbol T (z) to negative and unreal values of z, which means 
that, when z is negative or unieal, F is defined by 

r(.+ 1) . nw 

and that when z is positive it is defined eithei in this way 

or as I e"'"u*d'y, and therefore we shall in general legard 11(2) 
Jo 

as identical with r( 2 ;+l) or zT{z) for all values of z 

901 Thus a meaning will be given to such an expression 
as r(a+A/—l6), VIZ 

r/ 



902 Ex 1 Tlie modulus of r(J-l-«a) is \/r(-i4-ta)r(i-ta) 

' cosn air 

Ex 2 If 1, a, a^, be the n*** lootb of 1 {n odd), we have 

and l + a+a*-i- 

Hence n(r)n(aa;)n(a*a;) P ^n(a’’^), say, 

r=0 
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(i+rO (i +h) ** “ii(iniMTi(^ 


'jr) II(o"-‘») 
1 


“pcnia'*)} "p r(i+a'o a!“pr(o*-i)’ 


thus *“(i+i.)(i+ 2")(*'‘‘3») l’(iir)r(aa!)r(a'‘jr) TCa-V 
"where 1, a, a*, are the loots of unity 


903 GtausB* Theorem 

This theorem is a generalization of that of Art 872, and 
includes it It states that foi any value of z 


n.n(.)n(.-i)n(»-|) 

Il{nz) 

or, -what is the same thing, as will he seen, 


(27r) ^ 


”“rwr('^-Sr('+l) 

V^nz) 





Let the left-hand membei of the fiist equality be called 
^(«) Then, first, -we shall show that ^(a) is independent of z 
By definition, 


n 



At*~» 12 3 M 


(W+W25— r) (2wH-»tz— r) {im+nz—r) ’ 

. «“n(.)n(.- 5 ) 

where J) is the product of the factors 
fi+nzy 2n+n2;, STi+rtij, yun+wz, 

n+nz—1, 2n+wz— 1 , yun-f?iz— 1 , 

»+wz— 2, 2t^+9^z— 2, Zn+nz—% /xn+7iz— 2, 

n.+r^z— (w— 1), 2n+nz— (oi— 1), 3w+n2— (rt— 1), /xw+tiz— ( w— 1) 

%e 

[(»z+l)(nz+2) (^^z^-^^)][(^lz+n+l) (7tz+27i)] [ (nz+yuw)] 

=(MZ-l-l)(nz+2) - (n.z+yun) 
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Hence 

»“n(z)n(z-^) 


/ m-l\ r. * (At')’* 

n ) (mz4-1)(««+2) {nz+nn) 


Again, writing «ju for /t in Gauas’ expression for n(«*), 


n (»*)=■£< 


(»;«)*“ («-/t 0 

(MZ+l){ftz+2) (jiz+n;u) 


Hence 


^{z)=Ii 


n-1 

2 (^i)n 
{nfx)^(n^A^) 


— Xi^-oo 


n'^f*‘juL 


(n^O’ 


from which the z has disappeaied 
Hence, <f>{z) is independent of z It remains to find its 
value To do this we may either obtain the limit of the right- 
hand side directly, or avoid this by comparison with a known 
case, for a paiticular value of z, which will be a legitimate 
process, inasmuch as its value, not containing z at all, is an 
absolute numeiical constant containing n 
Adopting the direct method and employing Stiiling*s result, 


<l>{z)=Lt^:.„n”i^juL 






Hence, finally, 



nwn(.-i)n(»-|) n(. 

Uinz) 


Tfc — 1\ 

n ) 


n 1 



904 If we adopt the plan of comparison with a known 
case, take the case of a real value of z, viz 2=0 
Then, remembering that II(a?)=r(l+a), 

0(z)=^(o)^r(i)r(]-3r(i-|) r(i-?^)/r(i), 

01 , reversing the order, 

-r©'’©^© r(s^)- 231 , by Art m 
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Writing n( 2 f)==r( 2 J+l )3 etc, we have 

»-r(»+i)r(.+tt^)r(.+S:^) r(.+l) 

%€ reversing the order ot the factors in the numeratoi, with 
the exception of r( 2 ;+l), and writing T(z+l)=zT(z) and 

r{m+\)=nzV(nzX 

»-.rwr(.+l)r(.+|) r(.+i^) 

mT{nz) 

»-r(.)r(.4-^r(.+?) r(.+2^) „ 

te (2x) 

which may he wntten as 

r(2)r(a+^)r(*+^) r(«+^)= r(m)(2x)"'^ n^-"* 

905 Cases of Gauss’ Theorem 

Putting 2 ;=- we have the result of Art 873, viz 

r(DKS'’(;) r(s=i).(&)“»-i 

Particular cases are 

«= 2 , r(a!)r(a!+^)=r( 2 jc) (2T)i24-*”, 

T-iy A-m/ . 1\ TT^ Tl/O-.V 


Particular cases are 


t e r(a;) r(a+|)=2^:::ir(2a;), 

% e putting for x, 

r(^)r(S|^)-^r(y+i), 

»=3 gives r(«)r(»+i)r(a!4-|)=^r(ac), etc 
906 The case may be deduced diiectly from 

f' r'(®?)r(^) 
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For putting q=p, vre have 


81I1*’0 cos*’0 dd= 


binP^d d6=2P 


, fc(^)r 

2r(p-f-i) 

2r(p+i) 


aad wnting 26= <p, 

8111^20 

r(E±i)r(}) 

■ 2r(s+“) ' 

2rop+i) 2r(^) ’ 
2<»r(2ji)r(i^|-^)=7rir(y+l) 

90*7 An interesting proof of this result is due to M Sen et, 
{Calc Integ, p 174) 

Since B(p, q)= f aiP-\l—x)^-'^dx we have 

Jo 

B(p,i?)= f (x--x^y-^dx= f [\ — {\---xfY'-^dx 
Jo Jo 

And since the integiand assumes equal values, wlietliei 
we put £D==J-l-/i or \—lu its values are symmetric about x=\ 

Hence ^ 

B(p,p)=2jjl — Writing J— a;=^ , 

2«^-ir(p)r(/i+i)=Vxr(2p) 
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or writing ^=q+l, 




=v^r(gH-l) 


908 Another form of the general theorem is ^wri ting ^ for 2 ) 

r (i±2=l)-rw(2^)T„.-. 

” r(2±2)=r(.)r(n-2)(2-)=J-V-. 

f»+l 

909 To prove I log r(£B)cia5=a!loga5— a!+Jlog2x 

Jfl! 

Taking Gauss' Theorem for a real vaiiable x, 

r(a:)r( 2 + i)r(!n+|) r (a,+^)=r(7ia!) { 2 ,r)T 

we have, upon taking logarithms, 
i log I r (n X) (2r j- 

=:^|iogr(i)+iogr(!c+i)+ +iogr (a+^)J 

= 2^ log ^rom r=0 to r==n— 1, 

= f logr(a;+y)iy, when n\s indefinitely increased, 

Jo 

hgV{v)dv, if V be put for x+y 
Thus, by Alt 884, 

log r(^)) log 

=J log 27r-l-a; log a:— a;=log a?*6“®(2'7r)* 

910 This expresses the area bounded by the cc-axis, the 
curve y=logr(!c), and two ordinates at unit distance 

Changing a; to as-J-l, and adding to the former, 

f*+2 i 

log r(a;)(fa;=log {a)*(2c+-l)*^+ie“*H*H-i)(27r)^}, 
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and so on, and more generally, 

logr(»)<fo! 

(n-l)n ny 

=log{a»(ai+l)*+K®+2)»t-* (a5+n-l)‘^"-^e'’“' ® 

where ti is a positive integei 

911 Expressions for the Differential Ooefflcients of the Fimction 
i^(a), logr(aj4-l), and Expansioa of log r(a!+l) 

a 

Let US wnte yf^ix) for ^logr(®). ^e 

Then taking the logarithmic differential ot Gauss Theorem, 
r(na!)='n~ V (x) T (®+i) T 

%^{nx)=n log IT ) ’ 

and differentiating again, 

n*yjf'(nx) ='f'Xx) +y{r'(x 4- i) + a H — ) 

Hence 

r=Oto r=vi-l, 

=y}r(x+ 1) -yjf (»)=|^log r(®+l)-^ log r(») 

i, r(a:+l)_d 

te Lt„=a.{nx)ytf'inx)=l, or writing v for nx, y{rXv)=- m the 
limif. when V is infinite, and theiefoie i/r'(u) ultimately 
vanishes 

That IS ^2 log r(a;) vanishes when x is indefinitely increased 

How ^(®)’“a;(»+l)(x+2) (x+n) 

Hence, t ftkmg the logarithmic diffeiential, 

'('W— i-5Ti-5T5- -.-T5++<*+’‘+'>’ 
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and difTerentiating again, 

and ifc has just been pioved that y}/(x+n+l) ultimately 
vanishes when n has been indefinitely increased 

^iogr(.).«.)-^+^+(j|5p+ i«« (1) 

The senes (1 ) is obviously convergent for all values of a; > 0 
becoming infinite at x=^0 

Integrating this equation between limits 1 and we have 

which IS a con\eigent senes, for the test expies&ion, viz 

\ v^y (n-|-i)(z+u) ’ 

and IS greater than unity (See Smithes Algebra, Art 342 ) 
Again, we have seen that 

n>^(wa;)=nlogn+i/r(a!)+i^^!c+i)H- +>|r , 

and putting x=l, 

>/r(n)=logti-f2^''/^(^"l"^)> fionir=0 tor=7i--l 
Hence when n increases indefinitely, 

Z^ncco [yjr (n ) — log n] = ( 1+ z) (fo 


=[iogr(i-i-»)][=iog^j=iog 1=0 

That IS, logw)=0 , (3) 

Putting x= » in equation (2), 

^(®)— . to 00 , 
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1 6 by equation ( 3), 

— \//'(l)=iin-co(j+2+ + "log to) 

= Euler’s Constant y, 

le ’^(l).or |^logr(a;+l)|^^^=-y 

Hence, by equation (2), 


^logT{x)^ylr(x) y+Q_l)+g_^J+ tooc 

to 00 , 


, 1 a!-l , 1 x-1 , 

= -y+l— +2i+T+ 


+1 


x+V 
x—1 


which may also be written as 

Alogr(ai+l)=L?„„[logTO 


n x+n—\ 
1 1 


|;iogr{*)=(-i)“(n-i)t[^- 


(4) 


( 5 ) 


L_1 

!B+1 x+2 ®+toJ 
Again, differentiating e4uation (1) n — 2 times, we have 


ie 


(!C+l)»^(a!+ 2 )»^ 
or {^Iogr(a:)}^_^=(-l)"(«-l)iS„, 


to oej, 

( 6 ) 


vbere 


« _1 I 1 I 1 , 

Jn"r 2n~^ S"”*” 


which IS convergent if n> 1 , or, what is the same thing, 

{£logr(®+l)}^^^=(-l)"(n-l)iS„ (7) 

Also |logr(a:+l)J^ ^=logr(l)=0, 
we thus have 

{log r(®+l)}^^^=0 , l^log r(a!+l)}^^ = -y , 

{^logr(ic+l)} ^=(— l)”(n— where nis -4: 2 

Maclaurm’s Theorem then gives 

hgT{x+l)=^yX+8j^-^Sj^+S,^-^ +(^l)nSj^+ , 

a result otherwise established in a subsequent article, and which 
will be thrown into a more convergent form, by the addition 
of other known senes, for woikmg purposes This senes is 
convergent if a; be numencally < 1 
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912 Collecting for convenience other useful results of the 
above article, we have 


(a) i<»-«^logr{a ;)=0 and £<*=9^1ogr(®)=oo , and m 

any case |3logr(a,)=i+^^+^,+ to=o. 
and IS positive 

(b) ^|^| =log n when n is infinitely laige 

w {!;'■«'’(«+ !)}_., — y.oo'i ■ 

M ^logrc+D— v+(i-j^)+(l-^+ to» 


jl 

(e) Since ^log r(a;) is continuously positive for all positive 
values of x, ^log T{xi) la an increeising function as x 


inci eases from 0 to cx, starting from the value — oo 
at a;=0, or, putting this geometrically, the tangent 
to the graph of y=logr(cc) is continuously rotating 
in a counter-clockwise direction as x passes from zei o 
to infinity, and the curve is always convex to the 
foot ot the ordinate 


913. The student may note the following particular values 
of taking 7 r*= 9 8696044011, 


^'(0) 

V^(8)=^+^+^+ =4(p+^+i,-f )=4 

= 00, 

y=~=4 9348022, 


=16449341, 


= 9348022, 

</'(2>=p+^+P+ 

= 6449341, 

f(®6)-4(p+J+ )=4(^-i-^)=^-44 

= 4903678, 

f'(3)=p+^+p+ 

etc 

f(®) 

= 3949341, 

-0, 



EXPANSIONS OP r(l + a:), logr(l-fa:), etc 


which indicate how ^l<^gr(a5) is deeieasing as x incieases, 
but always remaining positive 

914 Since log r(a!+l)=-ya+S,^-S,^+;S,^*- , we 

may write r(a5H-l)as 

f, T* 

r(»+l)=e->*e'^e‘^^e * 

-l-r>+(y,H«Jj-(y-+SvS.+2«^^+ . 

which expands r(a;+l) as far as cubes ot as, and which might 
be useful £oi very small values of x, but the presence of 
powers of y renders calculation troublesome, and less incon- 
venient methods of calculation will be given latei 

915 It 18 noticeable, too, that 

iogr(g+i) , „ x_g ^ 

g. - r-|-0!2 ^S3-l-*4 4 

and that the several differential coeflBcients of this expression 
aie therefore free from Euler’s Constant y, viz 
d"logr(a;-|-l) 




%~f-l w-t-2 1^ 71+3 2* 


-/ iwn./ «+l I n+ln+2 .9.+, g _ ■> 

' ® Wl 1 n+2®^ 1 2 n+3^ 7 

And, similarly, if m be any positive integer, 
^aflogr(a!+l)=(^)“[— 

= — (to+ l)„ya?"+‘-’*+]|^( — (m+r)„!B“+'-» 

where (w+l)^ denotes (m+l)(m)(m— 1) to r factors, if 
^ ^ w+ 1, and IS free from y if n. > w+ 1 , also that 

[^^(®“iogr(®+i)] =-(»»+ 1)1 7 



102 


CHAPTEB XXIV 


91 6 E^amion of log r(l+a) deduced from the n Tunction 

The senes 

log r (i+.)__^+s, ^_s, j+s,i- 

may be amved at at once by takmg the logarithm of the 
Gauss fonixula in the form 


r(l+jc)=£t^ 


VIZ 


(‘+i)('+S (>+!)' 


'<«r(i+.i-.iog,-iog(i+i)-i„g(i+D_i<,g(-i4.g_ ^ 

and expanding the logarithms, supposing — 1 <*< 1, 

*1.«^ S,= i+^^+ , 

and log^ fx)== Eulei s Constant y, and the senes (r > 1 ) 

aie all convergent 
Hence, 

iogr(i+.)— +(-i)-«,|;+ , 

(-l<a;<l) ( 1 ) 

rsow^ the even terms may be removed by the addition of 
Jlog 


Xtt 

sin XTT 


For 


sin xt 
X r 




and taking logarithms and evpanding, 

3^ 

*2 


0=5iog-^-,g,^_,g 

^ “sinaiTr *2 ”*4 


Adding to equation (1), 
logr{l+a)=j log 


Xtt 




sin*. 


( 2 ) 


( 3 ) 


Ihe coefficmts S^, S^, all begin with a nnit This may 
te reinoved and the senes reduced to a much more convergent 
orm by the addition of the senes for tanb-** to each side 

VIZ ’ 


tanh-'ia=ilog^=a;+^^®® . 
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And we then obtain 


log r(l+a:)= J log——— tanh-^a!H-(l— y)® 

mu SfTT 

(4) 

The values of y, 8^, jSj, are all calculated, and the 
tabulated results are given in A.rt 957 Euler calculated 
Sg to ^15 Legendre* gave the values 8^ io 8^ to sixteen 
decimal places The list in Art 957 is taken fiom Legendre’s 
list as given by De Morgan, Ikff Cah , p 654» The senes (4) 
converges rapidly and is used for the calculation of the values 
of log r (a) Legendre gives a table of values of XT (a;), %e 
10+logr(a5), from Zr(l 000) to Zr(2 000) to seven decimal 
places, in his Exercices du Gcdcul Iintigral, pages 301 to 306 
A table is also given by Bertrand, Gale Int , p 285 


917 Calculation of Euler’s Constant y 
These senes may be used for the calculation of Euler's 
Constant y by taking a value of a?, for which T(x) is otherwise 
known, viz a!=i, for which r(x)=^^Tp 
Elquation (1) gives 

y hog r(a;+l) -f - , 

and putting a; = i, 

y=loge-+2S2 

Equation (3) gives, by changing the sign of cc, 
and putting x=i m this, 

y=log2-|s,i-is,i-ls,i- . (6) 


which IS more rapidly convergent than the former 
Formula (4) gives 


te 


. 2e 

y=io&-3 ■ 


<8,-1 1 S,-l 1 8,-1 


3 2* 5 2‘ 


6 2* 
1_ 

2 » * 


( 7 ) 


* TratU dt<t fcnctwm tUiptxqruSt Ijegendre 
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This IS the best of the three series to employ to find y 
A.nd with the aid of the tables of values of Sp the calcula- 
tion to seven places, which is all that is likely to be wanted 
for ordinary purposes, may be readily performed 
The value of y is 

y= 57721 56649 016S2 860C , 

and l-y= 42278 43350 98467 1394 

The value of log, 10 is of course required It is 
log,10=2 30258 50929 94045 68401 79914 , 

and the modulus logioe= 43429 44819 

918 The numerical calculation of values of log r(lH-a)), and 
therefore of r(a5) itself, will now piesent no difficulty With 

the values of — , etc , inserted, the working foimula 

stands* as 

ioE.r<i+.)-li.8,^-^ iog.l±2+ laaws. 

- 06735230a? 

- 0073855a? 
-0011927a?'^ 

- 0002231a;* 

- etc, 

and IS rapidly convergent for the small values of a less than 
05 = 2^* being 1024 Hence the last term 00022 B1 a;* in 
the case a;=J becomes 0000004, whilst for x=}, which is the 
largest value of a; for which it will be necessary to use the 
senes (see Art 921), the error in omitting all the remaining 
terms of the senes will not affect the seventh decimal place 
Hence we have heie all that is necessary for the constiuction 
of seven-figure tables for log r(a5) 

919 It is woith noting that the addition of log (1 -has) 
and log(l— a;) respecti\ely to r(l+a5) and r{l— a5), viz 

log r (1+!C)= - ya+ s, 

aiidlogr(l-x)= yT+S,^+S,^+8,^+ 


* Bertrand, Oalc Intigrdf, p 260 
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logr(l+»)=-log(l+a:)+(l-y)» 

+ («*-!) 

logr(l-a:)=-log(l-a!)-(l-y)® 

+(S,-l)^+(S,-l)^+{S,-l)^+ , 

i log -tanh-*a:+(l -y)x- (Sg- 1) ~ 


But Jlogr(l+a!)r(l-a;)=ilog-J|-, %e adding, 


sinira; 


log r(l+a:)=i log 


‘TTOJ 


8m7r2B 


-tanh“^aj+(l— y)a5 


QQ 


2n+l" 


■ 1 ) 


gjSn+l 


'2»+l’ 

the same senes as befoie, which may be wntten 


and putting x=l, since JUx^i 


iz: 5 .=_zJL- 

SinTTOJ -ttcostt" 
^2*1+1 — 1 


i-y=ilog2+5^V 

and putting 05= J, since r(^)=^^jTr, 

l-y-hgl 5+^^^ (Of irt 917) 

These senes are given both by Serret and Bertrand for the 
calculation of r(l+a 5 ) and y 
The formulae 


logr{l+a!)=-,log 


TTX 


bin TTX 


-y®— iSg®’— gfig®*— 

logr{l-a)=|log 

, „ liSg IfSg IfS, 

y— loge2 3 2* 5 2* f 2« 


and 
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were givea by Legendre (JExeraces^ p 299) But the addition of 
the series for tanh“^a; adds to the rapidity of the convergence 

920 Since r(w)r(l— wi)=— — , we have, on putting 

— for «i, 




l+a? asTT 

sin — ^ T cos 


But 


r(a!)=2i-*»v^ 


r(2!P) 


(Art 905) 


(1) 


QJ 

Hence, writing ^ ^ plflwi© of a?, 




(11) 


'(1+8 

From equations (i) and (ii), eliminating we have 


V{x)-. 


2^“«cos 


fK¥) 


(m) 


921 By means of the four formulae 
T(x)={x-I)r{x-1), (1), r{®)r(i-»)=^-^. (2), 


r(.)=2W;;j^. (3), 


r(®)= 


n/t 


2 ^”*C 08 ^ 



(4). 


it may be shown that T (as) can be calculated for all values of 
X when those between r(J-) and T{\) have been calculated. 

(a) For 1 < a; < « , reduce by continued application of 
formula (1) to a case 0 < «/ < 1 

(b) Foi f < a; < 1, reduce by formula (2) to a case 0 < y < i 

(o) For J- < » < f , reduce by formula (4) to a ease < y < i 

Forifir>|. |>g and 

and if a<| |<g and 
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{d) If J < a* < the case needs no reduction 
(e) l£0<a;<^, use formula (3) This involves r(-i+a;), 
and J+a? lies between ^ and and therefore falls under case 
(c), and an application of foimula (4) reduces r(a;+|-) to cases 
m which the arguments he as before, viz i <Cy 
In r(2a;), which occuis in the numerator of formula (3), if 
we have 0<2a5<i, and if 2a; >J, no further 
reduction is necessary 
But if 0 < a? < we have 

0 < 2a; < ^ and 0 < 4a5 < 

We then use foimula (3) with 2a; wiitten foi a;, 


%€ r(2a;)=s/7r2i-^« 

Similarly if 0 < a; < -jV, 


r(4a;) 

r(i+2x) 


and so on 


r(4a)=N/7r2i-8« 


r(8a;) 

r(H4a;)^ 


Hence it £ollo\\s that the use of senes will be only 
necessary in the case of r(a;), where x lies from -J- to -J, and 
that 'vvhen this group is calculated by the series, all others 
follow by the above rules 

922 Graph of y = r(a^) = [ dz 

JQ 

Regarded as defined by the integral, it is plain that so long 
as a; IS real and positive r(a;) is a positive function, and that it 
becomes infinite if x=Q, as may also be seen from the fact 

that r(ai)=^r(a:H- 1), and theiefoie r(0)=^^= x 

We have seen that 


111 

and therefore is infinite when a; = 0, but for all values of x 
from 0 to cx) it remains positne and finite Hence 

^ r./ \ r'(a;) 

^logr(a,). .e 

18 an inci easing function of x, and its value at a; = 0 is 
obviously — 00 , for 

,^iosrw.-v+(;-l)+(i- 5 i,)+ (A,i oil) 
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Also, when ir is + oo , 

toao= + oo 

Hence increases from — » through zeio to + oo aa a: 
1 (a;; 

increases from 0 to x and as T{x) remains positive throughout, 
F(a 5 ) changes from negative to positive once, and once only, 
as X increases from 0 to x 

Therefore r(a;) has one, and only one, stationary value, and 
that is a minimum, and T(x) deci eases from x when 05 = 0 to 
r(l) = l when 05 = 1, and since r(2)=l and r(l) = l, the ordi- 
nates at 05=1 and 05=2 are equal, and the minimum lies 
somewhere between x=l and 05 = 2, and is numerically less 
than unity From a? = 2 to 05 =x the value of r(a 5 ) is con- 
tinually increasing 
The curve then 

(a) lies entirely on the upper side of the a5-axis , 

(5) it 18 asymptotic to the y-axis , 

(c) it has a minimum between 05 = 1 and o; = 2 , 

(d) It recedes from the ic-axis from 05 = 2 to a? = x 

The equation to find the exact position of the minimum 
ordinate is ~^^ = 0, or writing 05=l-|-i, ^r(l-|-^) = 0 

Also dlogT{l+t) r(i+t) 

dt ”r(n-o 

Hence |r(l+<)=r(l+«)[-j^+(l-y)+( 5 ,-l)< 

-(S,-l)i*+ ], 

and ^ IS to be found by tiial from 

422784 +{S^-i)t-(S,-l)t^+ , 

and substituting for and S 3 their values in decimals to a few 
places, an approximate value for t may be obtained, and by 
the usual approximation methods the result may be found as 
neaily as desired Serret gives the result to seven places, viz 

^ = 04615321 
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the abscissa of the minimum ordinate is 
a;=l+i = l 4616321 , 

and the value of the corresponding ordinate is found to be 
y = 0 8866032 ♦ 

In the tables for LV(x\ %e 10+logr(®), we find in the 
vicimty of the minimum 


c 

LV{.x) 

X 

Lr(x) 

145 

9 9472677 

1463 

9 9472396 

146 

99472397 

147 

9 9472539 

1461 

1462 

99472393 

9 9472392 

148 

9 9473079 



So we see from the tables that the minimum ordinate is in 
the vicinity of 1462, and the value of the corresponding 

* Bertrand gives 0 8556032, page 283, and again page 284, line 3, and the 
reanlb is given elsewhere This is evidently an error The result is given 
correctly in Serret, Ovdc Integ , p 186 
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no 


logarithm, 19472392, indicates an ordinate 0885603 approxi- 
mately The minimum ordinate is reached, theiefoie, a little 
earlier in the maich of x from 1 to 2 than the half-way 1 5, 
which might have been expected from the very rapid fall of 
value m T{x) between r(0)-oo and r(l) = l and the much 
slower rise on passing 05=2, r(2) = l, r(3) = 2, r(4) — 6, 
r(5)=24, etc 

i. X j2xTraf^e-^ 

For large values of x, ■ ^ approximates to ^ , 


/XV 


and the graph of y=r(aj) to the curve y — 

We have now seen to what shape the several curves in 
the graphs m Art 886 are gradually tending, and com- 
parison should be made between the figures given there and 
the graph of the limiting form y = r(a:) in Fig 320 of this 
article 


923 It will be noted that since r(®) is decreasing from 
ajssO to aj=l 4616321 and increasing from a?=l 4616321 
to 3/= 00 much more slowly, the differences are negative for 
the first part of the march of r( 2 c) and positive for the second 
Similarly foi the diflferences in the tables which give log F (®) 
or ir(aj) The tabulation is only effected from x==l to 33=2, 
for by virtue of the reduction formula r(a?+l)=®r(a:) this 
IS all that is necessary In using the tables caie should be 
observed ^ ith regard to the change of sign of the differences, 
and those who wish to make close calculations should observe 
the remarks made by Bertrand, Calc InUg ^ p 284, with 
regard to the behaviour of the differences both of the first 
and second orders 


924 The rule of interpolation commonly used is 

A%o+ 

(Boole, FmxU Differences, Art 2), 

rather than the ordinary rule of proportional parts, which 
stops at the second term 
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925 Expressions for 

aB defimte integrals 

The expressions f 01 ^logr(a;), etc, viz 

^aogr(ic)=24.„{logn-Q+^+^-^2+ 

® logr(®)=^+(^qiy2+{a:+2)^+ 

^logr(.)=(-l)-r(n)[l+j^+^^-^„+ to oo], (31 

can readily be converted into definite integrals by aid of the 
results f " r ln\ 

J („) 


rf2;=log& 


(а) has been proved in Art 864 

(б) can be established thus 


To convert 


Integrating with legard to I between limits 1 and A, 




^Iogr(ai)=Zf„=.{logu-i-^-j-^2- -i+ibr}’ 


the nght side may be written, by aid of (a) and (&), 

=i^n«ooQ (~~~^ — f— e-^t— e-^(»+i)— — cZjSj 

for the second integral disappears when ni is made infinite 
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926 With regard to ~ 

desirable to make a closer investigation, for though for all 
values of between e and infinity where e is a given small fimte 
quantity the factor 6"*^ destroys the integrand when n is made 
infinite, there may be some doubt as to the behaviour of the 
expression in the immediate pioximity ot the lower limit 
We note that 


1 6 “®^ 1 1 ) 

/3 2 12 



and 18 finite for all given positive values of a?, however small 
j8 may be, tending to the finite limit a?— -J- when 13 is inde- 
finitely diminished 

Let K be its greatest numerical value between 
j8=0 and j8=e 

Then the portion of the integral I between 0 and e does not 


exceed K f dfl, %e K , and therefore vanishes in 

Jo 

the limit when n is indefimtely increased 
Hence | vanishes when n is made 

infinite, for all positive finite values of x 


927 To convert 

£l««rW-(-l)T(n)[^.+5^.+^+ admf]. 

the nght-hand side may be written by theorem (a), 

=(-!)» ]cZ/3, 

Jo 

(714:2). (B) 

and this includes the case 

|,iogr(.)-£^d/9 <0) 


928 The same method of treatment will apply in many 
other cases 
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Thus the sum 


(p>i) 


~r(p)Jo'i-e-'‘^^ 

( <» f y,a, 


2r(y) 


sinh ^ 


929 Again, 


Si>=^+^li+p+^+ (P>1) 


1 r^p-'e-%^ 1 r -8P-1 

“np)Jo l-e-^^'^^”2r(p)JoSmh^‘‘^’ 


Similarly 


8 — i+ 

IP 3P ' 5P 7i> ' 


”r®)o l+e-^^ ^^“2r(y))o coshiS'*^ ^ ^ 
And whenever such senes occur the conversion to a dehnite 
integral form follows at once For instance, in the expansion 
(Diff Gale, Avt 574) 

2t/ 35® 

seca!+tana.=l+4iYi+A2’i+-^s3l+ ’ 

^.-^{i+(-r+(r+(-;r+ }■ 

jS"[e"^+e”®^+6'‘^+fi“^^+ ]5/8, n odd, 

and |8”[e-'’— neven, 


-.-(ri 


0 H-(-l)-‘e-»P®^ 
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Thus the BemoulLaa number 

2n ^ 2n f” 




^ 4 _ r 

■2ati(2**— (2»»— l)Tr*'*Jo 


Jo smh^ 

and the n*’* EJtilenan number 

I£ we write B2n-i ^ 

■Bsn-i = ( 2 ^) 2 ^ 3i;i+ . J = 2 (2;i) ^ s (2r7r)2« 

= 4wf |8*n-X(e-2r/9+^-4r^^^-6-/i_^ 

Jo 

we have 

a result due to Plana (ilfem ie TAoad de Twin, 1820 )* 


<?i8, (H) 

(I) 


(J) 


930 Another Method of obtauung ErpreBSions for log r(m), 
^lopr(a5), j^logr(i&), . ^'opr'(a!) as Definite Integrals is 
as follows 

Differentiatmg the equation r(a;) = l we have 

J 0 

^^^=j^e-‘()r-'logada . (1) 

But re-a.<fe=r_!Z!!'|"=i, 

Jo L a J, a 

and integrating this between limits 1 and a with regard to a, 


loga=f 

Jc 


e— — 6" 


-iz 


( 2 ) 




* See Boole, Fm* Liff ^ p 110 
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and chanifing the order of integration, 


Integrating this with regaid to x between limits x=l and 

1.6rw-£l{(.-l)e- (4) 

Putting cc=2, 

Multiply this by TJ— 1 and subtiacfc from equation (4) , 

bg rM-{; 

Now put 1 4 - 2 = 6 ^, 

log r(*)=f” {(x-l)e-<«-^^^^} f (6) 

Differentiating this with regaid to x, 

(7, 

and a furthei differentiation with legard to x gives 

J 72 logr(r)=j^ (8) 

Diffeientiating (8) » — 2 times with regaid to x, we get 

^logr(:r)={-l)»f”^3^‘*^ 

Results (6). (7), (8), (9) give logr(!c), and its diffeiential 
coefScients expiessed as definite integrals 
Fiom (9), expanding (1— we have 

^logr(x)=(-l)”| j8n-i(e-*?-fe-t'+«'’+e-<'+“>^+ )d^ 

the formula of Ait 911 (6) 
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And so iar as formulae (7), (8) and (9) are concerned, these 
dehnite integral forms are the same as those obtained in 
Arts 925 to 927 from the result ot Art 911 (6) 

931 Approzixuate STumation Maclanrm’s Formula 
As we are dealing with many series of the form 

(p>i), 

and other forms in which in some cases an exact summation 
has not been efiected, it is desirable to explain the method 
usually adopted for approximate evaluation of such summations 
Defining the symbols E, A as in Differentml Galc'tdus, 
Art 650, VIZ such tliac 

and AUa,=t6a+i— Uj. or 
and also remembering the symbolical form of Taylor’s theorem, 

e^^%=Ua; 4 .A, where 

we have the following identity of operators 
^se^=A+l, 

and it was pointed out in the Diffei ential Galculua that these 
operative symbols obey the same elementary rules of algebra 
as quantities, viz the three fundamental rules 

(а) the associative law, 

(б) the commutative law, 

(c) the index law for positive integral exponents, 
with the exception that they are not commutative with regard 
to variables Hence, bearing this exception in mind, there is 
an algebra ot operators beanng formal analogy with the 
ordinary algebra of quantities, and such theorems as the 
bmomial, multinomial or exponential expansions hold 
Let us define another symbol, S, to be such that 

where Ua is some fixed term of the senes 

and therefore 2 repiesents the inverse of the operation A, 
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which may be written as ^ or and since A{f(x) +C}, where 
IS a constant and f(x) is any function of x, is equal to 
lf(x+ 1) + 0] - [f(x)+(T}=f{x+ l)-f{xl 
so that the constant disappears, so in reversing the process, it 
such reversal be possible, we must restore the constant, so that 
we shall regard as A~'^Ux+0 where C is an arbitrary 
constant to be determined in each special case 

In this respect the symbol of finite summation, or integration, 

2 behaves exactly as the sign ^dx of the integral calculus 
Thus 

Now it has been shown that 

(Ihf Gale, Art 148), 

whence dividing out by t and writing D m place of t, we have 
the following equivalence of operators, viz 

— i— j-^ jD— ^ J53j-:®6 2)5_ 

2^21 4i ^6’ 


in which all the operations on the right side represent direct 
differentiations except the first, which represents an integration 
Applying this to any function of a, viz •Uxy 




^3 d^Ux d^Ux 
4 * dx^ f) > cte® 


For this and many other formulae derived from the same 
prmciples, the student may consult Boole, Fimte D'lfferences, 
p 89, etc 


932 Apply this theorem to the case of the senes 






Here 

Hence 


^=1’ 2^t.=l+|^-|+ 


OJ-l 


=C+log.a.+^^-| i+f i-h - 
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The constant C must be determined in such examples, either 
by reference to some known case of the summation, or by 
absolute calculation of the lesiilt for a paiticular value of x, 
and when once found, the formula can be used with the deter- 
mined constant foi summation for other values of x 
In the present case, putting x=oc , 

+~ log Euler’s constant=y 

If this be a\ailable (see Ait 897) the series can be used for 
the calculation of the harmonic senes to any degiee of approxi- 
mation required If O be not available take the case a; =10, 
and insert the values of Bernoulli’s coeflBcients, viz 

= 879) 

Now 

l+i+i+i+i+t+-f+i+i+T^=2928 968 254 
Also logel0=2302 585 09, 

2 928 968 26 -2 302 686 09 

1 L JL^Ji _L_ 

“^20 12 102"^120 10^ 252 10»“^240 lO® 

626 383 16 =(7+ 049 167 496 , 

0-= 577 215 66 (Euler’s constant), 
which IS correct to eight places of decimals 
Hence to the same degree of approximation we may now 
proceed to sum the senes to any other number of terms by the 
result 

1+1+ +1-67721566 > _.te 

It Will be noted that to obtain eight decimal places of Euler’s 
constant only three of the terms on the iight-hand side affected 
the result 

933 Take the case 


Here 
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__1^ 1 1 1 n I n(n+l){n + %) 1 

jjn-r^ 2r« 12 j?»H-i"*“ 720 


except 111 the case to = 1, when log ^ leplaces - 


Hence 


(w>l) 


i_ J_+l±-iL J 4.»»("+^)(!L+_2)^_etc 

*“ 720 ^* 1+8 » 


and this series can be calculated to any degiee of appioximation when C 
has been found 

In the case when n is even, the exact sums fox an infinite number of 
terms are kuown for the earlier values of n The values for 71 = 2, 4, 6, 8, 10 
are given in Ait 879 

When this is the case the exact value of C is known, eg if n— 2, 
0=^ (Euler), and 




1.1 11.11 11 


+ jBa- 6 r’^2aJ“6 ^"^30 jfc»"42 


71^ 

If «=4, (Eulei), and foi even values of n higher than 10, 

C cm be found fiom ^=2^p ^ 


934 For odd indices we proceed as in Art 932, and the 
value of the constant is to be calculated, as it is not available 
otherwise 


Thus, if n=3, 
1«^2»^3» 



j_,2 ^ ^ j-JL 1 _JL2 

2^*"^2t» 4 7"*' 12 A* 12 r® 


+ 


Take the case v = 10 It will be found to give C=1 202056903 to 
the first nine places of decimals, and to that approximation with this 
value of 0 the formula can be used for finding the sum of any other 
nunibei of teims 

Tlie \alue of C is the sum to infinity, m all these examples, viz 


r=:B0 1 
ral ^ 


except when n=l, a case which has been consideied 


935 Consider finally the Ciise 

log 1 +Iog2+log3+ +logi 
Heie u,=*log77, 
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log(*')=0+log«+ J loga!<ie-|log«+g ^ ^^“8® 

1 1 tP , , 1 1 rf* , , 

30 4 1 da? '°8^+42 6 ' da? ^ 

=0+log4!+j:(loga!-l)-|log «+ ^“geo ^'*'1260 *• ~ 

= C'-*+*loga!+|log*+j^--g^p+YI^-gj - , 

and ^hen ^ is made very large 

log(V2w^er*)B=(7+ rlogjy+ilogi - 1 , 

C=log>/15r, 

log(l 2 3 *)-llog 2 «-*+(a:+i)log»+li-gL^+^J- , 

_1_ 1_ 1 

»« 12 3 * 

** ' ^ ] 

as a close approximation (Cf Arts 877, 884 ) 

936 It will be seen that the formula 

2a,=Cr+|^diB-lu,+|[ ^-etc 

Will be of the greatest service when methods of e'siact summa- 
tion fail The student should, however, test the formula for 
himself in cases with known results, such as 

is+s*-!- +cB8=^^i)!, 

to gam familiarity with it 

Enough has been said to show that the summations we 
require in the present chapter, such as 

can be readily calculated, when wanted, to any degree of 
approximation which may be required, without the labour of 
calculating out each term separately, except for a few terms 
determine the value of the constant We have, for finding 
chosen 10 terms for the obvious leason that the arithmetical 
calculations of the right-hand member of the equality aie 
thereby much simplified 

♦See De Morgan, DifftrenticU CvUivlm, p 312 


P S' 
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937 A Theorem due to Cauchy 

It 13 a well-known theorem in trigonometry that 

where R^, is a quantity which may be made as small as we 
please by taking m large enough (see Hobson, T't xgonometryy 
Art 293) This is so whether z is real or complex Also, 
when m IS indehnitely increased the senes is absolutely con- 
vergent for all values of z, with the exception of such as are 
expi eased by z—±.ttt foi integral values of r 


Wnting in place of z, we have 

1 XU 2^ 1 I ^ 

2 2 v*-h2i*'^ 


where like jB^, can be made indefinitely small by increas- 
ing m without limit, and 


1 l/e*+l\ 

2«^t^2=2fc[> 


and can be wntten either as 




or as 


^ 1 
6*-l 2’ 




1 1 
l-e-* 2 


Hence 


or 


+ 


1 n 


e*-l ' 2 2 ; 

1 

1 — 6-* 2 z 


=s 


2a 






Now, by division, 

a*^a« ' 


^2n 


a" 




where e 


a^+z^ 


and IS a positive propei fraction for all real 


values of z, and the senes would be convergent, and could be 
continued to infinity, provided if real, or mod 2 ;<a if z 
he complex 

Write in this identity a==27r, 47r, Gtt 2m7r successively, 
and indicate by suffixes 1, 2, 3, , the corresponding values of 

€, and let 8/^ denote 

i.-i- L-[-L-|- +— 
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Then we amve at m equations of the t 3 rpe 


s2n—2 ^2n 


(2riry+e^ (2rT)* (2»,r)‘ ' ‘ (2^^ 

and, adding these equations together, 

-^4rV*+** (2x)* (2 t)*'*‘ ( 27 r)*» "* (2ir)»"+» 


(2iw)*»+* 

)"'SgUia 

(2ir)*"+* 


(2x)a (2 t)*^ -(2^ 

where eSZj.^^ V — - , 

e'J2n+2 ^^2n+2» 

and if be the greatest of the quantities e^, Cgi » 

m i 

and therefore e is also, like ej, e,, e^, etc , a positive proper 
fraction 

We thus have, taking e* to have its principal value, 


V«*-l 2 J (2ir)*® 

and if we increase tyi without limit, the series 8^, 8^^, S^, 
being all convergent, 

■^^»-»'Sr"‘=p+~.+ to 00 =5,., and LtR'^={) 
Hence 

V«‘-1^2 z) (2t)* (2^®^+(27rl»* “ 


+ ( — 1)"-1 J^a^n-l 1 / 1 \« ^tn+i -2„+i/i 

^ (2t)*» ' (2x)*»+** ^ 

wheie 0 IS a positive proper fraction , or, what is the same 
(j same expression 

And ,1 ,e ™e. ^ £„ ^ h.™ 


-Y— +1-Y 


or 


-V-J i_i') 

5f\l— 2 zJ 






(271+2) 

where O<0<;i for all real values of z 


/0/« I 0\| 
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938 Now Cauchy has shown thab Maclaunn’s Theorem 
for the expansion of a continuous function of cc, viz F{po), for 
the case of a real variable, still holds for a complex variable 
which is such that its modulus has a value lowei than that 
foi which F{x) ceases to be finite oi continuous (see Art 1 299) 


The function 


'^riIY^2^z becomes infinite foi values 


of z which are given by where X is a positive oi 

negative integer othei than zeio This function is therefore 
capable of expansion by Maclauiin’s Theorem in a convergent 
series within the circle of convergence of radius 27r foi any real 
or complex value of z, whose modulus is <27r, and the form of 
that expansion has been given in Diff Gale , Art 148, as 


1/1 , 1 1 \ ^ , 


or 


^=1-2+2?^ -if ^+61"*- 


and the various coefficients were defined as Bernoulli’s numbers 
This series then is convergent when z is a real \anable 
which lies between — 27r and +2^, exclusive It is also true 
and convergent wlien z is a complex variable and z lies within 
a ciicle of convergence of radius 2iw 
And when the infinite senes is not con vei gent, % e when z does 
not he between the limits specified, the senes may be stopped at 

any term (— and the error is then numerically 

less than the next term, (— 1)” 

' ' (2?i+2)’ 

This theorem is due to Cauchy 


939 Lemma As a preliminaiy to what follows we may 

nx Q I 

remark that such an integral as I -^dx, where O<;0<;1, lies 

J 

mteimediate between and ^dx, where 6^ and 0^ 

are the greatest and least values of 0 between x=a and x=x 

Therefore j — cZa;=6l — for some value of G between 0^ 

and 02 , and therefore, if 0^ and 02 are positive proper fractions, 
so also must 6 be a positive proper fraction 
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940 Now we have established the equation 

r(*)={“ (Art 930, 8) , 

or, what is the same thing, 

Hence, substituting for the finite series established by 
Cauchy (Art 937), 

(o<e<i), 

£( 2 ) ,, .s. -i^«n-ir(2n+i) 

~i 2 ■^2' 41 ST® ' (2«)t a;»"+‘ 

^ (2n+2)' a^"+8 
le 

(o<e<i) 

Integrating this result, 

where O<0i<l, by the lemma of the last article, A being a 
constant to be determined 
Let X become infinite Then 


+x<«- log^l+y =0, by Art 911 (3) 
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Hence 

/ / -ivn ■Sgnil f\ 

' ' '2nx^ ^ ' (2n+2)!c*»+*^i> 

(o<ei<i) 

Again integrating, 

logr(ai+l)=^'+iB(loga!-l)+Jloga:+Ai_^ 

4-/1 \n-l _1 -{-/ 1\n __ ^2n+l —f) 

^ (2n+l)(2n+2) 

(O<0j<l), by the lemma, where A' is a constant to be 
detei mined 

Let X become an infinite mtegei, 

-4'=j|[^a.=:oo [logr(ic+l)—a;(logfl5--l)— J loga] 
=£^a:=oo[log(V2a;7ra5®e"®)— (a?-!-J) logaj+as] 

=logj2w 

Hence 

logr(a!+l)== Jlog27r+(a;+i)log®-a:+^ 1+ 

4.f_l^n-l_^S2zl_ ^ If IW l—fi 

^ (2n-l)2n®*”-^^^ > (2n+l)(2n+2) 

( 0 <e,<l) 

This result is also due to Cauchy 

941 The senes if cairied to infinity, is known as Stirling’s 
Senes It is divergent, however great x may be For the 
general term 

1 _ 1 1 H^V a 

(2n— l)2na;*»-i (2re-l)2»i (2x)*»"*“’ 

and the ratio of this term to the piecedmg term is 
(2n-3)(2n-2) 5,„ 

{2wa;)* 

%e ultimately — 2 “ 2 * however great x may be, will 

ultimately be > 1 when n is laige enough The formula can, 
nevertheless, be made useful for approximative purposes for 
calculating r(a;-|-l) For, as in the series of Art 938, the 
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error m stopping at the term involving has been shown 

cc 

^ Q (2n+1)’£+2)a;«^ (0<e<l), the error is less 
than the succeeding term And as the ratio of two con- 
secutive terms, viz — is less than unity 

(2-jrxf 

a 

until (2n— 3)(2n--2) - a - — - exceeds 4T*a5^ the absolute values 

^2n-2 

of the several terms go on diminishing until this happens, and 
then increase again Hence the closest approximation will 
be obtained by continuing the senes until that term is reached 
which precedes the smallest term 


942 We have as successive approximations 
log r{x+ 1) > J log 2^+(a?+ J) log x—x, 

log r(a!+ 1) < J log 2^+ (»+ i) log x—x-\-^ 

logr(j!+l)> Jlog2^+(®+^)loga:-a!+^ i— A 1, 

logr(a;-f 1) < J log2x4-(ir+ J) log®— a: 


-4. A i_A i-i-A i 

2x 3 4 05^"^ 5 b x^* 
And since Bi=g. £»=^. etc, 


etc 


r(a;+l) 

>j2irxx^€r^j 

\ i_ 

> J2irxx^e-°^e^^ etc, 


i c. 


r{x+l) 

>42^x^er^, 

etc 
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943 In Older to facilitate calculation from the senes 
log r(a!+l)=^log 2ir+ («+!) log x—sc 

+A l_Ai+Al_ 

2 « 3 4a!s^5 6a:» 

it IS desirable to arrange so that x shall not be small 
For this purpose Legendre puts a;=4+a, whence 
log r (a:+ 1) =log 0 !+ log r(a!) =log x 

+ log r(a)-l-log a(a4-l) (ct+2)(u+3) 

and 

logior(a)=glogio2irH-(^a;-i)log,oa:-;ua;4-f^] ^ 

■^6^ -logioa(a+l)(a+2)(a+3), 

where /i is the modulus of the logarithm tables, viz 
)u=logiofi= 4342944819 
Thus, if logioFCl 25) be required, a=5 26, and 

log,or(125)=ilogjo2w+4751og„5 25-/i5 25+^ 

-logi.[(l 25)(2 25)(3 25)(4 25)], 
and by this aitifice it is possible to avoid the calculation of 
all but the earlier terms of the senes We could make 
aj=5+tf', , equally veil, and the choice is in the 

hands of the calculator 

Legendre remarks as to his calculations of the seven-figuie 
tables of log V{x) with legard to the above “ de cette manifeie 
on n*a jamais eu hesoin de calculer plus de deux ou trois termefi 

de la s^rie pom avon logr(a) 

approch^ juequ’^ sept d&imales, dans tout Tinteivalle depuis 
a= 1 jusqu’k a=2 ” (JEoLercices, p 300) 

Legendre’s m, fc, A', G' are what we lia\e called //, x, 
J?!, jBg, iespecti\ely 

94 1- The Case when a; is a Commensiurable Number 
We have established the result 

|]ogr(x)=J'(^'-^-^)<f/3 (Art 930 (7)) 
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And we have seen that Enler^s constant y is the value of 
— ^logr(a;) when 2 c=l (Art 911(4?)) 

thatxs 

Hence, adding 

In the case when a is a commensurable number* this 
integral can be reduced to the integration of a rational 
integral algebraic expression, and the integration effected in 
finite terms in terms of the ordinary algebraic, logarithmic 
and mverse ciicular functions 


Let aj=2 , where p and q are positive integers, and let e • 

Then |.iogr(a;)+y=g|'^^|^*, 

and the integrand is a rational integral algebraic function of t 

If 3=1, if cc be an integei, the value of 
given by 


|^logr(x)+y=£^d< 
= [(!+<+<*+ 


=444 

1+2^ r 


as might be expected from Art 911 (2) 


1 

x-V 


945 Expansioii of T (a;+l) denved firom the Integral Deflnition 
(De Morgan) 

The expansion of log r(l+a5) m powers of x may be obtained 


directly from the definition of r(l+cc) as | e~^v^dv 

g - ar\ X 

— a — / 

Hence r(lH- a;)==i/a=o| 




dv 


* See Serret, Calc Integral, p 184 
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I^t Then ac2^;= — — , and 

£7 y 

^Lt ®+l) (Let ^=6, a positive integei ) 


le 




j«+i 


r(6)r(a:+l) 
r(6+a!+l) ’ 


j.. (x+ 6)(!S+6— 1) (!B+l)r(a;+l) _. 

1 6»+i * 


le 

logr(l+a:)=i« 


j^» log 6 — log — log ^l+l) — ad I'M./ J > 


or, expanding the logarithms, assuming as^l, 
iogr(i+®)=it[-(i+g+|+ +5-iogfe)® 

+p)®*”i(p+|5+ +p)®®+ ]• 


and when 6 is indefinitely increased 

« CC® « iC® . rf 

logr(l+*®)= — 'y®"i“®2 2 3 ”^^^4 


for values of x, 0 <05 < 1 

This investigation is due to De Morgan * 

It was felt desirable to deduce this series directly from the 
integral, rather than to base it upon lesults deduced from the 
property r(a;+ l)=a:r(®), ^ « the difference equation '!tai+i=a:w,, 
masmuch as Legendie’s tables of the values of the Gamma 
function aie deiived from this senes and others obtained from 
it And m default of direct deiivation of the senes from 
the integral itself, some doubt might be felt as to whether 
Legendre’s tabulated lesults were the values of the integral 
Itself 01 the values of the integral multiplied by some penodic 
function of x whose penod is unity, which, as explained in 
Art 863, would equally be a solution of the difference equation 

•Do Moigan, D*/ Oofc , p 684 
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94!6 From De Morgan's investigation given above, the 
tormal identification of r(a?+l) with n(a;) foi all positive 
values of sc, may proceed as follows 


log IT (aj) = j^a5 log /*-log(l +|)- log ( 1 4-|) - 

-i«g(i+p], 


J»nd n(f)=-r(i+f) io<i<i). 


andifsc<l, =— ysc+^^sc*— ^sc®+ , 

n(a;)=r(sc+l) if SD^I and positive 
If sc lies between 1 and 2, say x= 1+^j then, since 

n(i+^)=(i+^)n(^) 
andr(2+0=(l+f)r(l+f)J 
it follows that n(l+f)=r(2+f), 

%e n (®) =r (I +®) when x lies between 1 and 2 

Similarly if x lies between 2 and 3, etc 

Hence, for all positive values of a?, TL(x) and r(l+a:) aie 
identical 

947 The Integration of J e'~^v^dv, (a not infinite, w> — 1) 

In considering the integration of e~^v^dv between hmits 
0 and a, where a is not infinite, we must have recourse to either 
(1) an expression in senes 
or (2) a continued fraction 

( 1 ) 

_e-‘‘a»+i , 1 , 

n-t-1 

and by the contmued use of this rule, 


r _ e «a"+^ ri 

«+l L 


a 


+7 


w+2^ {■>i+2)(n+3)^{w+2)(u+3)(n+4) 
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a aeries which is always conveigent for any finite value of a, 
but only slowly so if a be > 1 A little consideration will 
show that the integral remainder is ultimately infinitely small 
Or we may proceed thus 

r -100 

Let j 

=e--«a*»+n , 

whence 

V. a a' J 

If 71. be a positive integer, the integration can be effected in 
finite terms But if n be negative oi fractional, the senes on 
the right-hand side is divergent if continued to infinity what- 
ever a may be The terms however ultimately take alternate 
signs, and when such is the case, and when there is convergence 
for a certain number of terms, and then ultimate divergence, 
we can apply the pnnciple adopted m Aits 938, 941, the 
convergent part making a continual approximation to the 
anthmetical value of the function under consideration, and 
the error being less than the first teim omitted * 

If then J„ be thus approximated to, 

I„=r j — j 

and /„=r(n+l)— J„ 

948 (2) De Morgan has bhown how such an integral as 
be converted into a continued fraction 

When this is done r(n-l-l) - j e~'’v^dvy as befoie 

Let p wheie V is some function of v 
Then difieientiating with legaid to v, 

vV'+nV-~vV= -V, 

01 vF' = (o — u 

Consider the equation 

vF' = (t; - Oj) F - V -f 7^ 

*De Morgan, Differential OalciUuSj p 226 and p 690 


j e'-'v^dv can 


0 ) 
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Putting denve an equation 

■where 6j=^=5i-«ij a 2 =-(ai+l) 

Putting Fi== — m equation (2), we derive an equation 


where 
and BO on 

Then 

In oui case 


i* = i2, C*8=-(®2+I)> 

1 

^“H- 1+ 1+ l+etc 


(2) 


( 3 ) 


ii-o, 

-n=h2 , 


rd* 

II 

II 

is=l. 

Ji- -(n-l )-64 

»*=-(«-!), 

*4=2=4, , 

k = ^ 

*5 “ 2 — Ji= , 

etc , 


tr^ (n- 

-l)ir^2«“>(tt-2)tr^ 

■ 1+ 1- 

1+ 1- 1-h 


ai=n, 

aa=» -(!+»), 

Os^n, 

^4= + 

whence 

The expression converges rapidly for large values of i; 

The process above employed hy De Morgan is similar to that employed 
by Boole, Differmtud JEquatwm, p 92, in the solution of Biccati’s equation 

a?^-ay+5y*=cj’* 

The equation we have just solved is a very similar equation, vi7 

949 More geneially, consider the differential equation 
P+«|j(+lJy*+S^=0, 

where P, Q, 22, d are functions of z alone 
Let X%^B3u\ X,=Oji>‘>^, etc 

Tkhe yi j yi , yi, successive new dependent vanables, such that 

Hien when A, B, C, a, j3, 7 , have heen properly determiaed, we have 
■da* 0x1 
^ 1+ 1+ H- ’ 

VIZ a solution inthefoim of a continued fraction [Lacroix, t II , p 288 ] 
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Ta begin mth, using accents foi diffeientiations, 

(l+yi)^ 

p I Q -^1 I B -^1* 1 cf2^'s(^+yi)“'^i3^i_o 

16 (dP’+"Q^i+ -+“(22^ JPyi®— y^i=0, 

or Pi+Qi3^i+ Riyi^-\-8ii/'i=‘0, 

vliore Pi= P'\-QXi-\- JRX^ -{" 

0is2P+0Xi +iSf-a:'i, 

P, 

iSiS -iSfZi 

A.t the second substitution, viz yx=- , ^ , the differential equation 
becomes 

P24-9ayi+ P2yt*+^2y'2=Oi 

where P^, Qi, /S| are fotnied from Px, Qii ^li Si in the same waj as 
the latter ^ere foimed fiom P, Q, P, P, and so on 
Again assuming the expansion of y in powers of v to be of the foini 
and the expansion of to be P4r^+PiJ7^+i+ ,and 
so on, we can by substitution in the seveial differential equations they 
satisfy obtain the values of A and <x, B and )0, etc , by an examination of 
the lowest oidei terms ocouriing, and thus expiess y in the form of a 
continued fiaction 

d 

960 Development of (a+o?) log F (ce+a?) in a Factorial 

Senes 
Since 


we have 

A®^(a+ifc)= A 


=^log(a^^)=^, 


A’*^(a4-a7) = A‘* 
and generally 
A»^<a+a7)=A"“i 
Let 


1_ 

o+t 

1 


(- 1 ) 


'a+^+1 a+x (a-ha7)(a+ T-l-1) ’ 
(-1)("2) 

(a-H r)(c+^+l)(a+AH-2)’ 



a^-^ (a-hf)(aH- ^^-l) (a+a+n-l) 


1 


VI) Vi) VJ) vn) 

^(a+a;) = ^o-l“-4xYi+-42^+-43^H- 

Inhere ai'“>sn;(a?-l) (a-rn-l) 
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Then 


Hence 


ixP . vP 

A'f(a4*a!)=Ai+A^p+A8^+ , 

. aJ'i) ^ icf-^ 

A®^(a+a;)=A24-^8p +-44^+ , 

etc 


A^=i>{fl+0), ^=A^(«+0), ^,=AV(o+0), etc, 
where A"^(«+0) meane the value of A“^(a+») when x is put =0 
Hence 

. <f, X l*(a!-l) , 1 a(»-l)(»-S) 

,^-(a+»)Ejglogr(a+»)=f (a)+--2 a(a+i)(a+2) 

_1 a;(a;-l)(ar-2)(g-3) 

4 a(a+l)(a+2)(a+3)"^ ’ 

a senes which ^ill teiminate m the case when » is a positive integer 
and IS in any case convergent foi real and positive values of x and a 

j 

The \alue of %t J^log*r(a), can be found for any particular 

value of a by means of the senes 

^log.r(a!+l)-log.®+l-^+§- etc 

of Alt 940 

961 In the case Nthen a=I, we have 

1 a;(a:-l)(a;-2)(a:-3) 
t"" 41 

and - ■^(1)=7 (Eulei’s constant) 

Since this may be written symbolically as 

V'(l+*)=- 7 +A(i-g^+^- )®>-y+Alog(l + i)c^ 

te ^logr(l+a)--7+Alog(2)* 


952 Other piopeitiea of the \j/ function aie 

Since r(a;+l)~a?r(ic), we have by loganthmic differentiation 

^(®+i)-^(*)=| («) 

Since I'W similarly 

^ (a;) - ^ (1- a) = -IT cot ajTT (5) 

Since 2®*r(a5)r (4+a:)=2N/n*r(2a?), we have similaily 

( 4 + 0 ?) = 2^ (2a) -2 log 2 (o) 
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Since 2 r( r) ^ (l) * similarly 

cos - 


Since r(»)r(»+i)r(a+|) r(»+^)=n-"»f*(2ir)^r(«*), 

we have bimilarly 

^U)+4'{!»+l)+'p(f+^+ -l-^(^*+^^^=»^(na!)-»logn (e) 

953 The equation A^(a + a;)=s— ^ la of considerable seivice in 
sumnidition of senes 
1 A sum of the f oi ni 

— — i__i — to « terms, Tiz 
a+6^a-h26 a+36 * 

rssn 1 

S—Yi — TT caa be wntten 

a+ro 

-S?|^-lW(|+0 


2 A sum of the foim 
/»= 1 




a+b a+26''^a4-36 a+4b 

^ 1 > ® j.- 

18+'^ 


to 2» terms 


Eff (a) i+5+iH-4+ 

=4"s ix;=i"s ^V'(i+r)=i [^Ki+'-)] =4tV'(5+«)-f(4)] 

0 ■g**' 0 i- -JQ 

W 4-i+*-H«*‘nr 

=i?F-r-i?4T-r 

=tEAV'(i+»-)-iXAV'a+>') 

=l[t (I +oX-l ['/'«+’•)]“ 
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Butby(6)(*=J). 

fhe senes 

which IS well kaowa otherwise, hemg Gregory’s senes for tan"*-! 

3 Sum the senes 

Heie 

Now by («) («=■!), ^(l)+^(J)=2i^(l)-21og2 , 

V'(l)-1^(l)=21og2, 
i9=log2, whicb IS well kuowa otherwise 
We may note that it follows that 

i;'(i)='i;'(l)-21og2= -y-21og2 

= -06772167-13862944 
= -19636101 

By («), V'(i) + ^ (i) = 2^ (i) ~ 2 2 = 2 (1 ) - 2 log 2} - 2 log 2 
= -2y— 61og2 
and V'(t)-^(i)=n' 

Hence ^(J)= |-y-31og2, 

l^'(i)= y-31og2 

and ^(J)=-7-21og2 

954 Gauss has established a remarkable result, giving for the function, 
^(jr) the value of ^(l-'47} + ^(^) m a senes of tiigonometric terms in the 
case when r is any commensurable proper fraction This result taken with 
^(1 -jr)-^(r)=sgrcot^ 

will enable us to calculate the Talue of \l/(v) lu all such cases 
The theorem is given by Beitrand m Art 307 of his Ccdcul Intigral. 
For shoitnesB we shall denote 

log* by Z*, ^(^byV'ri oosiflbyo,, logAsin* ^ 

Then when fl=?^ oi ^ or 5^ or 

3 2 9 2 

c^=Cjj=c^= =*1 , 4a4|p*C2«+r~ I Ci4’Cj+ +Cj= ^c,.= 0 
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WntiDg the fundamental Equation 

and putting where r g, and both are positive integers, we have 

Taking ral, 2 , 3 , 9 111 this equation, multiplying by cos B, cos 20 , 

008 30 , cos qd lespectively, and adding, we get 

ITow the coefficients of log 1, log f , log g, etc , all vanish and since 
etc, the lemaining terms form a continuous series to infinity, viz 

VIZ an equation connecting ^2)^3) V'v-it btst of which terms 

i8^(|^=:i/^(l)» -7, where 7 is Euler’s constant That is 

Clfi + CsV^S + OjVrsH- +Cif_ifM = |-£l + r 


So far 6 has stood foi auy of the quantities or 2 

the first Then similar results will bold for the rest, le if we take 20 , 
30 , (5-1)0 in place of 6 We thus get g -1 linear equations from 

which we can find ’AQ)* ^(|)» 


hh+ c,f,+ 


Cpf,+ 

+ 


rtip,+ 

-h 

C«P^»+ 

+ 


c,h+e,ip,+ 

■h 


+ 



+ ®«s--i)^ff-i = 2"^ 7» 

^ff-i = I A + 7 j 


and in addition we have 


+ <J(«-l!(V-rl>)’A»- 3 » + -1- * I -^ir-l + 7 » J 


+ CjpiApH- +c*ilff-i)!^ff-i=-(?-07“ff^®FS> 

which IS met ely a case of the identity (e) of Art 952 , for the coefficients 
COS 50, cos 250, etc , each =1 

To solve these equations we multiply them, and the identity, respec- 
tively hy Cp, Cgfpf Cgp, Cfp 
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Now note that + *^^7 mtegial values 

of A, fi (the last term being unity, since q6=& multiple of 27r) 

=i|l^(X+/u)r+i il®(X~|x)r . 

and that each of these sums is aero, except in the two cases Azb/*=a 
multiple of q, and that in the cases we have to consider A and /x each range 
in Aalue fiom 0 to g' — 1 Hence the only cases of this kind aie when A=ju. 
or A = g-/x, and both vould happen if A = jLt = gr-^ i e if ^ be even, and 
X=ix=i 

If A.-/i, j|c(x-^y=iil=| , itX=q-,A^ it«(X+rtr =ip=|. 
and Mhen q is even and A.= /t=2, 

The latter case will occui when, q being even and therefoi e g - I odd 
theie 18 a middle teim in the svstemof unknowns, viz 
and the case need not be distinguished fi om the othei s Thiis, after ni ulti- 
phcation by Cp, c^p, Cqp and addition, the coefidcients of all the unknowns 
vanish except those of and and the coefficients of these teimsaie 

each 2 , and if j- 1 Tie odd andj)=|, all vanish except that of which 

is the middle unknown of the «»ei les, and the coefficient of this term will 
be q 

And on the iight-haud side we ha\e 

|(^p^i+CapZ,+ +Cflp) — gyCjp -g logg 

=|(Cj,Zi+C|pZ,+ +%-i)pZ,_i)-gy -glogg 

In the biacket, teims equidistant fiom the ends pair, but if g he even 
there will he an unpaired tei ni left in the middle of the senes This tei m 

I 2 ^ ^ ^ ^ which leduces, since = Stt, to g ( — 1 )»* log 2 

Hence the right-hand side becomes 

+<^-^i^)-g7-fflogg (godd), 

or q{epLi+c^Lf>r +-<^,i»^)-gy-jlogg+j(-l)>'log2 (g even) 
thus have 


2 c„Z,- y-loggj- (godd), 

" =2{ f «n.Xr-7-lo«2+(-l)*log2| (g even), 

and this, as pointed out above with 
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-will enable us by addition and subtraction to obtain both 

and 

for any integral \alue8 of p and q{p<q) 

It will be obseived that thebe theoiems give the tangents of the 
slopes of the curve y = logr(a) at equal distances on opposite sides of 
the oidinate at ic=0 5 

Ex If^psl, g=3, 

^ (5) + V' (^) = 2 [^ - y - log 3 + cob y log 4 J 

=2[-y-log3-ilog3] 

= - 2y - 3 log 3 , 

955 List of Results 

As the lesults obtained in the piesent chaptoi are veiy 
numerous and necessauly scattoied ovei many pages in the 
gradual development of the iheoiy of Euleiian mtegials, it 
may be convenient to the loadei to have the piincipal facts 
arrived at collected togethei foi leady lefetence A synopsis is 

therefore added m two gioups, tho second gioup lefernng 
more particulaily to the i/r function, which entails some 
repetition 

Giiour I 

1 £(?,m)=5(m, (Ait 857) 

2 If Z, m be positive ititegeis, B{1, ' 

If I only be a positive integei, 

9 (Art 85, (2» 

4 j (a:— 6)*-^(o— a:)'"“*dx=(a— m) 

* (Alt 859 (4)) 
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r(£±i)r(i+l) 


2ri 


(Arts 869 , 869 ) 


^ sm«-i6cos*^i6 1 _ 

Jo(acoPe+ 6 ^J? 0 )j+sW=g^ 5 (Z, m) (Arts 869 , 869 ) 


/ 1\* 

^ '>' (Arts 854 , 804 , 874 , 889 ) 

8 r(n+i)=ttr(»»)=n(w) 

II(M+l)=(}i+l)n(n) (Arts 860 , 890 ) 

9 r(i)=v/?=n{-J) (Alts 864 , 882 ) 

10 r(®)r(l— a!)=irco8eca»r=II(— a:)I[(®— 1) 

r(l+a!)r(l— a;)=a!,rcosecTir (Aits 872 , 893 ) 

“ <0<i<l) (ArtSTl) 

Ks)i'©r© r(2^)-!?f)" (Art 873) 

nr 

18 »-r(.)r(.+^r(.+D r(.+?rJ)-r(.«)(2.)T„,, 
r(®)r(*+i)==^r( 2 *), r(2ii)r(£^)=:^ r(p+i) 

(Arts 903,905) 

“ (Art 877) 

15 -I^±lL=V;^i 1 

*j 2 nv e~^ 0 (Ait 884 ) 

16 7=087721666 +i_l„g„) 


, f*+" 

17 logr(a!)(£r=log 


(Alts 897,917) 


a!«(a-H)«^n (a;4-w— i)«H-n-i(2 






27r)^' 
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18 

=-y+(l-D+G-iTl)+ 


x+w- 




19 £iogr(®)=^ 


(fo* ®*“^(x + l)*“^(a;+2)* 

20 X<„=«(p^-logn)=0 

21 logr(l+®) 


(Art 911 (5)) 
ad vnf 

(Art 911 (1)) 
(Art 911 (3) ) 


22 logr(l+x)=Jlog 


XV 


smxTT 


® r, or . ^ X' 

(Arts 911,916) 
tanh“iaj+(l — y)® 


.a^ 


-(S3-l)|-(«5-l)^- 

23 Mm ordinate of y = F (ir) is at 05= 1 4G 1 6 

24 iogrw.£[(«-i)«-.-5^^f 


26 4i«gr(.)-j^(; 




also = 


j8 1—e-P 

1 W 


(Art 919) 
(Art 922) 
(Art 930(6)) 

(Art 925) 
(Art 930(3)) 


13 

26 ^l°gr(®)=(-l)"J”^|^V (»i4:2) (Art 930 (9)) 


® sinh^ 


*■» 1P+3P+6P + 

^ IP SP^SP 


_ 1 r .f> 

2r(p)Jo sinhjS " 

=2Ty: 


coshjQ 


(Arts 928, 929 ) 


28 5^.1 




(2*« 

/2\*«+ir /3*" 


/ A ^ nan \ 
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29 '2,Ux=G+ I -Bg dfiu^ 

J 2 *^2I ix 4t 

, (Art 931) 

3» Ei<«r(.+i)_i,^,+^_^+S_ 

^ 2n (0<e<l) 

(Art 940) 

31 Iogr(a:+l)=Jlog2T+(a!+|)loga:-a:+A.l_ Ai_L 

* ® ^1 2a5 3 4»«^ 

i^+^~^)" (2 ;r +^H2n+2) ^ ^ 

(O<0<1) (Alt 940) 

32 -£^+1L=i + Jl I 1 ^9 671 , 

sJ2Trx3f‘er* 12®^2(12®)i 30(12a:)»~ 120(12^+ 

See also No 16 (Art 942) 

956 II Group of \j^ Formulae. 

Since the V'-function, viz Ho>)=-^\ogV(x), is a very 

interesting function, and very useful in itself, we gather 

together the principal results which lefei to this function 
in particular 

1 ^(a:)==^=/;i„^ riog„_l 1 _ 1 ~ j 

L “ ® a;+l ic+n-ij 

(Art 911 ) 

2 V^(l)=-y, ^(14616 )=0, V.(oo)=oo 

(Alts 911 (3), 922, 923) 

(Art 911) 

4 j.-i- ^ I ^ ■ 

^ ^ »®^(*+1)*'^(54^+ (A-rt 911) 

(Arts 925, 930 (3) and (7)) 
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(Art 930 (8) ) 

Vr(®+l) = l0g*+i-A + A_ 

(Art 940) 


(Art 940) 

irix)+y=l 

(Art 944) 

‘'A(®)+y=J^ integral) 

(Art 944) 

V.(H-a)-i/r(l+6)=£ 

(From 10) 


(Art 950) 


(Art 952) 

i/r(l— as)— ^(a;)=7r cotxx 

(Art 952) 

V^(i+a5)— a5)=7r tan asTT 

(From 14 ) 

V^(a?)+ >A(i+®)=2V^(2j?)-2 log 2 

(Art 952) 

Vr(a!)-J>/r(L^)=i^(|)+log2+^ tan Y 

(Alt 952) 



n ) 

=n>/^ (nx ) — n log n 

(Alt 952) 


19 

' (Alt 930) 

90 ^(l-p+K|) 

= 2 ri^(l)— log g + ^ cos log 4 sm* — ~| (g odd) 

1 ® ^ (Art 963 ) 

= 2 ri/r( l)-log g + 2 cos log 4 sin* +(— l)^21og2 

^ 1 9 ?-i (geven) 
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957 Table at Values of )Srp=p+l + i+p+ ad ^u/ 

up to f)=36, which IS the last in which the tenth decimal 
place IS affected , all remaining ones to this approximation may 
be regarded as =1 (De Morgan, DO, p 654 ) 


p 

Sp to sixteen places of decimals 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

0 57721 56649 01532 9 +log oo ( Euler^s Const + oo) 

1 64493 40668 48226 4 

1 20206 69031 59694 3 

108232 32337 11138 2 g ^ 

1 03692 77651 43370 0 ^ ^ 

101734 30619 844491 g » 

1 00834 92773 81922 7 5 J 

100407 73561 97944 3 A 

100200 83928 26082 2 a b. 

100099 46761 27818 0 

100049 41886 04119 4 SS 

1 00024 60865 53308 0 ” s S S 

1 00012 27133 47678 6 | ^ 

1 00006 12481 36068 7 » S 2 “ 

1 00003 05882 36307 0 & cd a o 

100001 52822 69408 6 S 2 o' 

lOOOOO 76371 97637 9 "3 S § g 

1 00000 38172 93266 0 « -g >o « ? 

100000 19082 12716 6 ®o § ?5 § 

100000 09639 62033 9 ® 2 ® 8 f: S 

1 OOOOO 04769 32986 8 § 1 i S S 

100000 02384 60602 7 -ij " 

100000 01192 18926 0 -3 i § o a. 

100000 00696 08189 1 1 § g, " 

100000 00298 03603 6 3 

100000 00149 01664 8 ■§ S 9 

1 00000 00074 60711 8 5 ■§ - w 

1 00000 00037 26334 0 S 2 ^ •£ 

100000 00018 62669 7 5 S - 42 

1 00000 00009 31327 4 3 ” 5 ,3 

1 00000 00004 66662 9 S ^ 

100000 00002 32831 2 □ I! jo 

1 00000 00001 16416 6 ^ S ® 

1 00000 00000 68207 7 ^ 

1 00000 00000 29103 8 


PEOBLEMS 


1 ShoTT that (i) r(j) r(|) , ( 11 ) r(^) r(f) = ^^2^ r(f) 


2 Show that 3^{r(^)}*=,rbt r(^) 

3 Show that r( 1) r( 2) r( 3) r( 9) 


( 2 ^ 

Vio 




PROBLEMS ON GAMMA FUNCTIONS 


146 


4 Show that 2"? (/iH- ■}) = 1 3 5 {2n - 1 ) x/ir, whei e ?i. is a posi- 
tive integer [Oxford II P , 1888 ] 

5 Show that T (f - a*) F ( ^ + a;) = (| - ^ sec vx, provided 

- 1 < 2aj < 1 

6 Show by means of the transformation ny^u, y = u + t\ that 

[OoLL y, 1901 ] 

7 By means of the integial 1 prove that 

Jo 

_i L__ , L , (-1)“ 

(ni)n^ (/n + a)(7i- 1)> 1 • (m + 2a)(?i-2)’ 2* (m + m}7i^ 

a" 


~m(m + a)(m-h2a) (m + 7ia) 


[St Jou^’s, 1884 ] 
^m\ 




aF 




Show that this integral may be expressed as ■ 

8 Show that the product of the senes 

,11 13 113 5 1.^ 

■^2 17'^ 2 4 33'^2 4 6 49'*' 

, 1111311351. ir 

9'*'3 23 ■‘‘2 4 4l‘^2 4 6 16 

[Coi LEGES a, 1883 ] 

9 Prove by the substitution = ^ that 
where 7i is a positive integer 

[See also Art 223 (5) ] [Colleges a, 1890 ] 

10 Show that if /fbe any positive constant, 

I f g-aj-y dxdy=‘ \ ( I — dv f 
0 Jo Jo Jo 

and by proceeding to a limit express j?(/, m) in terms of Gamma 
functions [Oxr II P , 1902 ] 


11 Show that the sum of the senes 

1 , 1 m(m+l) 1 , wi(w2 + l)(m + 2) 1 

»r+T'^’”n+2'^ 2t « + 3''‘ 3' n + 4'^ 

IS r(w + l)r(l -r?z)/r(7i-in + 2), 

where n > - 1, and m<l 


[Coll 7, 1899 ] 
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12 From the value in Gamma functions of f 

show that ^ 

2«-r r (^) = V^r(p + 1 ) 

for all real values of p [Tmmty, 1886 ] 

13 Prove thatj^ fi“'*'*^^3‘ = e"26x0 0981l nearly [TRI^^Y, 1896] 


14 Prove that 


7h 


.HIHTH): 

(■*?) i'-t) 


to 00 

[Oxford II P , 1888 ] 




and r(<i + l) = ’n 




(■-?) 

15 Show thati when a- is positive, 


[Oxford II P , 1903 ] 


[Math Trip , 1897 ] 

16 Prove that, if x be positive, 

to O 

[Math Irijos, 1897 ] 

17 Show that, when ^ is a leal positive quantity not gieatei 

than unity, „ , 

er(i)=/(a)+f) I 

' ^ ' i«s(r+l)(a+2) (i + n) 

where /(a,) is a function of ^ not greater than unity 

[Math Tripos, 1897 ] 

18 If 71 he between zero and unity, pro\e that 

f (tana)"cfar = ^ , 

sin r — TT 

[Coll o, 1890 ] 

19 Show that the penmeter of a loop of the curve ?* = a” cos 716 is 

1 V//-nl\ 
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20 Show that if ^ be a point on the ellipse x^la? -h y^fb^ == 1 , 
and 2? be the conjugate diametei, and the integral be taken round 
the whole perimeter, then 




7^ 



[COTLEOFS, 1892 ] 


21 


Express in Gamma functions 



[TRiMrk, 1896 ] 


22 Expioss m Gamma functions the area of the cune 
(c > 0) for positive values of a- (0 to oo ), also the volume generated 
by its revolution round the axis of x [St John’s, 1883 ] 


23 If 2 sin?i7rr(7i)</)(7t) = {27r)«</>(l - n){( - where 

and «/>(7i) IS some function of w, prove that 

rQ) ir-5<^(«) 

remains unaltered when 1 - n is wntten for n [Coluofs a, 1881 ] 

24 Prove that 

J. 2a Ll + 1 + 1 + 1+ 1 + etc J’ “ ^ 2tt* 


25 Prove that 


[Db Morgan, Dxff Cal , p 691 ] 
, fi 3i/”^ Sir-i "1 

^ «-nog«d» = r*Llog*;+ r+ IT IT TT IT TT etc J 


[Ba Morgan, p 591 ] 


26 Prove that 
d 


d, . Ixix-]) lx{x-'[)(x- 2 ) 

^logr(H-!i:)- -y+'s-g 1 2 "^3 12 3 

[Dr Morgan, p 693 ] 

27 16 <#>(a) ^logr(l +«) and a; be a positive integer, show that 


<#» (t) = <;() (0) + 1 + i + g + + - 


Prove further that 


and has a finite value 


^00 

<^(0) = J er^logxdx, 


[ICS, 1898 ] 
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28 If (l 4 a;)^=l 4 *-^^la; + -^^^ 2 ^ 2 +. , where n is any positive 
quantity, prove that 

1 ¥ A ^+ A2 + 

[Math Tripos, 1895] 

29 Prove that if 

m-m + «/'(o)+^/'(o) + +5 /’‘<h 




of 


r{n.+-») 




i being any positiv e quantity 

[If 7 > 1 both integrals generally = oo ] 

[WOLSTBNHOLMB, Educ ] 


80 Prove by changing the older of integration or otherwise 
that 




31 Show that 


ajn. 






[Math Tripos, 18'^5] 
(7t4l)V 


? dx _ X ft + 1 (?t+l)( 27 t+ 1 ) ( 2 n-fl)( 37 i+ 1 ) 
|l+a.»*”’l+ 1 + l 4 l 4 


(27i)V* (2yt+ 1)V^ 

( 3 yi> 4 - 1 ) ( 47^4 1 ) ( 47 t 4 l)( 5 a 4 1 ) 

1 4 1 4 etc 


[Lacroix, Calc Diff, vol ii , p 292 ] 
Deduce expressions for log I 4 ® and tan“^a;as continued fractions 


32 Prove that 

P(l+^ = 3r^fr(iL)T(xm)T(xm^), where <o = e^ 

[St John’s, 1891 ] 

33 Evaluate the modulus of r(^ 4"/- la) [Smith’s Pbizb, 1876 ] 

34 Show that for very large integral values of n, P (714-5) 
very nearly the geometno mean between r(7i) and P (m 4 1 ) 

[Oxford, 1892 ] 

35 If & be a large whole number, show that, provided jb > - 1 , 

(a!-(-l)(!e + 2) + = ^ery nearly 

[Db Morgan, JDtjf, Cak , p 685 ] 
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36 Writing ^(!r) 3 e» prove by the aid of Wallis’ 

theorem that ^(2!c) = [i^^!i)]* when * is large 
Then show that for any value of a, 

^ > ?^Tr) 

(M <^¥) - 1 L^._L- , («-i) 

^(#>(j-+l)“12ai3 12 j!* 400* 2«(»h- 1) a?* 


(A ^ «ia«- 




wheie ^ 0 , dg, are numbers between 0 and 

«><»<*). 

and finally deduce Stirling's theorem, 

1 2 3 a; = >/25;e-«flf^*(l+6a.), 

where €a denotes a positive quantity which vanishes when a; = oo 

[Sbbrbt, CcJc Integ , p 207 ] 

37 Show that, if £C be a whole number, 

logr(a;+ l)=^log27r-a;+'(a;+4) log a; 

+ ![(“■' 


[QTTDEBMAXnr ] 


38 Show that 


_ j I 

12 3 and <-/h^a^e 


when X is large 
39 Writing 


[Sberet, Calc Integ , p 213 ] 




prove that 


(mn) I m ^ 


«.=V'. <#.{n)=7i*(2w) ^ 


Hence deduce Gauss’ theorem, 


n«»r(*)r^fl!+i) (2r)’‘« «4r(»w.) 


[Sbeebt, Calr Intigralj p 190 ] 
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40 Prove that 


[Cf Db Moeoan, Dtf C ,-p 694 ] 


4 1 Prove that 


^logT(a)=logJ+£ 


'where C'ls a ceitain coustant 


[Math Teipos, Pt II , 1915 ] 


42 If the hmomial expansion for a positive inde'« he written 

show that S £(»-}+!, » +- 1 ) = 1 

Prove also that 

Jl. = 1 +(21 +(21 +(11 +(^1+ 

43 Show that (1000) * lies between 

4 02387 X 102607 and 4 02388 x 10”0fl^ 
and IS a number iMth 2568 figures in the ordinal y system of 
numeration, its loganthm being 2567 6046442 

[Cournot, Thione dea Fo^iUiojia, vol u , p 472 ] 

44 Show that if 

log r (® 4 1 ) = log + (a + ^) log * - a + 4 - 

I ( I / l\n ^ 

^ > {2n, + 2)'’ 

then lJ = |”e— 

where /(a) s — ^ and 6 is a positive proper fraction 

[liouYiLras, Journal de MathemaUqu^, Tom iv , p 317 ] 

maximum numerical value of between the 

limits a = 0, a = 00 , show that 


^ ^ ^2n+2 ^ 

(271+2)1 ^(2?i+l)(27i + 2){L'^«+i* 

and examine the nature of the approximation attained by the 
omission of all the terms which contain Bernoulli’s coefficients 

[Liott-villb, J (fo Jf , also Cooenot, Thioine dea FoncUons, p 474 ] 
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45 Starting with 

“lo “y* 

and putting li for the two terms with negative indices in the 
development of Q in ascending powers of j8, namely ^ 

F{x)=>^ (P-¥Be-<^)d^ and ©(4,) = j“ 

Then show that 

(l)=r(^) = ilogi (2)^’(l) = |log^ 


(3) i!’(a!)-F(§) = |-j: + (ai-^)loga! (4) r(4;) = e-*a*-iv'2^ «“(») 

(5) That when x is large e*(*) differs but little from unity 

(6) logr(ii+l) = ^log2ir + (a!+^)log!e-!t 




(7) Deduce the equation, 

log r (is + 1 ) = ^ log (27r) + (a + ^) log a - ® - - 3 “^ ^ + 

, / i\n-i ^ if IV . 0 

’ (2»+l)(2«+2)'i;*»+i ’ 
0 < 0 < 1 [Bbeteanet, CcUc Integral, p 266 ] 

46 Show that 

(2) iogr(n.i)-jj!^|»-'[-'^:^|4/s 

[ToDHUNTBB, Int Colc , p 392 ] 

47 If A, be the acute angle whose tangent is the «»*** power of 

the reciprocal of the of the prime numbers 2, 3, 6, , show that 

cos 2A^ cos cos 2A^ cos 2A^ to oo = 2 ^ ’ 

where is the number of Bernoulli [Math Tetpos, 1897 ] 


48 If 7=if . ^ , show that 

Jon/TT^ 

r(i) = r (J) = 

r(f ) = 7 r^ 2 ^ 3 “*^r ^ r(i-) = 7 r^ 2 > 3 “*r'^ 
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49 If 7 — f and 7 = f , show that 

JoTTr? Jov/T^ 

r(TV) = >r *2 *7 r(T%) = 7 r^ 2 *^ 6 * 6 ' -^;S' 4 -* 7 * 7 * 

where ;Si = sin^, 5'5=smj^, Sj = siii^, S'^=«jin^, 

and wiite down tte values of r(i'^), in 

simildT form 

60 Show that J L^og (1 + e®) — < l] if i 

[Oxford I P , 1914 ] 

31 Prove that the volume in the positi\e octant bounded by the 
planes x^Q, y = 0, z = h and the surface zjc = 7’»Ya’" + is equal to 



[Math Trip, Part II , 1913 ] 
/i ” If"* - 

62 Prove that e ^ {</> (it)} = - 7 = 1 e-f<l>(c-h 2y\lh) d//, 

s/irJ-oo 

and apply the lesult to prove that if 1 + 4/t^ he positive, 

lg;« 

g i 

[Math Trip , 1870 (Wolstbneolmx) ] 
53 When 71 is a positive integei, we have evidently 
1 2 3 12 71 ^ 4 (n-^) , 

prove that this equation, when expressed by means of the function 
r, IS true for 807 positive value of »i [Sib G G Stokbs, S P , 1870 ] 


54 Prove that the limitiiig valuo of 

2«+l-21og 

3 5 (2«-l)’ 

when 71 18 indefinitely increased, is log 2 
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LEJETJNE-DIEIOHLET INTEGRALS, LIOUVILLE 
INTEGRALS, ETC 

958 We have seen that the formula (ij and ig hoth -H’'*) 

Jo ' ^ r(tiH-i 2 ) 

leads at once, by putting y for ax, to 

Now, consider the double integral 

Z =11 1 Xa’*" ^ dXi 

for all positive values of and which are such that their 
sum cannot be greater than unity 



Then the limits for must be from 0 to 1— ajj, Xx remaining 
constant in the integration with legaid to x^, and the limits 
for will be from 0 to 1 
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The geometrical mterpretation is that we are adding up all 
such products as as he within the triangle 

formed by the axes Oa?!, Oscg, and the straight Ime a5i+a:2=l 
We use this notation rather than the ordinary x-y notation 
for Cartesians, because we propose to generalise the theorem 
for any number of vaiiables The limits must then be such 
as to add up all elements m a strip NQ paiallel to the Xs-axis, 
^ e iTa increases from 0 to 1— a?!, and in summing the strips, 
increases from a:i=0 to a:i=l 

Then 7=f a;i*i“^r^1 

J Q L ta ->o ^2 J 0 

h r(h+^2+l) r(2i+?a4*l) 

959 Take next the case of the tnple integral 

foi positive values of x^^ aja, aig, such that a^+aja+iCa :J> 1 



Fig 322 

The geometrical interpretation is that we are to add up all 
elements sudi as So^Sx^Sx^ which he within 

the tetrahedron bounded by the coordinate planes x^Ox^, x^Ox^, 
Xjfixi and the plane a‘i+a;a+ar 3 =l 


DIBICHLET INTEGRALS 


155 


I’hen dividing by planes parallel to the coordinate planes 
in the same way as explained m pievious chapteis, we have 
first to integiate with legaid to acg, keeping and X2 con- 
stant, that IS, for all values o£ x^ which he between 0:3=0 and 
053=1— jfcci—aja* which, inter pi eted geometiically, means the 
addition of all elements which lie in an elementary pi ism 
parallel to the rcg-axis and whose ends he respectively in the 
plane oi 0^3=0 and the plane 051+252+253=1 Then, keeping 
05i constant, we have to integrate for all values of 0:2 from 
052=0 to the value of 053 which makes 1— 05i— 053 vanish, 
which means that we are to add up all the pi isms which he 
in a thin slice parallel to the plane of 05i=O Finally, we aie 
to integrate from 05^=0 to 05^=1, which means that we aie 
to add up all the slices within the tetrahedion 

n l-ari ri-*i-a:2 

1 a5i*‘"lfl52*«“^058‘‘“^ dXi dx^ dx^ 

_ 0 Jo 

JqJq ^8 

= *3+1) (i_a^)».+H dxi 

JQ H 

[by applying the result [ a5*i”i(i:— a5)*»•"l^^05=A»l+*i“lJ5(^^, ^a)] 

Jo 

Hence J= ’^ '- ^ B{H, ^2+^8+!) 

H 

_ TMT(is) r(h)r(22+i3+i) _ ^(^l)^(^2)^(^3) 
r(t'2+^a+J-) r(ii+t2+^3+i) ^(^l+^2+^3+l) 

960 Similarly, in the case of four or more variables, but 
geometrical interpretation fails It is, however, clear that if 
we are to integrate 

I = J||Ja5i‘i"ia52*»“^058^“^a54’4-i dx^dx^ dx^ dx^ 

for positive values of Xj, X3, X4, which aie such that 

251+X2+X3+X4 1, 

(1) when Xj, X2, 253 are kept constant, X4 will range fiom 
X4=0 to such value of X4 as will make 

1 — Xi— X2— X3— X4 

zero, le from X4=0 to X4=l— Xj— Xg-Xa 
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(2) Having integrated with regard to we now keep 
a?!, X 2 constant, and in integration with regard to 
X 2 must vary from Xg=0 to such value as will 
make l—aii— aJa "”^3 vanish, le must not exceed 
1— iCi—aja, the limits are 0 and 1— sc,— Xg 

(1) Integration with regard to x^ and Xg haMng now been 
completed, is to be kept constant whilst integra- 
tion with legard to Xg is efiected, and X 2 must range 
from Xg==() to such a value as will not make 1— Xi*— Xa 
negative, te Xg must not exceed 1— x^ The limits 

are therefoie 0 and 1— x^ 

(4) Finally, the limits foi x^ are 0 to 1 

Hence 


n l-*i ri-*i-a:2 ^ , t -i j j 

I I Xi*i-ix2»*"^x3*»“ix4^-idxidxadx3dx4 

_ 0 •'0 “0 

= J* I'-** dxjdxtdx, 

= [^ [ (1 — iCi — dxi dx^ 

Jo Jo 

*4+y f !ej«i-i(i_a;^)»+*»+*4B(tg, tg+44+l)5a:i 

Jo 


h 

r^FK) rK)r(i,-hi4+i) vMn^,+h+H+^) 

r(i3+i4+i) r(zg-i-»3+^4+i) r(ti-i-t«+««+^4+i) 


r (h+*'2+ ^4+ 1- ) ’ 


and the rule indicated obviously holds for any number of 
integrations, viz 





dxi dx^ 


dacn, 


for positive values of the variables such that their sum does not 
exceed muty where o■=^l^-^a-f +'*'n 


r(cr-hl) 
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961 An Extension 

Similarly, if the limiting equation had been 

X 1 +X 2 + +Xn>c (instead ot > 1), 
the limits would have been, 

for fioin 0 to c — X 1 —X 2 — — ®n-u 

tor from 0 to c — — X 2 — — 

etc , 

but we may deduce the result from that alieady obtained by 
putting Xi==cxx', X 2 =cx 2 \eic, 

so that +X 2 + >1 

Thus we obtain 


= (3<r^ ^ ^(0 ^ -j-ljj 

r((r+l) 


962 DiKICHLU’S THtOREM 

We are now in a position to establish a lemarkable theoiem 
due to Gustav Petei Lejeune-Dinchlet ,* who was successor to 
Gauss at Gottingen in 1 853 1 

The theorem is known as Duichlets Theoiem, and is o 
great use in analysis 

'Ihe theorem is that when theie aie any number o£ variables 
ii, X 2 , x„, and integration is conducted for all positive values 

limited by tlie condition 



+ 



3>1. 


then 


1 = 


01 R 

“ PiPt 


dxidxidxg dxn 




) n 



cCpl 


Pn r( 

b.+ls.+ 

Pi p* 


) I' 



the several quantities ij, ^ 2 , i», Pi>Pt> P”’ 

bemg all positive, and II denoting the product of the factors 

indicated 


•Liouville*a JownwiZ, vol iv , p 168 , r. r 

tCajoii, riist of Math, ^ 367, Kummei, G6<«acAms6» crie a?//^G P Lejeum 

JHnehlet 
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The limiting equation may be made 




linear by the change of variables 
which give 
and 


^ L?^ etc 


j'-w. I 


The transformed integral is then 

r- 1 ff 
'■ h jjj J fl. 


f’lpl 


ilii in 

5-1 5_i 


<iin 




PiPi -Pn 

With the limiting equation ^i+fj+ +^n>l j 




O rfe) nfeX^)} 


f'lPe !>« rrii+^+ +^+i) r(i+i^0 

^f’l r* Pn ^ ''1 

as stated 

963 As before, if our limiting condition had been 

we should have, alter transformation as above, 

#1+^8+ +in><^> 

and making the further transformation 

ii—^ii> ii—^itt ®tc, 
and the result would be 

“nV ^PJ '^PJ ^Pn' 


j^fWL 


FxF2. Pn 


T{<r+1) 


where 


^e 
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964 Ex Find the centioid of an octant of tlie solid bounded by 
the volume-density at an} point being gi\en by p = 

jik tdhclydz jjj r'+ V'''” 

jjjpdrd^dz JJJ x}y'^i’'d% dy dz 


Heie 


^*+2^m + l^n+l 

The Numeiator=-|j^2^- 


The Denominatoi = 



1 + 2) 
:2k ) 

irl 

rm-hn 

1 S-fc J 

irl 

[- 5 -) 

r 

77+2 

V 2ifc 

i . »»+^ . !L±_‘+i) 
•+ ik + 2-1 


2/ 2X U 



l + l) 
2k ) 

iri 

f wi+lN 

[TA ) 



r| 

ri+\ 

1 

w + l^lN 

2-1 ^ 2/ ^ J 


Hence 


r -rt 


r 

^ 2 ^ ; ^ 

fl+7n + n+ J , i\ 

sk ■‘‘v 

n 




In the case of an octant of a unifoim ellipsoid ^ = — 0, ^ — 1, 

Similarly for y and z 

965 A Particular Case 
In the case when Pi=J> 2 = =Pn= 1 

and ai=a 2 == =o>n—<^9 

the theorem reduces back to 

7=11 x„"-'dx^dx^ da;„ 

r(ii+ta+ +»„+i) 

and the limiting equation is 

VIZ the fundamental case of Art 961 assumed 


966 Extension 

If the lower limits had not been zeio in each case, but such 
that a^+X 2 + +a;„istobenot less than b noi gieatei than a, 



160 


CHAPTER XXV 


te 5<2a;r<a, then plainly we must subtract fiom the 
result obtained, the integral found by making 
ai+a;2+ +^n > 6. 
and the result will be 


967 If the difference between a and 6 be an infinitesimal 
difference <56, then to the first ordei 


= (^1+^2+ 

and the result will be 

n-ixh (^2) r (is) r (iw) 

nh+h+ +K) 


J’X+*1+ +»n“ 


For example, to verify this m a bimple cabe, considei the volume of a 
truingular plate bounded by the cooidmate planes, and the planes 

and v+i/-^z=h-\-8b 


Here 

r=6«86 L-Ll=i6^86=8Q 

te the change m the volume of the tetrahedron bounded by the co- 
ordinate planes, and the plane which makes intercepts b on the axes, 
when b increases to h+8h 


968 Lionville’s Extension 

If we require to find the value ot 

1=11 ^Cn””^/(®i+^2+ +Xn)dx^dX2 dXn> 

subject to the conditions that osj, ccg, sCn positive, but 

^1+^2+ +®n ^ ^ 

we may then take the case when 

X^+X2+ +Xn 

lies between t; and v+dv, for which 

^l+^Z+ +^n 

differs from v by an infinitesimal e 
Then for this limitation the integral takes the value 
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to the first order of infinitesimals And therefore, for the 
whole range of values from v=b to v=a, 

r /<®) 

r(4i+»i+ +OJ» ' 

969 Exactly in the same way, if we lequire 

i-fj ^.-v(c^)''+ +(!)'■)'!-. <i». 

foi all positive values of the vaiiables such that 

he between v and u+do, =«+«, say, where e is an infinitesimal 
Then tor this limitation, 

H "+»« a,‘ia,'a a„‘“ , „ j., , ^ \p,/ \pj \j>„/ 

. • ~ Wt ) ■ 

where -[-22, 

Pi Pz Pn 

and 6vf{v+€) diffeis from f(v)Sv by a second-order infini- 
tesimal at most, supposing /(v) and f'{v) finite and continuous 
for the range Hence in the limit, when we integrate with 
regard to v from v=h^to v=h^. 


r(h\r (h\ r/"— 

Vpi/ \pj \pj 

PlP% Pn +2n\ h, 

^Pl Pz pj 


f(y)dv, 


where 


ik==2i+2i+ +2n 

Pi Pz Pn 


This extension of Diiichlet’s theorem is due to Liouville * 

970 An Apphcation 

As an example of this theorem, considei 


J J J ^/a* - ^ 1* - -p/ - - 


foi positive values of the \aiiables with the condition 

Ti* -f* tj* -1- = va® <e® 

* Liouvillo’a Jow noUt vol iv , p 231 
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Pi=P«= =Jd»i=2, ti=*i= 


p«*-‘ . a»-a^'ii;j n, , . , 


a-[r(i 


" "(1) r(i^) 

Thus, foi example, m the case n = % 

f f _Q _VC6 ^ 

J J *Ja*—x^ - r,* ^ 

Hence the area of the portion of a sphere a* +^* -!-«•= a* which lies in 
the first octant, and which is 

//2^dy, t. „ =„ 

and the area of the surface of the whole sphere =4ira® 

Again («-3X f f f_ 

i ij \/a* -a7x* - ^1* -a?i“ 8 

(Gregory’s Examples^ p 474) 

and (n = 4), fif f 

J J J J — 16 Ffl) 12’ 

etc 

971 Boole’s Theorem 

Consider Z=j*|. 02052-!- +a„a:,j)d!ajj(ib52 dx^ foi 

all real values of negative 01 positive, such that 

> c* 

Change the variables by the ortho- 


Then J=1 and the relations of 
the transformation system are 
SP=1, etc , 

2im=(), etc, 

and Sa?r2=i;V, 


«1 

«S M, 


^2 ^3 


m3 . 

®8 »h 

«8 n, . 


- 


Gregory’s Eoxmpiei, p 474 
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and suppose the transfoimation to have been so chosen that 

n 

ajXi+a^+ +o„»„=Ami, where 
Then '^“11 


(n signs) 


Now for the first n— 1 integrations, remains constant, and 




du^dAi^ 


dUn 


wheie 


(n-l signs) 

+“»* > C®— V. 

- 2-. ,(«^y 

the first fsictor 2*^^ occurrmg because at each of the n—1 
integrations the lesult is to be doubled to take into account 
the possible negative signs of the respective variables Hence, 
dropping the suffix, we have 


I=- 


2 


F{1eu){c^---u^y^du 


•m 

(See ‘'Catalan’s Theorem,” Liouville’s Journal, vol vi , p 81, 
and Boole’s remarks upon it, Cambridge Math Jowmal, vol iii , 
p 277 ) 

972 Consider next the integration 

(n signs) 

where x^+x^+ 

for real values of x^ 

Changing the variables by the same orthogonal transforma- 
tion as before, 

I=[( f , ^ =55«1<*«2 <*«» 

JJ JVc* — Wj®— Ug®— ”“^n^ 

(n signs) 

Now for the first n— 1 integrations, remains a constant, and 
du,du, du„ 

■ 1 ““ ^ flM 1 


ff f du^du^ du„ 

JJ J ( c ®— 


2 * 1-1 


(ft- 1 signs) 
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by Alt 970, the first factor 2“-“^ being introduced because the 
several variables aie not now lestricted as to sign as was 
the case in Ait 970, so that at each of the (n— 1) integrations 
the result must be doubled Also at the final mtegiation the 
limits must be — c to for the same reason Hence, drop- 
ping the suffix, 

r©'- 

973. Further Gtenerahsation 

We next consider the still more general integral 

J=jj +^*)/(4 a+ +A^)dx^ 

for all real values of ®n, such that 



First we expand F{v) in powers of 1— v, say 25^(1—^)*' 
1^01 if it be possible to expand in positive integral powers of 
may write 1— v=^(;, then jF('y)=J?(l— ^o), and by 
Maclaunn's theoiem, we may put 

Then we consider the mtegiation of 

II i(‘ — -^J/(A®i+ +A^,„)dxi di^ 

If Ip be the result of this integration, the whole result will be 

2 Bplp 

[or hF{l)-hF\l)+^,r{l)- +(-l)i’^,J^'{l)+ . 

as the case may bej 
To obtain Ip> first put 

Then J=a^a 2 cf^ and 

Iz (( 

♦ See Todhimter, i> <7 , Art 281 , Gregory, D and I 0 474 
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Now make a further tiansforma- 
tion to variables Un by 

the orthogonal transformation for- 
mulae in the mai gin The Jacobian 
of this system is unity, and 

=v+v+ . 

and further choose to be 

)/^> 

where F=iiiV+ 



■“i 

“2 


Un 

ix 

h 

h 


In 





'rrin 












Then Ip=ai a„|| -u,?yj{jyu^)du^ du„ 

In the integration with legaid to u^, the remain- 

mg variable remains constant, and 

jj |(1— Ui®— V— —Un^ydutdua dun. 


(n-1 signs) 


1 [K-pry 

Jo 


-u,a 


n-1 


-1 


r) 


0 ^ {l^Uy^—zydz, 


if restricted to positive values of etc , and if the several 

vanables may have full scope as to sign between the specified 
limits, each of these 7? — 1 integrations must be doubled 
The result of the 7i— 1 integrations is in that case 


Kir ''(V) ''(!>+» 
K¥) 


•Lli+p 
(1-^1*)^ 


Therefore, as the limits of the final integration with regard 
to Ui are from — 1 to + 1, 

n-1 


Tp — 0/^1^ 
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it being now unnecessary to refeiin the suffix of the u Hence 
T=ata, a (!—«•)* 

r(2|i+y)'- 

where -^-An^a,? 

This result, j>f course, includes formei cases discussed 

974 Extension 

If the limits had been defined so that 

(instead of :f> 1), 

we could deduce the new result from the former by writing 
a^a in place of a^a in place of and so on, 
and therefoie la in place of 1 , 

and, finally, if the scope of the range of the variables is still 
further limited by 

we must subtract all cases for which x^Io>y+ +^nl^n ^ 

and we shall have n-i 

Ija^a^ a^TT 2 

=25 [ (l-u»)V'^’’ [a^f(kau)- /3“/(fc^«)] du 

r(!+i+,)J- 


975 Deductions 

Compaie with the foregoing results the series of integrals 

wheie fl5i+a32=l> 


^ 1 (^ 2 * wheie x^+X 2 +x^=lt 

etc, 

in T;n”"^da;i where x^+ +a;„-i+i»n=l> 


for positive values of the several variables 

Take for instance the second Here x^=l--Xi—X 2 , and the 
integration 

I = ^ dx^ dx^ 
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B to be conducted tor all positive values of ajg, such that 

__ r(H)r M r(i,+^>r(2,) _ r (^,) r^) FK) 


976 Similarly, in the general case, 


'n-1 


(n-1 rigna) 

for positive values of Xj, Xg, x„. such that a^+ +a:„_i+ ai„= 1, 

I=|j jai'*-! a!k-r'(l-aa- -dxn-i, 

(n-1 signs) 


where Xi-\-x^-+ +a5n-i^l 

^ rcpr (^2) r (i^-i) p t;w-i(2v 

r (h."l"^s"^ “t” J 0 


^(^,)^(^g) r(t,_orfa+ig+ +^n-i)rK) 


_ r(^,)r(t.) TK) 

r(li+'lg4- +1n) 

Thus, i/a;i cia^, for ^av3»l, 

{n signs) 

and Bsjl 1®!“"^ .x„^-^dx^ for ^av=l, 


(n— 1 signs) 

we have 


r(^iH"'2’2+ 


rw 

+ ^n) 


977 In the same way, if we require the value of 

(n— 1 signs) 

foi positive values of the vaiiables, such that 
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we have s„=a„|l-(^) - } ’ 

and I=Jj 


(n-1 S 1 KU 8 ) 


p/Ji\ p (V-i) ^ ‘»_i 

[V-iCl-n/" dv, 

Px I^u-l " p/il+ .Vr3y» 

\i>l Pfi-J 


wheie 


X — -U-ScJ 

^-px^P2^ 

. t (^) t (^) r 


T_ Pn \P/ \W 

2’iP2 p('2l4.1»+ +^ 2 ) 

^Pl Pi Pn' 

978 E\ Find the value of JJ for all points of the 

ellipsoidal x-/a^+sW+J‘l<.’‘=\ which he in the positive ocUnt 

Heie 7i=X, j,=/i, i.= i+l, jUi=J’j=Ps=2, ori=a, ('8=Z>. “s-c. 


fJKSMx) 


222 p^ A+pt+v-TT ! 


Thus, foi instance, 




979 Belation of the Integral Forms discussed 
We note tlien that the t^\o mtegials 

^s|j foi 2(”) ^ 

(n sigri^s) 

5sJ| x'^ir'-x^’-'-^dxidXi loi 2(0 = 

(91-1 signs) 
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for positive values of the variables in each case, are so related 

that ^ r(— ) 

W W ^ 

?J, w>. r(i+^+ +'f) 

In Older to abbreviate the work of the articles which follow, 
let us note that the Binomial expansion 

(l-«)-"=l+»»*+-2l — ^ r' 

" „ , V r(»-|-r) 1 

may be wiitten as where X, — 

and that, writing ^l^-^ 2 =^s. \+H+H=3&’ 'behave 

-■ .ra^irag+ri roa+r) 

r(ti+4a+r) r(j*)r' TOa+O 

r(ti)r(ta) rcta+O _ rfa)r(i2) j.- (,j 

~ rOa) rcia)*'’ rCii+ta) 

^,,rwrwr(t,+r)_ro3±r) r(^,)r^)rK±L) 
^’^T(vF%+V+^ rOs)r' rOj+r) 

^(^,)^(^a)^(^3) r(23+r)^rfr)r(ia)r^) 

"" ro^) rW’’’ r(ii+t8+»s) 

etc, 

wsigsss'-!ss# 

r(h)rwr(»s+»-) 

=-^"^7+0 — rW/>’ ^(il+^*+^3+»•) 

etc 

981 We piopose now to considei integrals of the class 

!c, »n’""7 f i) *'■) 

- fff f ^ r . _..■■■ x n 


I (X+ai2Bi+«’22:a+ 
foi all positive values of the vaiiables, such that 
ll^<.A^X^+A^Xi+ +AnO:„<l>2’ 

all the letteis involved representing positive quantities 
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Putting 

■^i®i=fi> etc, and ^=&i> ^~^ 2 > 

ff +iM dj, 

A*‘^s’** •^n’*JJ J(X + 6ifi+fc2^g-i- +6nl«)*‘‘^’*‘'' ■'■*" 

Consider first the case of a doable integral, 

a particular case of which is discussed by Todhunter (Int CcUo , 
p 263) Of the two quantities 6j , t>j , let 6j^ be the one which 
IS not less than the other Then 

^+^i^i+^' 2 f!^{X+ 6 i(fi+^ 8 )}— (bj— 6 j)^g, =u—v, say, 

where w=(bi— bg)^j Then as X+bj^i+bj^g is a positive quan- 
tity, we have v^v>, and 

=u-(H+w) 

a convergent binomial expansion Hence the integral becomes 

and u being a function of ve have, by Art 968, 

— ^ r(si)r( tg) f». t»+«.-i/(i) 

AgMg- r(Si-t-ig) 


(X+W 
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982 Next take the case of the triple integral 

Of these three quantities b^, b^,, 63, let 6^ be that which is 
not less than either of the other two Then 

^ + *lfl+62f2+i^8f3={^ + ^l(^l + ^3)+i2f2} 

63)^3, =u—v, say, 

where v= (b^—b^) f 3, and is < m and positive Let ^l+^2+ %=js 
Then 

a convergent binomial expansion 


j y iK-hY fff' 






-srw 




where u is, however, X+6i(^i+^2)+62f *, and is not this time 
a function of the sum ot the variables Hence a further trans- 
formation IS necessary 
We may write 

= U—V, say, 

where l^=(6i— 62)^2 is •< P, and 17 is a function of 
£i+^2+^s 

Also, wilting ii+i2+i3+» —Ji wheie necessaiy to shoiten 

a convergent binomial expansion 
Hence 


tl— 1* ti— 1 a IJ+T— I 

ll—l * tfl— 1 * t3+’ —1 - j 




my s - h)\^jdi^ di, di, 


iiy 

-HI^ 

=• r'T rfe) 6,)‘ 

A p =0 ^ r(ii+-l 2 + P + '3 + ^) ' ^ 


03)/; 


I tl—l* »j+p— 1* ls+»— 1 


a »l-X* Ij-t-p— lat 


p <'»+>■- V(0 
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r) 


(X+bity p=o (X+6,0'^ 


Jhi r(ii+ij+is+f) 

=r fa )r(. ,)r(»,+r) 

r(h+*»+‘s+’‘) J»i (A+J,*)’’ ( A+6,t J 

rfa)r(orfa+>) /*■ i'-^noat 

r(ii+^+«3+j-) jj, / 




(6i-6i.r jrfa^ ro,)r(t.)r(».+>-) V(<)^ — 

r-o r(ti+m-*,+»r J». (^+*»sO' 


'(.,)rfa)rM f*» <**'7(0 ■ ’•y 

r(ii+i,+jj) L a+b,t)''‘*'’a-hb/f‘ ,io (A-+ 6 i<y 

ny A+6,« J 


ill, “A, '•is'* r(ii+i,+Jj) J*. (A+ii<)‘*'^’*(\+63«y 




r(.,)rfa)r(.,) 


f; 




A,‘*A,'*il3" rOi+tj+t.) J*. (A,+ J,<)’‘+‘»(A.+5 sO' 
= 1 r(h )r(.»)r(, o 


n(A+6.o’' 

1 


rcor^ro.) /*» 

r(ti+t,+g A, A/i X , 


II{i4fA. + cx*i)** 
1 


983 Exactly the same process "will hold for a multiple 
mtegral of higher order, so that in general we have 

r r(H)r(g r(o 

"U*. n(4.> 


+*n 




984 Extension 

The result may obviously be extended to the mtegral 

I ff dx„ 

^ Jj J (X4-a,cc,*i+aoa;o“»4- 4-a«a!; 


where 


+2«, 

«2 «n 


all the letteis mvolved being positive quantities and the 
conditions of the limits being 

h,<AiX^’^+A^^^+ +A„x„^<h2 
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For putting etc , ^=b^, -^=bg,etc, 

we have ^ ® 



n ^ 

Ilarilr*" 


1 


ff ^n-/(gl+ +^n)cie,d^. din 

JJ J (X + ii^l+ +fe«^rt)^ ^1^2 in 


1 

OiOg a„ 



dt 

n(^«x+a«<)^ 

1 


Thus in all such cases the multiple integral is reduced to a 
single integration 


985 Diffeientiatioii with regard to a parameter contained m 
the integrand 

In a multiple integial 

u=f‘f' ["^(sCi.arj, Xn,c)dx^da>^ dx^, 

JaiJoa Ja« 

which contains a constant c, diflferentiation with regard to c 
may be effected by the same rule as foi a single mtegral, 
provided that the limits of the several integrals are all inde- 
pendent of c That is 

The proof of this is the same as in the case of a single 
integral 


986 LiouviUe’s Integral 
Consider the case 


r r r" n^i_j 

^”jo Jo Jo 

ntl 

where +a!„_i- 


aJn-1 

an integral discussed by Liouville 
Differentiating with respect to a, 


:5-=— 7ia""^ 

da 


c I 


1-1 --1 


®^n-l X.Xy SCn-i 


♦Bertrand, CaZc Inbiyialt p 476 
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Now introduce another variable defined by 
change to a system 


®i= 


'ayJs 


, ^ ®3j ®n-l ®n— 1 


o(a; 2 ) 


Then < s a^+a; 2 + +i»n-r 
® 2 +® 8 + +i*^n’ 


21352 ®n-l 


- IS replaced by 




25^3 2 /^ 


., =«' say, 


and !Bi»“ »g*”^ ®A — ^ 2 :i 18 replaced by 

XjpC^ 2J„-1 

5 ;j ^ ^ “"/®« 


1_1 ?-i !-i 


n— 1 


le (_l)«-iai-»!rj» x," V * ®« “ ~^da>i^s <^n, 

and m the transformation of the multiple integral the sign 
IS adjusted by a proper assignment of the limits 

as is « when a\ is zero and mce versa, we have 

jT r* f* ^”1 ^”1 ^-—-““1 jj 

^=-na^-A dy-^erH} x^ x^^ dx^dx^ dx^ 
da Jo *’0 

=z^nl (for if a is increased I is decreased) 

JT 

Hence -j-=— ucJa, logI= — tia+const, 1=^06“^ 

To find G, take the case a=0 
Then I becomes 

[ f f 6”^*»+®»+ ^ aJn-l d^dx^ dXn-X9 

Jo Jo Jo 

and as the variables are independent and the limits constants, 
this may be written 
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n-l 1 


r(J)rg)rg) r(B^) or (2,y 

licnce C=(27r) ^ n ^ 

lieiico the value o£ the integral is 

n~i __i 
I=(27r) " n 

9B7 Liouville’s Method of proving Oanss* Theorem 
Considoi the product 

r(.)r(»+l)r(.+5) r(»+5^) 

This may be wiitten 

poo poo 1 reo H_1 


px> poo po 

Jo Jo Jn 


gr(*i+®i+ ^ ^ ^ dx^dx^ dx„ 


H) Jo Jo 

Now change the vaiiables according to the scheme 
2!” 






, X 2 — 352» ^3 — 


Then J= ■ -, and the integral may be written 




rr 

J<j j 0 *^0 


(*4+0!,+ +»«+,^-;;^^) 


a;g5Cj a:* 


X 

that iM 


" « '^dzdx^dx^ *c„. 


J 

I 

n -o ro« 1_- 2^- n-l ^ 

I “ dzdx^dx^ dXn 

0 *^0 

=n[ (27r)"2'n“*6-’“z"*"^<fo, by the pi eceding article, 
Jo 

=n4(27r)~2 f e-"*z"*-* (fo=n*'""*(2’r) ® r(wa;), 

J 0 


VIZ 


n-l 


n"r(x)r(a:+i) r(!r+^)=«'(2’r) 2 r(»w:). 

which IS Gauss* result 
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PEOBLEMS 

1 Find the mass of the tnangular lamina bounded by the axes of 
coordinates and the Ime a; + y « a for a law of surface density 

2 Find the mass of the tetrahedron bounded by the cooidinate 

planes and the plane + 1, the volume density being 

P^fixyz 

3 Find the centroid of the area in the first quadrant bounded by 
the lines z+y—\, x+y = h 2 t ioT a, law of surface density cr — yuz^y^i 

4 Find the centroid of the volume in the first octant bounded by 
the coordinate planes and the two planes 

+ c~‘^z = + cr^z = 
for the following laws of volume-density 

(i) p«/A(a“ia;+6“^y + c-^«), (ii) (in) p«/ji('r 2 + y 2 ^;g; 2 ) 

5 Apply Dirichlet*s theorem to find the mass of an octant of an 
ellipsoid in which the density at any point vanes as the square of 
the product of the distances of the point from the pnncipal sections 
of the ellipsoid 

6 Find the moment of inertia about the aj-axis of the portion of 

the sphere ai® + y® + which lies in the positive octant, supposing 

the law of volume density to be p = yayz Obtain the corresponding 
result for an octant of the elhpsoid -i- y®/^* + = 1 

7 Find the mass of the positive octant of a sphere of radius i2, 
whose centre is the ongin, for a law of volume density 

p=p(a, c,/, y, h){x, y, zf 

8 Find the mass, centroid and moments of inertia about the axes, 

of the positive octant of the ellipsoid a;®/a®-i-y®/6®4 — 1, for a law 

of volume density p = pi(a;® + y® + 

9 Show that the volume of the solid, the equation of whose 

surface IS + + 1, is ~^{r(J)}* 

10 A homogeneous solid is bounded by the suiface 

(ie/a)T + (y/&)» + (a/c)*=l 

Show that the centroid of the portion of it in the positive octant 
18 the point / 2 io 21 & 21c\ 
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11 Find the position of the centioid of the portion of the solid 
bounded by 

which lies in the positive octant, the volume density being iir^y^s^ 

12 Show that J|i 2 i-iy 2 m-i^^^y positive values of a* and y, 
such that a ;2 -H y 2 is 


^ r(/ + wi + l) 


[ICS, 1893 ] 


13 Obtain an expression for the value of 

j j *21-1 y!!.«-l/((ir2 + ;^2) 

foi all positive values of x and y, such that ax^ + > c® 

[ICS, 1893 ] 

14 Prove that the value of the volume integral 

|||(A.r + /A?y + vzY'^dx dy dz^ 

taken through the volume of the ellipsoid 
X, /X, V being constants and n a positive integei, is 

4:wahc(k^a^ + +• vH^Yj^ 2w + 1 ) {2u + 3) 

[ICS, 1912 ] 

15 Find the value foi positive values of ci, y, z of 

IIJx//;? sin {x^y + z)d7idy dz 

with condition t^y-\-z<\Tr [ICS, 1899 ] 

/•CO /-CO 

16 Prove that 1 1 ^{n + y)v*’y^dxdy 

and extend the theoiem to any number of variables [Ooll 7, 1887 ] 

17 Piove that the area of the curve 

(ar + 6y)»» + (ii!-ay)*«=l is + 

[Coll 7, 1891 ] 

18 Find the volume enclosed by the surface 

(a;/tt)2" + + (zfcY^ = 1 , 

where n is an integer [Math Teip , Part II , 1919 

Show that the distance of the centroid of the portion for which x 
is positive from the plane a; = 0 is 
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19 Prove that jj ^ p) 

wheie l=:(a^a2 + P/ 33 )\ the double integral being taken for all 
values of 6 and y, such that 

x-ja^ + y^jh^Kl [ 7 , 1899 ] 


20 Show that, xym being equal to 

(•■JO cJO (*00 


r r r 


21 Show that 
III dxc!y<b 


[Sr John’s, 1882] 


ahc 


I (p + ax^ + I3y‘^ + yz^f' ^ pn/(p + U'^a) Ip + h^/^) {p 1 - t^y) 
where x, y, z have all positive values such that 

^2/^^2 + 7/2/P + 02/62 < 1 [CoLLUGLb 7 , 1891 ] 

22 Prove that 

(p + a 7 + ^7/)^+«*+rt+l *' 

_r( i) r(m) r {») r^ ?/? 7 ? ^ i 

r (1 + wi -h w + 1 ) \p p +• a p + j (p + {p + * 

the integral extending to all positive values of a; and y such th<’t 

a + y < 1 [COLLEC bS 7, 1891 ] 

23 Show that 




III 


8,1-la ;.-i v.-i/(j,.. + v+ 

_ ( - l)»~i 1 


*1*2 


^ J_y L r -A di 

*,1 r (»t) (a, - flj)(aj - uj (aj - «„) J o A. + ’ 


<hu 

m 


the aummatioii refemng to a cyclical change of letters horn a, to a,i, 
and the integration being effected for all positive values of the 
vambles for which 3,^:1 + + :J» 1 

24 Piove that, v, r being positive whole numbers, 

dx^„ _ _r» _ (it + ? -1)1 (2?) I 


rr r 

JoJo Jo 


/ Ss v!»±.il±i 2n2'+i (2»+2) -1)1 »' 


[Math Trip , 1870, Wolsthnholiih,] 
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25 Prove that 

r»i dx^ dx^ dx^ r*» f(£)^^ 

5=1 5=1 5=1 5 = 

•'O (x.-x«) " •'O ** 


(»S-*8) 


(*S-*4) 


(See Ex 30, Ch XXIV) 
26 Piove that 


[Math Teipos, 1876 ] 


r i ^ ^=e-»»r(^)r( 4 ) 

Jo Jo X 2 „ n 

[LlOUVIH E ] 

27 If 7 i be a positive integer, show that for an integration 
conducted over a triangle of area A in the x-y plane 




y^dxdij = ^Hn> 


where Hn is the aiithmetic mean of the homogeneous products of 
the ordinates of the corners, and find the corresponding result foi 
any plane polygon [Route, Rigid Dyn , p 426 ] 

28 Show that if the integration be conducted for all positive 

values of iCj, ajgi + a*! ^ 1 rg + 0,4 > 1 , then 

= r(zor(z2)r(^3)r(g/r(z, + + i)r(z3 + z, + 1> 

29 If t=x{^ + xj^^ and x^x^ Xn-=a^\ 

evaluate the integral 


0 00 ^00 

0 Jo 




n-1 Oj JTg 


1 


30 Titsz^ + x^ + x^i- xS ^Tad !>•„» = a, show that 
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988 It has been stated that when ( 05 ) dte can be integrated, 

and the lesult of the indefinite integration is then the 

quantity (2))— \^((») is denoted by [ 0(£c)da;, and it has been 

ia 

shown that >/r(a) is the result of obtaining the limit 

when h is indefinitely small of 

h [^(ct)+ ^(ar+7t)+ 0(a+2/t)+ -I- ^{(a+0^' — 1 )^^}]» 


where &=a+nfc, and the process of obtaining the value ot 
[ <!>{%) Ax has been termed a Definite Integration 

•» a 

We have performed this definite integration in many cases, 
first of all obtaining the indefinite integral by the lules oi 
the eaily chapters and so finding and then inserting the 
values of the limits to obtain the expression yj/‘{b)—yj/{a) , and 
in doing this our chief attention has been centred upon the 
discovery of the function yjr{x), whose differential coeflScient 
IS <j>{x ) , z e upon the reversal of the geneiaJ problem of 
differentiation 

It will have been gathered from the last two chapters that 
the value of the definite integral between certain specific limits 
can be obtained in many instances by some artifice, even in 
cases where it is not possible to perform the indefinite integra- 
tion , ^ e that it IS possible sometimes to arrive at the value of 
i/rCa) without findmg the form of y}r{x) at all Such a 

case was that of 1 e^'^dx discussed in Ait 864, where the 
•^0 
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indefinite integration of e"*®* could not be expressed in finite 
terms, but for which the definite integral from 0 to oo was 

discovered to be ^ It is to this class of definite integral in 


particular that we now turn our attention, and it is to this 
class — VIZ where the integrand does not admit of indefinite 
integration in finite terms — that the term Definite Integral is 
by convention mainly confined 
A very large number of such results have been found A 
collection of such definite integrals was made by Bieiens de 
Haan, and published under the title Tables dlnUgrales 
Dijimea (Amsterdam) 


989 The artifices employed are numerous and of great 
^a^lety and ingenmty It is impossible to give an exhaustive 
list, but some of the more common devices are as follow 

(a) The use of a reduction formula connecting the integral 

sought with one or more other integrals already 
found, or more capable of investigation, or with some 
multiple of itself 

(b) The integial | ^{x)dx may be regarded as 

in which the notation will explain itself That is, 
the summation from a to d may be broken up mto 
sections, (a to 6), (6 to c), etc , and each part may be 
considered separately 

(c) The expansion of the function to be integrated, or of 

some factor of it in a convergent senes, or in partial 
fractions, with the integration of the several terms 
and a final summation of the results 

(d) Change of the variable with the corresponding change 

in the limits 

(e) Differentiation or integration of a known integral with 

regard to some constant which it may contain 
(/) A factor of the function to be integrated may itself be 
the result of a known integration between certain 
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constant limits Upon substituting this integral for 
the factor a double integral may be formed, and a 
change in the order of integration or a tiansformation 
to a system of new vaiiables may succeed in obtaining 
the value of the integral undei consideration 

(g) Investigation ot the mtegral from the original summa- 

tion definition of an integral 

(h) The application of some general theorem such as those 

already consideied in the Euleiian integials oi 
Diriclilet*& integrals, or the theorems of Frullani, 
Cauchy, Kummer, Poisson or Abel, which will be 
severally discussed in then propei places 

(i) Seveial of these methods may be combined 

(j) The application of Cauchy*s theorem in integrating lound 

some closed contour Contour integration will be 
leserved for a special chapter 

(i) The substitution of a complex quantity foi a constant 
involved in a known iiitegial, and m its lesult, fol- 
lowed by equating real and umeal paits, fiequently 
suggests new integials, but the method lequues 
gieat caution if it is to be legarded as iigidly estab- 
lishing the values of the le&ultmg definite integrals 
without further investigation But it fiequently 
happens that such suggested results can be estabhshed 
by other means 

These are the pimcipal de^ ices used There ai e many others 
applicable to particular forms A geneial statement such as 
the above is necessarily vague on account of its generality 
The student should examme the mode of procedure in the 
numerous cases which we shall have to discuss, and note foi 
himself the method adopted 

990 IllnstrationB of Definite Integrals deduced by Change of 
the Vanable 

1 1= 1 log sm 0 do [Euler, Acta Peti op,\o\ i , p 2] 

Jfl 

Wilting 0=^—^, J=— I logcos^d^=f logcos0cZ0 
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Adding, we have 

2^=jo <9+logcos0)d0= j'(logsin2d-log2) iO 

r 

“ j"^ 2d d0 — ^log2, and writing x 26, 

f logsm2dd0=H log8inxc?x=f logsin0dd=/, 

•'O ^Jq Jq 

2Z=Z-| log 2, giving Z =| log ^ 

Hence log sin 6 log cos 6 d6=^ log | ( 1) 

It also follows that 

j^(logsind-logcosd)dd=0, ^e J*logtanddd=0, (2) 

» w 

and £logsecddd=| logcosecd(id=|log2 (3) 

If we write sm we have another foim of the same integral, via 


P log V , TT, 1 

Jo ;7i7P‘^"“2*°K2- 




or again, putting 

or again, integrating (1) bj paita, 

[^^logsin^J^ -jT ^cot ^fl?^=^log|, 

Scots log 2 , 

or integrating again, 

[f cotd]^ +i* f coseo>(9rf6l=|log2 

or, which IB the same thing, putting cot d=x, 

(cot“'‘af)*<iiir=irlog2 


(4) 


(5) 


(6) 


(7) 


(8) 
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2 

'0 a + ft cob^^’ ^ positne (Poibbon, Journal de VEcoU 

%fec^n»gMe, xvii , p 624, cabe 


- f '^vii , p 624, case wheie a=6 = n 

Writing for $, ^ 


I 

2/ 




TT 


“"-Vi’ '-s‘«-V| 

Mil. a„ 

'““?'• »“•■=»••», «p.»a (i+|„„' «)- ii„ 

a coin eigent evpaiisioii if J <a 
But 

I 6 bin 6 cob^ fi r ^ cob-*”+i 1 rnt 

L 2»+l Jo-'ra/o 
«Ll 3a'^5o^~ J 

Gicgoi^’h Seues 

method would faif^ mtpansion used would be dn eigent, and the 


092 niMtiations of a Combmatoon of Methods 

Write a!=T-y 


Tsm*^ (i»_/ 

*• * 

md th« rs«lt ^ b. mMm dlwa 

.. „b„. ^ ^ 
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Ex 1 /= / — ^log(l+nsiii ^)dl7 (n<l) 

I a bill t 

r r w® “I 

” Jo ^ I 

WTT® n® 1 TT 2 3 1 TT n® 4 2 

- 2 " 2 ’^■^ 3 ’^2 2 “ 4 6 ”‘42 2 

r®/ , 1 , 1 3 n® . \ , 2 »* , 2 4 n® "1 

“ 2 2 3 ■*'2 4 "s' 4‘'‘3 5 e J 

= Y ~ ' *3 ** j (Se6 Dtff Cale,p 90, Ex a,I*Aita) 

Ev 2 1££ 

h l+cobasinr 

= ^r(l-cosabin ^ +cos^asiu*ii- )dx 
'0 

. )lir 1 ^ , A 3 I TT .42, “1 

= 7r| g-coaa+coa’ag ^-cos^a^+cos^a- § 2 “f) 3"^ J 

= — TT j^cos a+|cos®tt4-|— ~cos®a+ J 

.1 2.13 4.135 - ^ *1 

■*“¥[^‘^2^^'' ^"*"2 4 0^^“^ J 

= -■7r-^!L=S2^4-^ (1 - (o*.^a) ' (.See Diff Oalc , Ex 3, p 8^> ) 
Vl-co8^a ^ / 


2 a 

sss-TT— — +s =T ( Woi ST11.NHOLMB ) 

sin a 2 Bin a sin a ' ' 

T]iis mtegial might be tieated thus 

Write 7^-^ for z 

1=, r f __£?L___/ 

Jo l+cosasini k 1+cosasiii ? "* * 


"Ui 


djb 

+ cos a am i ” 


sec®|(fi 

1 +2 cos a tan ~ + tan® ^ 
^ 2 


Un-i' 

sm u 1 


tan 5+ cos a 


“ ^ - tan“kotttl 

sin tt L2 J 


■= — tan~'(tan a)=7r 

sin a ' ' sm tt 
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examples 

1 Prove that [ V5^<fe-i||+ilogS 

•^1 [St John’s, 1884] 

w 

3 Prove that [Math Otoos, 1889 ] 

[S» J0H1I*8. 1882 and 1887] 

4 Show that, n being a poaikve integer, 




and that 


<•> f. -~i (r+ j+!+ + 

' THt -Trt-B 


[St John’s, 1882 ] 


5 Prove that 


[St John’s, 1882 ] 


» 

(sin d - cos 5) log (sin 5 +cos 5) dd= 0 

ra. 


6 Prove that 


[St John’s, 1884] 


lI^log™«^«-Tj^0*log(V2sine)dd 


7a Prove that 


[St John’s, 1884] 


f" dx 2ir Qt’^h 

J -- V^ioa+iP](a-±te+6J) -3 + 

( 11 ) r dx 2^ , 

J— (»"ia*+ov(a!»q:te+i>)-,/3^5(j:j:3j 


[COLLBGBS 7, 1891 ] 
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8 Shovirthat f ---</e=^]og2 

9 Show that “ [Oxpow>n P.1888 j 

Jo V-lT-j '^■*= 3 "-( 31 og^--j 7 r*) 

10 Show that LMath Tbipos, 1887 ] 

[“sinh^sin— rfi= _ ^^'”-sinh(iwt )(- n* 

•^0 f l^TT^ 

1 1 Pio\e that l«8« ] 




TT 

r* Sin^ic^l; 1 ri+»« -mH 

1 0 «—(c 08 t - m wn ^)-! = 2;;;(rT^ Ll^i ^ ”^"^J 

cos^? di j pj 

0 «*'"*(«mt + wcosa)^“2;jr(r:j:^Lf^ “®+l 


[St John’s, 1886] 

12 Prove that T ^ ^ j. ^ 

JoI+suHj: ijl [Oxp IT p,i886] 

13 Show that ^ 

ir 

J ^ log(8ini+co8!r)<i'i= - jlogS 

-I ^ [Cor LEGES, 1886 ] 

14 Show that f 

Jw *-!{*./(■ (I -^)) *. 

^ [COLLBGBS, 1882 ] 

,b,« . .. 

17 Prove that [Collitobs. 1882 ] 

18 Ebtabhsh the result 1 


j i - sill 2 1 sin cos a ) 

•'o 2»T^ ” 


[Math Tripos, 1882 ] 
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19 Prove that 


I-) 


sin IB COS^B 

X 


I 4 JT* 

[Colleges / 3 , 1890 ] 


r 

20 Prove that f log(l +tan = 

J 0 ® ^ ' 8 [Trinity, 1885 ] 

21 If a be any angle between ^ and - ^ , show that 

I Iog(l-i-tanataniB)diB=alogseco 

Jo 1884 ] 

22 Prove that, in general, 


where o 

and jP is any function 
23 Prove that 


-L- a- ^ 
VJ-i’ ^ i-7i’ 


[e. 1881 ] 


f log + i*eos»fl) d0=>T log ^ 
Jo 2 

24 Prove that 


(*5=0) 

[OxT I P , 1918 ] 


993 Integralg of form £ etc 

Consider the integral /= j dx, r being a real constant 

Jo ® 

If we write ra;=y, J=( which is 

Jo 3 / Jo ® 

independent of r But it is obvious upon changing the sign 
of r in the original integral that the sign of the result must be 

changed, for all elements of the integrand change sign 

Further, when r=0 the value of I is zero Here then is a 
curious discontmmty which must be exammed 
The integral is of great importance in the theory of definite 
integrals, and we propose to illustrate by means of it several 
methods of procedure as mentioned above 



and 
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994 Meihod I By breaking up the Integration into Sections 

We W. S|?i._[(};+j7)+(^+P+ 

+(r-^’'+r )+ 

V(2n-2)ir J(2n-l)ir/ J ® 

a notation which will need no explanation 

In these pairs of successive integrals put x=Tr—y, ir+y , 
Sir+y, (2h— l)7r— i/, (2?i— l)7r+2/ , etc 

Then 

J (2n-i)iraina; , sin a/ , T sm^/ 

sinaj w r siny , 

J( 2 n-i)»~S~ jo(2'»l-l)7r+y y 

Thus, putting w=l, 2, 3 successively, the integral becomes 

=j^sm 2 /|tan|di/ (Hobson, Tngonortietryy^ 335) 

1 0 ^^^*2 ^3/ ^ ^ y ) ^2/ = f 

995 If we put x=—y it is clear that 

Hence 

996 If r be positive we ha\e, by putting 'ix=y, 

Jo » Jo y 2 

If r be negative we have, by putting tx=y, 

rMcte=r?^2^dy=-r ^dy 

Jo ® Jo y J— “ y 


f * smy j ^ 
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If r be zero the mtegraiid is zero, and 

rSE224,=o 


997 If the integrand be regarded as a function of r the 
discontinuity may be exhibited geometrically by tracing the 
f ** sin 33^ 

graph of y=J — ^ — dB, which will consist of 

the straight line 2/=—^, from »= — oo to aj=0 , 
the point x={), y=0, when aj=0 , 
the straight Ime 2/=^, from a;=0 to x=oo, 
and IS shown m Fig 323 


y 


IT 

2 


b 

-E 

2 



Fig 323 


998 The graph of the integrand^ viz is shown in Fig 324 

The integral j is the diffeience of the areas between the 

Jo X 

r-azis and the snocessive portions of the cui ve which lie above the ^-axis 



m the first quadrant and below it in the fourth quadrant The successive 
maxima rapidly diminish The positions of these maxima are given by 
the equation tan j?, and can be detenmned graphically as the inter- 
sections of the graphs of tan randy They occur in each case a little 
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8111 % 

eaihei tlian midway between two successive cuts of the curve y=— ^ 
by the a axis, but lapidly appioximate to the midway as x increases 


999 Method II A Further Illustration of breaking up the 
Integration into Sections 

Since the y-axis is an axis of symnietiy foi the graph of 

sm® , , 

we may take 

- sin a; , 1 f ^ sm x , 

In the integrals in the fiist low put 

x=y, ir+v, 2-jr+y. Sir+y, etc, 
and in the second low 

a;=— x4y. —2ir+y, — Sw+i/, etc 

Then 

or r [1 1.1 1 , 

!_4.^ L_4 

— TT + y —2ir + y — 37r + y 

— I^sini/j^-— ^_^ + y_|.2^+y_2x 

=1 siny cosec yc? 2 /=| Idy—'rr 

^ IT - - (Hobson, T'i%goifiomet7y, Art 296) 

giving 1=^843 before 

This proof is similar to that of Method I , but makes use of 
the expression foi cosec ^ m partial fractions instead of that 

for tan| 

1000 Method III lUustrating Differentiation under an Integra 
tion Sign 

(1) Consider the integral 7 where ♦ is positive and 
/* any finite positive quantity, which we shall ultimately dimmish without 
limit 


\<^y 


f + 

■air 

+ 

+ 

+ 

Jo J 

1 

TT 

ro 1 

hir 
(•— ir 

Sir 

/• — iff 

+ 

+1 

+ 

f + 

J 

—IT o 

l-2ir , 

)-3ff j 
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Then so long as h lies between 0 and +oo, 

“i’ +(»•+«&•)«’ 

and proceeding to the limit when Sr is indefinitely small, 

dl h r r f* » 

-r= > ■ > . whence J= L « *• tf^=tan ^7, 

dr X k 

no constant being needed since each side vanishes with 7 

If in this result we dimmish h indefinitely towards zero, the integral 

tends to the limit / and tan“”^7 tends to the limit ? or — 5 

jo a? * k 2 2 

accoiding as > is positive or negative But if »=0 the integral is 

obviously zero 

Hence da=^, 0 01 according as r>, = 01 <0 

(2) As a furthei illustration of this method, let 




de 

(a cos *^+ 13 8m*d)*’ 

a and being of the same sign, so that the subject of integration has no 
infinity between the limits 


*9 9 

Let Then ^i/n— ^-fn+i 

Hence 

AI« /..’fjsiM. ' 

H-'o a , 


Hence 






Similarly 




And since 


’ 2/,-i)(i 3 29-1)^ 

(-lV>-^«( 2 p)i( 29 )' 1 1 
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the general lesult is 




2 ni f ‘-J’ 2 *“ joiyi 

le I - J-v(2i>)'(2?)' 1 1 . ^ 

> « Voijs? (p')*(?V 

Also, since 

^ cos*^6^ SIn_ ^in* 9 d6 

ua Jo (tt cos* ain^ 6 >)“+^’ /o (ocos® 0 +j 8 bin^ 0 )"+^’ 

all integrals of the forma 

r n co6^ &dB Bin* 6 dO 

Jo (a cos^^+^sin* 6 )^ Jo (a cob® B+j 8 sin* B * Jo (aco 8 ^ 6 >-hj^bm*^)“’ 
can be computed, n being a positive integer and a, j 8 of the same sign 

1001 Since 

j „ 6 sin 6 r-acos 6 ^ . 
fl "*cosorar= 6 -®* iTTTa hconst 


and 
we have 


j e“^sin h%di = er^ 

tf^cos hxdx 


beo^ 6t4-abin 6^ 


a* + 6 ^ 

(i),l 


+ const , 


a being supposed positive 


a* + 6 * 

f e-~,m 5 a:<ir=^,^ ( 2 )J 

Integiatmg the first of these equations with legaid to b from 0 to 6 , 


f' 


„sm&i - , ,6 

* cf^=tan-’l , 

X a' 


and integiatmg the second from c to 6 (both positive) and 


f' 


-CosH — coscr, ], 

S ‘^= 2 l°Sjr+ii 


When a diminishes indefinitely the limiting form of ( 3 ) is 

r sinftr _ IT -TT 
— rf *=2 or 

accoidmg as b is positive oi negative 
If in equation ( 4 ) we make a dimmish indefinitely, 

r cos Jr - cos cr , , c 

1 ‘^^ = *"8 6 

If we differentiate ( 1 ) and ( 2 ) n - 1 times with regaid to as, 

where tan B — -f 
a 

and £ = 

B I c n N 


(3) 

(4) 

( 5 ) 

( 6 ) 
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Here is a poBiti\e integer and a is positive 

The case when n is not a positive integer is considered later 

1002 Method IV Deduction of a Definite Integral from the 
Summation Definition 

We may employ either of the ■well known tngonometiical senes 
^+^sin20+^sm3^+ ad inf (ir>^>-7r), 

TT T 1 

”=ain ^+-8in 30+-sin6d+ adznf (7r>9> -tt), 


to obtain the value 

(1) 


-di 


of r?^ 

Jo V 

r sin » , r* T , sin 2A . sm 3h , \ 

( bin h 
1 

V — h TT 


= J^hsiO 


''bin A , sm2A , sm3A , 
2 3 ^ 


) 


( 2 ) 


, sinSA , 

sm A , sin 3A , sm 6A , 
3 5 


) 


- IT IT 

=2^4=2 

[For the first senes see Diff Code ^ p 108, Ex 21 (2) 

^11 

Foi the second add to the first 5 = bin ^sin 2^+;5sm3^— , 

2 2 o 

or otherwise (Hobson, Trigonometry^ p 288 ) 

See Bertiand, Calcul Dif et hit , vol i , pages 304, 383 ] 

1003 Mbthod V Agam iHuatratmg Derivation from the Defini 
tion of an Integral as a Summation 
Consider the senes 


o_ g , g 2^ «""®®^sin30 , 

^ 1 T Q T* 


2 


3 


ad %nf 


Let 


^ e ®®cos0,fl ^co8 20.tf ®‘*®co8 3^. 

0= 5 + -j 1 .+ 


1 * 2 ' 3 

These serieb are convergent so long as ^ is positive 

so 

^+15=2? log (!-«-**«•») 

1 n 

= -log\/l-2e”®^coa^+e“’^® + ttan“^— ^ , 

l-e”«^coa^ 


iS=tan-i 


Bin 9 
- cos ^ 
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[n the limit when B is made indefinitely small, 

iS=tan“i ^ ^ — -= tan“^ tdn”‘g' 

Slow 

jo a L A 2A ^ 3A J 

1* R“®^8in h , e”®®^sin 2A . «“®2^sin 3/i . “1 

= "*="L i + 2 + 3 + J> 

f 6”®'®sina? , *«■ . _i 

d%—-z~\A,vr^Q 

Now let q dimmish indefinitely to zero, the limit towards which the 
mlt tends without limit is 


r!i£i^=i 

k a 2 


r ^““4*wiTi » qg f 

2 flKa?=tan“^^ may be established 


' the case q >r thus , expanding am » v, we have 


^ r ( \ 

'-i'^('-TT+TT- )' 




• i._i^ 

I=z—s^+-irx- =tan-»- 


q 3 q^ 5 q^ q 

This senes, howevei, is divergent if g < ; See Art 1000 (1) 

1005 Method YI lUostratioxi of Use of Change of Order of 
Ltegration 

Consider the double integral 

fT*^ sin r^ dx dy 

Integrating fiist with respect to y, 

jo L X Jy— 0 JO X 

Changing the order of integration, integrate first with regard to a, 

scording as r is positive or negative , 

r SlUfiP , IT T 

cw7=a or -5, 

X 2 2 ’ 

ccording as r is positive or negative 
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1006 Method YII The mtegial may also be established by the 
method of contour integration (See Ait 1302 ) 

1007 The expression for cot a in partial fractions (Hobson, 
Trigonometry, p 334) is 

, 1, 1 , 1 j 1 , 1 , 1 . 1 , 

CO z z—r j2+2‘7r z — 27r a+3w z — 37r 

If (z) be any periodic function of z with penodicity ir,%e 
such that ^( 2 j)=^( 0 +rx) for all positive or negative integral 
values of r, we have 


r fw rtir pn 


In these integrals, put 

z^y, TT+y, 27r+y m the first row, 
and — *^+^1 — 27r+y m the second row 

r ’’■Ml) *_ [' (' -4^ dy, 

Jnr Z Jo TTT + y ^ Jo VW + y ^ 


r ’’■Ml) *_ [' M!3±!a (' -4^ dy, 

Jnr Z Jo TTT + y ^ Jo VW + y ^ 

f-O-l)- ^ p^(y-r,r) 

J-nr z Jo y—rw ^ Joy— r-TT ^ 


Hence 


=|^ 0 (y) cot ydy, 

f * dsi f*" 

— =J ^(i»)eota5(fo, where ^( 35 )= 0(a5+r7r) 

(*®® tan cc 

Thus, if 6 (a?)=tan x, 1 dx= I tan x cot x dx^tr 

J-co X Jo 

Also IS not affected by a change of sign of x, and its 

graph IS symmetrical about the y-axis 

Hence r^<fc=jr 

Jo X ^J-w X 2 
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and wntmg rx for x, 

or 0 as r IS +". or zeio 

Jo 2/ L L 

1008 We now pioceed to consider some consequences of the 

result Tsinrsc , _jir 

Jo 35 ^2 

By the oidinary method of summation, we have 
p(7oSin 2pa:+^C'iSin(2^-2)a;+ 2a;=2PcosPa;sin2)a; , 

1009 In the same way 

sin 2^r - sin (2/? -2)a;+ + ( - 1)*^^ ^Gp^i sm 2r 

*! ( - 1 2** am^ss sm px, {p even) 

or = ( - 1)^ 2** sinP^ cosjo^, (p odd) 

Hence |[(1 - 1)**-!] . 

and co^^(2«+l)^ . ^ ^(^|[(l -l).M-i+i],( - 1)"^ 

1010 Again, 

[am (2»i+l)a,-*’^>(7iSin (2«-l)i + 

+ (-!)” •"+'■ (?„ am x\ ^ 

=i|x coeff of a” m(l +*)*"+! x{l+*)-‘ = ^i*"C» 

■ir l 3 5 (2ft- 1 ) 

2 2 4 6 2n 

1011 Let a and h be any two positive quantities (a > h) 

Hence, adding and subti acting, 

rsmoocos^^^w r co8aa;sin6a; ^^Q 

Jo a? 2 Jo 35 
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We may then state that 

ga? or according as ^) > g or <g 

both being considered positive 

Ifp=g, 

rsmpxQOsqx psin2pa?^ l •7r_7r 

Jo X “2J0 X “2 2”’4 
1012 Graphical Hlustrations 
Consider the graph of sin jy^cos d 

We may write this as ^ sin (r + _ 1 ) ^ + sm (ar - 1 ) ^ 


If il?>l, 

y-|l 

^77 7r\ 

^2 ■^27 

If a?=l, 

Hi 


If r<l and >-l, 

y=§l 

^TT 7r\ 
^.2 2/ 

If 

y=|l 

1 

o 

If a:< -1, 

y=|i 

f TT Tt' 
\ ^ % 


Hence the grapli is discontinaoue and as shown in T'lg 326 

J’l 




f 


yl 

Fig 325 

T/Yio -L £ pBin 

1013 Graph of g 

_1 r 8 in(l + a.)^+BiD(l- 
2 Jo ^ 
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Here, 


if ^>1, 

y=i( 

^TT 7r\ 
<2 2) 

=0, 

r=l, 

y=i( 


IT 

“4 



S-^i) 

TT 

”2 




TT 

""4 

-1, 


+ 

1 

)=0 


and the graph is as shown in Fig 326 


Fig 328 

being again discontinuous at ^ = l and a;— - I 
1014 Consider the integral 

^ cosg— 1 
;o ^ 


f- 


and put z=ax and z^bx therein alternately 

Then f“52if!?ILLdx=P22i^dai, 

Jo ® Jo ^ 

pC08^--C0Sto^_ p 1 

Jo a; J& j; jhx 

a b 

Ja a; L 6 aj^ oJa 

a a a 

1 f 6 

and when h is increased indetinitely, becomes 


%e 


Now 


sin hi 
1 


(It, 


so I e 
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and this must lie m numerical magnitude intermediate between 
the results obtamed by leplacing smbx by —1 and by +1 

h 

respectively, between ^ ^bh ' 

a 

Therefore the second integial,for the infinite interval between 
\ and \ vanishes, and we liave 

(t 0 

J *cosa®— cos&c, , 6 

a'r=lofi:- 

0 sc 

This IS a special case of a theorem due to Frullam to be 
pioved later (Ait 1183) 


1016 It follows that 


f 


6-a 54-a 

— 1 , 6 

: 


* * (2* > S “•1 positive) 

We have now considered 

and oi 0, Asp> oi <q (Ait 1011) 

Also j — is infinite (Art 348) 


1016 Taking y= j" i0=| or -|. 

as f IS positive or negative, or 0 it r=0, integrate with regard 
to r from r=0 to r=r. 



1— co&rd,^ wr irr 
^ de=- or — 


( 1 ) 


as f is positive or negative, or 0 if r=0 , putting 2r for r, 




“sin® 7 0-^ irr ITT 


( 2 ) 


as f IS positive oi negative, oi 0 if r be zeio 
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1017 To illustiate this geometrically, consider the graph of 


=-r 

TTh 


~¥' 


dB, 



whicb consists of the parts of the lines y^±x which lie in the fiist and 
second quadrants 

1018 Integiate equation (1) with lespect to r between limits 0 and r 
rpi-_ r f^-sinr^ tt o TT o 

inen ^ or -jr*, as ns positive oi negative 

Thus the graph of dB consists of the paits of the 

two parabolas and y= as sr os positive oi negative, which he 
in the first and third quadrants 



Similarly we might pioceed to further integiations 

rsin*(^sin^) 

1019 Graph of dB 

TT Jo tr 

Since a change of sign of t evidently does not affect the value of tlu> 
integial, the y axis is an axis of symmetiy 
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AIbo 

y=asin^ if sin^ be positive and y = — asm ^ if be negative 
Hence the graph is that shown in Pig 329 

^1 



Fig 329 


1020 If we integrate regard to r between limits 


'0 e ‘''"■^2 

q and p (both positive and we obtain 


r 




or puttingp+g=2a,p-g=25, 


r sma^sinh^,. tt , 

33 


Jo W 2‘ 

where h is the smaller of the two quantities a and b 


1021 Trace the giaph of »=/"S2!^^2i£^d0 
Jo o* 

In the firbt place a change of sign of r does not affect 3^ Hence the 
axis 18 an azib of symmetry 
Also we have 


^“i/o 

2 Jo ‘‘^-fjo 6*3 — 


If ar>2, y-1 

If a=2, y = l 

If 2>a>l, y = l 

If ^=1, y-1 


2 ^"2 2 ^ 


— 1 -1 E 
2^22 


= 0 


2 ^""2 


2 


IT 

s— . 

4 


If l>a?>0, 
If a=0, 



1 ^+1 5{l-*)=^(2-^) 

— j-i IL 

2 ■^2 2 ~2 
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The graph therefore consists of 

(а) the portion of the a axis from to ^ = oo , 

(б) the portion of the line fiom t?=0 to 07=2, 

(c) the portion of from o*= -2 to t=0, 

(d) the poition of the a axis from 07= - oo to 07= -2 



And the discontinuous natuie is shown in the illustiation (Fig 330) 

1022 Tiace the graph of ^ -dd (Math Tiipos, 1896 ) 

We note m the first place that a change of sign of x gives a change of 
sign of y That is, the origin is a centre of sjmmetiy 



Also 


dx Jo 


sin 26 >coso:^ 




’407- 


dB- 
^*)/8 


ir(2-z)/4 from ^ = 0 to j7=2, 

0 from 07=2 to o, = m, 

from 07=0 to o. = 2, 
fiom r=2 to o7=oo, 


* 


where A and B are constants 

Moieover, the difference of adjacent ordinates at o+e, being to 
the first Older 2€j^ — dB^ ultimately vanishes with €, and there- 

fore there is no abiupt change of ordvmte at any point on the graph 
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Again, y=0 if a?=0 , A=0, 

andata;=2, A+7r(4 2-2®)/8*-B, 

Therefore the graph in the first quadiant consists of a poition of the 
paiabolay=Tr(4ar-^)/8 from j:= 0 to ^==2, the -veitex being at (2, 7r/2), 
and a line, 2^»ir, paiallel to the sr axis from a=2 to oo 
And remembering that there is symmetiy with regaid to the oiigin, 
the graph is as shown in Fig 331 

It appears that the points P, P', where two of the discontinuities occui, 
are the vertices of the two parabolic axes, and that at the third discon 
tinuity which occui s at the oiigin the parabolas have the same tangent 
The discontinuities occur in the aecoTid differential coefficient 


1023 Cases of f ^ - J” dx 

SlQ^oZ/ 

(fa, 'where m is not less than w, and n 

are either both odd or both even positive integers >2 We 
have proved in Art 265 a reduction formula connecting 
n> n-a n— VIZ 

(n-l)(w-2)w„n+»»^m,n-2-’^(»W-l)Wn»-.an-2==0 


Now we have 


«..=! (Art 1016), 


and —^=d 


3sin r-sinSj? , Ir^ it 

a 4^ -*2 4 


and from the reduction formula, 

I" 2 lu* 8 + ^3 1”^ 2 mi 1=0 , 


2«..=6 --9 -=^. 

^ 2 4 4 


Stt 

«..=T 




Sin 6 j 7 — 5 Sin 3 a : + 10 sm ^ 


dv 


4(l-6+10)|=g 

Then the reduction formula, 

^”3 ]■ gives 2 ls« 5 a+ 26 «, 1-5 4 m 8 x= 0 , 


and 

whence 


6 1 

n=5 8 + 2 &U 58-5 4m3 8=0, 

6r 116 ^ 


" 384 " 
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1024 111 order to generalise these results it will be plain 
that it IS necessary to express sin^^a? in the form 
A sin x+B sm Sx+0 sip 5x+ , 

and then we shall have 

(see Alt 1010) 

And similarly if we can obtain 

sin*^~*a? cos x in the form A^ sin 2x+ sin 4jX+C^ sin 60;+ , 

we shall have 


Jo 35 * LX Jo Jo ^ 
Jo X 


==2f(Ai+Si+Oi+ 

and the sums A+B+G+ , and -4i+5i+0i+ are easy to 
find (Art 1026 ) 

1025 It has been shown in Art 1010 that 
ttI 3 6 (2r~l) 

“*+>.‘-2 2 4 6 2i^’ 

and this with the reduction formula will enable us to obtain 
the values of all integrals of form W2n+i.?p+i (w < p) 

rm-xo 1357 r 57 r 

Thus, ifr=3, «'i=rr6 2“¥* 

and 2 1«7 s+40Mr 1 — 42^5 1 = 0 , "I 

4 3«y ,+49t«7 8-42iiB 9=0, I 
6 6M7 7+492<7 *— 42t£# 6=0, j 

Itt *I 7 Tr 6887 b- , 

ginng “”=23040’ 

Collecting the results, we have 


“>‘=2’ 

7C 

Stt 


^i=4» 

t^8 9 = -g-, 


Stt 

6 ir 

1167 r 


^ *“32’ 


6ir 

7ir 

77ir 

“”“32’ 

^«=64» 


13 6 

(2r-l) TT 

etc 

*246 

2f 2 

^ UJAv D€liai.lw . 


«8r+l I 
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1026 Again by differentiating the formula 

2»"(-l)’-sin>’-!B=2’2' (-1)* “'O.cos (2f-28)a:+(-l)’-*'C„ 
we obtain 

2r sin^ "^a; cos x= ^ ^ (— l)*(2r— 28)®^Ca8m (2r— 2s)a5, 

^ «So 

and the sum of the coeflScients required (Art 1024) is 

{2r»'0,-(2r-2)>'0i+(2r-4)*'Cf,- +(_i)-i2»'0,_,} 

=25^ +(-l)->r*-Oo} 


= 25 :^Xcoef of in (1+z)^ x {l+z)-^ 

=2i?^xcoef of “ (l+*r‘*=2^ {fSfp 

u- f*sin®^aj, 13 5 (2r— 3) x £ 

Hence ^ if r < 2, 

and = J if r=l, and =T*if r=2 
^ 4 


1027 Thus 


1 3 TT 3t 1 3 6 tt 5t . 

2-ie> ’^•“2 4 6 2 “32’ 


the first of these having been found before 
And now the reduction formula can be used, 

(n-l)(n-2)tt„ n+m^%n «- 2 -m(ni- 1 )W ;„_2 «_ 2=0 (m<tn), 


I 3 2tt4 4+16it4a-4 3Maa=0, 
^ ^ ^ 3 214 b 4 + 36Us a 6 fitii a“0 I 
«=6 } ® 4«,.+36«.4-6 6«4 4-0, 


„ -JT IT IItT 

^4 4— gl ^4=g> ^•”“40"’ 


and collecting the results, 


t—gi 4= g, 
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Stt it 

“•*=16* “““8’ 
Stt 

^ «=-^» etc , 


IItt 
“ lO ’ 


and generally, 
13 6 


U2r 8 * 


'2 4 6 (2r 


1 and theiefore=^ 


J 


1028 A result due to Wolstenholme follows at once, viz 

j ^2“ ■P(8m®a5)da?, 

provided jF(z) be any function of z which can be expanded in 
a convergent series of positive integral poweis of z For let 
F (z) = Aq+AiZ+A^^+ 

Then 

- ^^ 2 ^ jF(sin®a:)da5=2|^ sin^a;+ )dx 

= 2(AqU 2 2+^l‘^4 2 + -^ 2^6 2 + ) 

V 

=21 sin^a?+^2 

Jo 

IT 

=2| F(sm%) J F(8in®a:) dx 

1029 It IS also plain that if F(8in 0, cos 0) can be expressed 

m the form ^ sinp0+5 sin qQ+C sin r0+ , 

wheie jp, q, r are all positive , then 

)J, 

or if F(sin 0, cos 0} can be expressed as 

A cos p0 + B cos ^0+ 0 cos r0+ , 

where p, y, r are all positive, and if A+B+C+ =0, then 


j” f(sin^cos0) 


^ cos p0+ jB cos q6+ 


-d6 


= r ^(<^sy0~^)+-B(cos g0— 1)+ 
Jo 


= -|(iljp+jBj+Cr+ ), 

and evidently other propositions of similar kind may be 
enunciated 
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1030 Ex 1 Since u^r+i 1= ^24 0 we have 

f , l+wsinoa. rfr , - 

log- (n<l, a>0) 

« r/« . \ dx 


n n Wi® ■ . \ dx 

■jSiiiflu?+-^sin®ar+'^Bin®aa:+ J — 

*r»x.n®lir,n-^137r. “1 , frxjseni oe\ 

“^Ll 2'^3 2 2'^5 2^ 2"^ J -x am” » (Dt^ CoZc , p 85) , 

r Unli-i (n am ctx) — = ? sin“i» , 

Jo X z 

and if »= J, r tanh"“^(i sin a«) 

^0 * JZ 

Ex t am •»-— I <'=■*>' 

f‘"«i±iSSS <”<■•■•>») 

„ x/' . n® 1 3 . »« 1 3 6 7 . \ 

“^2r“^3 2 4*^6 2 4 6 8"^ )' 

£ tanh-i(« 8ln2aA)p=:Y{^/^^-•^^l“’^} 

Ex 3 / CO tanh-^ ^cos | sin^aj^cfo? 

By Wolstenholme’s principle given above, this integral 
= 2 ^ tanh“' ^cos | sin*^^ dx 

= 2 ^ [^cos ^ sin®a;4- 1 cos® | sin*jc + ^ cos' ^ sin^® « + J<to 
axT oil ,06 3 1,1 ,0 9 763 1, “1 

= ®iL “®2 2 + 3«”^1 6 4 2 + 6 °““ 2 108 642+ J 
(l-,)-4-(l +,)-* _! 1 3 6 . 1 3 6 7 9 ^ 

2* 2+2 4 6*^+2 4 6 8 10^+ ’ 

l/'r 1 I “I& 1 136 e>13679*' 

^■'o L(l-*)i'(14-E)i-J * 2*^2 4 6 3+2 4 6 8 10 6+ ’ 

and wilting s=co8 20, this integral 

= - ^ rf—^ ^ ^cos 0 

“ 2 ^-/fWn 0 cos 0/ cos 20 
Hence putting 40= a, 7=x log cot^^^ 


3 5 7 9 a® 

4 6 8 10 5 
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1031 If p and q be positive integers and the integral 
dx may be investigated by a method which does 


'-r 


sin^’a? 


not entail the successive calculatvon of previous results of the 
same form leading up to this integral, as was done in 
Art 1023 


Since 


Jo 

> 

dz dx 


we have 

Jo (g-l)'JoJo 

Now, p being taken gi eater than unity, and a positive 

[ e““*siD?a!cfo=^^^ — y[ e-“*8in*^®a5 cfo (Art 104) 

J 0 "i“ J 0 

“(aHp*) {«*+(/- 2)*} (a*+2*) 

„ I 

“ “(«■+?■) {o'+(f-2)") (o’+i*) y 


r 

JO 


Hence 

sin^'a; 




dx- 




z^-'^dz 


(2-l)iJo z{z^+2^){z^+^^) {z^+p^) 


T if p be even 


and 


.^i_r 


z^'-^dz 


if p be odd 


0 {z^+l^)(z^+^^){z^+5^) {z^+p^) 

The mtegrand can then be put into partial fractions of the 


form 


P even, ^ 


Aq] 


{q even) 


or 


€±i 

2 






{q odd) 


V' -^2*^ 

(q odd), 

2±1 

?a®+(2^-l)* 

(g even) , 


and their coefficients have been found in Arts 162 to 165 
In the two cases p evenj'i p odd,'j the integrals are of the 
q even,/ q odd,/ 
inverse tangent species, viz 
dz 




TiJo n 2 


but m the remaining cases the integrals are logarithmic 
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1032 ParticuUi cases are simple 

r?i^j-_3'r ** * i « 

Jo I 'Jo (o*4-l^)(o*+3*)“®Jo Vl?+r»"8?+Fv“* 

3 ir, *« + in" 3, „ 3, „ 

1033 The geneial result is not difficult to obtain , the integrations 
haie alieady been performed in Arts 162, etc 


P' r /peven,! , , N 

(5-l)iJo (**+2^(s»+4‘‘) (z^+p‘) Vj even J 

andby wilting O' -2 for 2<7l £ a s. 

® ^ j £ result (A) of Art 162, 

and^for2%J ^ ^ ’ 

E±J 

And if p be odd\ , . 

and y be odd/ 


Jo 3/“ '^’’(s-lyJo 


(*• + !•)(»•+ 3*) 
and writing g-1 for 2 ol , . . 

and p for 2»-l) “ integral 

g-P 

If p be evenl _ 
and} be odd) 

r Bin”^ ?^ pi f“ Ti^zdz 

Jo of* ( 2 -l)Wo (?T2»)(?T45) JfT^y 
and writing 0-3 for 2(7 1 

and p for 2nJ (®) ^ indefinite integral is 

p+g-i p 

['C'oP^'log (S> +f) -^c,(p- 2>'-i log (s« + (p - 2)8} + 

+( - l)^"''C^_^2*-ilog (s»+2'oJ 

Now in the expansion of («*-«-*)'’= (2a + )«’=2»>a*>+ there aie no 
terms of lower degree than aP Hence, if } be :i.p, the coefficient of 
18 zeio , te the coefficient of m 

. +(« fle*+( - i)^Pa 

1“^ 


+(-!)■ 


J+i 


1+1 


+^C,e-J^ 
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18 zero , and p being even and q odd, 

vanishes identically Hence, multiplying this expression by logs^, and 
subtracting it fiom the portion of the indefinite integral in squaie 
brackets, we have 

i’Co;i*-*log(l 2)»-* log + 

+(-l)^"‘'-C;_^2-'log(n-5), 

which vanishes when z is infinitely large 
Hence 

p+^+i 

j[° ^['Ci?)«-Mogp-»CiO>- 2)»->log(p-2) 


^['Co?>*"‘log P -'C'i(? - 2)'^* log (p - 2) 
+»>(7,^-4)«^^log(p-4)- +(-l)^'’'(?,_^2^->log2] (C) 

Fuudly.ifpteoddl ^dp^g. 

and q be even J ^ 


rsvaPXj p* r afi-^zdz 

Jo afl “(3^-1)* Jo (?+P)C?+P)(?+6^) (z^+p^) * 

and writing q-l for 23+l| 166, the indefinite 

and p for 271-1 j ' ' 

integral is 

SzEzlr 

(7^ L'^oP*-"log(*’+P’)-’’«?i(P-2)^log{*’+(P-2)^ + 

+(- 1)*^ '(7j_ll»^l0g (8‘+l*)J , 

and m this case (p odd, q even) we have, m the same way as before, 

P(7g pi-^-fOi(p- 2)*-i +»Oj(p - 4)«-> - + ( - 1)*^ !•-> s 0, 

s 

an identity Multiplying by log«® and subtracting from the portion of 
the indefinite integral in square brackets, we get 

log (l +5 ) -'Clip - 2)»->l0g {x J +, 

+( - l)“^>’C5^l*-Mog(l 

which vani^es when z is mfimtely large 
Hence we get 

<-p+i 

jr2l|f<&-t^^^['C,p«-»logi,-i-<7,(p-2)^log(p-2)+ 

+(_l)'Vpc'^lniogi], (D) 

the last term vanishmg a 
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Hence, snmmiiiK up, the fom results may be Tintten as 

^ 2 terms, if ^ - g be even, or as 

p-t~i 

^^(S-l)i 2^[p'‘’lo«P-P(P-2)«-'log(p-2) 

P ® + 1 

2 "I"” if j? — be odd , p being <j;gf 

This generalisation is due to the late Prof Wolstenholme 

It will be noticed that more is effected by the treatment of 

i" 1“ Alt 102J, as the limitation p, f, both 

even oi hath odd, is now avoided 

1034 Thus, for instance, 

pfClogS-e 3»log3} 


1 Show that 


EXAMPLES 




2 Prove that 


[MaTB Tniros, 1884] 

1 3 (2w-l) w 

I ® 3 4 2m 2’ 

° sin*-*-‘a ! 1 3 (2m-3)(2m + l) ir 

!r® 2 4 2m 4 

[TEnnnr, 1889] 


3 Prove that f 

Jo ® Jo ® 2 [Math Teipos, 1887 ] 

4 Find the value of fYsma+sin-) — 

Jo\ X/ X [COLLBOBS 1888] 


6 Trace the locus y_ f" go® gsin«fa 
Jo ^ 
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6 Descnbe the discontinuous surface y = J* — — dd 

[Tbinity, 1888 ] 

7 Show that 

J { <^0 - - etc } = \v4 > ( - J), 

and apply this theorem to find J 


[Glaisbxib] 


8 Discuss the locus 




poo 

'Jo 


sin 


(2a; -71 4- 1)0 nO 


BdO 


®iny T 


wheie 71 is a positive integer 

9 If 0 < o < TT, prove that 

1 + sin a sm X dx 


smasina; x 
sin ^26 dx 


<0 

/ V f * 1 1 + sm® ® sin-a? ax , rr-. 5“ \ 

<“> j, ^°g l -sin»asin^;o + Bin«a -cosa) 

10 Piovethat r 

J*ooa®(l+sm^a;) ' ' 

1035 Let cos bx dx, sm bx dx, (a +^®) 

mi. T -^—acoshaj+hsmto j frl^ ® 

T1»» A-« . “O [Aj,-3rj:p. 


r asinbaj— 6cos6a; , 




a^+b^ 


Integrating each with regard to a, from a=p to a==q, 

— ^ cos6a;(fo=ilog£2^2 

ox 2 ® g®+&® 

f — ^^sin&a;&c=tan"^?— tan-^? 

Jo 05 0 0 

The case jd = oo 

g=0 7 “^(2) gives 

f - - ■ — &!= ±5 as 2> IS +’* or — 

Jo a; 2 


( 1 ) 

( 2 ) 
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1036 Again starting with the same integrals, integrate 
with regard to b , then 

r smpx-smqx 3, ( 3 . 

Jo ® a a’ ' 

r^ coflj>x-eosgg ^^l ^ ^ 

Jo X 2 ^ 

Then 

lbg(i+^’) 

Jo X a* Jo X 2 ^aV 


( 4 ) 


1037 Consider the Integral /= J ^ e"^“ cos ax dx 

(Laplace, Mimmiee de VInaiitut, 1809, p 367 ) 
Differentiatmg with legard to a, 



—5^ 

• I=Ae ^ where A is independent of a Putting a=0, 

/a-o=|^ A='^ Hence 7=^ e ^ 

The proof is that of Legendre {Exercicea, p 362) 

1038 Laplace established the result by aid of the integral 

_>Ar 1 g* 1 8 \ 

2 \ 2i2''‘4i 2 2 / 

1 a* 1 a« , \ 

2 \ 4'^1 2 4* 1 2 34^''’ ) — 

1039 Differentiating I n times -with respect to a (DO, 
Art 106), 

/>* ."cos (aj:+22) 

2 I 4" It 2l I 
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1040 Integrating 1 with regard to a, from 0 to a, 


. , sin ax 


, ^/xf® ~ f a* 1 

4'*'2iP 

a® 1 1 o-^ , ^ 

”2r 4 3'^2t4*5 ^4^7"^ /» 


a rapidly converging senes for small values of a, but not 
capable of summation by means of the known algebraic or 
tngonometiic functions 

r Jir 

e^***cos26aj(/a:=— e""* follows immedi- 

26 

Ately from the form of Ait 1037 by writing therein — foi a and 

It should be noted that iheptocess of differenimtion in Art 1037 w legiti- 
mate though the upper Ivmxt u infinite (See lemarks m Ait 366 ) 

Foi, taking the present form, the integrand e-"*-** cos 26 a remains finite 
for all values of a Change 6 to 6+86 Then 

/+ «““*** cos 2 (6+ 86) i c^A 

Hence 


r* ^1^008 2 (6 + 86) A -cos 26 a 

WJo ^ 86 


da =J^ trf^***\ — 2 1 sin 26 a+ e}dA, 


wheie c IS a finite quantity which vanishes in the limit when 86 is made 
infinitesimally small, 


8/ 

86 


— f 


A Bin 26 a cKa? + I € e~^^dx 


f< 


If €i be the greatest numerical value of e in the range of values of a 

r" kJ~ 

fiom 0 to 00 , the second term is numeiically <€i i e <€i 

and therefoie vanishes m the limit when c is infinitesimally small 
The process of differentiation is thexefore justifiable 

Proceeding as before, /“Ac 

and putting 6=0, I=j^er<^da!=^, 

and 

2a 


* Memoiree de VlnetUut, 1810, p 290 
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1 Show that 


EXAMPLES 


f" r 

!!»-»■ sin as a 
Jo 4 * 

**«-*• cos oa ds = ^ 

L = ^3a -1*) , 

»<«-*■ cos axdx = '^ e~* - Sa^ + ^ , 

£ *t«e-««sin or & =^s~^ (l5a - Sa* + i*) . 
and show that we can calculate 

poo 

J ^ [<#> (x^) cos ax + ^(qiP)x sm aaje-®* dx 

when <^(a;2) and ^(a;*) are rational integral functions of 

[Legbndre, Sxerctces, p 363 1 
2 Show that if /= j“ «-»-sin otrfr, then 

^ Jo 2V 2 3^3 4 5 i“6 6 T"*" ) 

1 _“V« “• [Leohndbb, ibid ] 

^ prove that 

«-»‘i;cosaa!<ft=l_la/^ 

4 Show that [Lboendbii, ibtd ] 

( 1 ) «-*’Gasinat+-icosaB)ife=i, 

lo ~ ~ 8in oa: (fr = - ifl 
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1043 n. W«:.l J-£ (al+^.‘^tl+^) =far(5+^ » 
useful in a certain class of Definite Integrals, (a and h both 4-^^) 

r 1 rij. -1* li. _1®T 1 A 1 

^6®— a^Lo ^ a bJj 6®— a*\» 6/2 2a6(a+6) 


r tan-i^ 

Thus. If «=J^ J(P+P5‘^> +”^ 

^ P dO! TT 1 — ^ ^ 

da~~ Jo (a^-f 2 ab(a-^b) 26®\a+6 a/’ 

IT , a+b 4 

where A is independent of a But when a= oo , w =0 , -4=0, 




Butting a;=s6 tan d, we have 


r^tan’~^^“tan 


i«-|l08(l+i), 


or wilting c for / cot ^ tan’"^(c tan 0)d6=Z log(l +c) (2) 

€l> fQ M 

The particular case c=l gives 0coted6=^log2 (3) 

Integrating by parts, [^/logsm logsin ddB=^\og 2, 

01 ^ logsin log J, (4) 


as in Art 990 


1043 The Integral 7= 


r tan-i^ 

— (b>'Cr), la of similar form, 

0 


but best evaluated by expansion Put ^7=6 sin ^ 


/= [ tan-i(^sm6l) , 6« sin^e^6‘ Bin‘0 

ir/b 1 ly.lS 12^ 

“shU 2 4 60 S j 2i * loj’ 

eosec 5t«in“*(«sm^)<i5=^siDh”'*o=^log(c+<yn-<r‘), 
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or, for the case c^l, 

10« 

“l-«^J* T^”“*’5i+pj'^“rr7P 

° (ff, 6 each being taken H-^) 

Hence 7=^ log (1+ oft) +-4, where A is independent of a Also J— 0 
ifa=0, J=0, 

r +«i) 

ItfoUowBthat f 


And wntmg 4?^= ft tan 6^ 


|+fl08(l+9=fl08(«+^). 

(6, c each +”) 


log (c*+ 62 tan*^ log (6 + c) , and addingj^ log cos*^ dO=ir log J, 

J^log(b*sin*fl+c*co8*0)dfl=jrlog^^, (6, c +”) 

1045 Again, taking the expression for ^ partial 

fractions (logarithmic differential of cos » expressed in factors), 


tan»_^ 2 2* 
* ~4if2r— 


put a;=‘irl%t, then 


V(2r-l)*x"-2V’ 


crtanhirfe! ^ 2 2^ 

fe “V(S2»— l)*+2»**z^’ 


X p tanhxfa dz ^ C” 

iJo (a*+z*) z-Sj — 


2(22; 

i/2r-l\* 




4iP~ *-!/■ , 4r_iv 

^ -irl‘'+-sr j 

tanhxlg dg 4ife^ 1 

(«*+**) z~a ^(2r-l)(2A»+2»— 1) 
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Thua, in the case a=k=\, 

ftanhiraefo X 1 . 1 . I . , ^"1 

Jo T+^ ir“^Lr3+r6+6-7+ *»-^J 

=2R-4i-l+i-i+ 1=2 
Ll 3^3 5^5 7^ J 

01 taking a=\ and h any positive integei, 

r taahferg dg ^. r ill , "i 

Jo (I+g^ z Ll (2I:+l)'^3(2A+3)‘^5(ZfeH-6)''' J 

(sITr"iZ7l)+ ] 

-Khhh 

and if a, ^ be any two positive integers, the series will terminate as m 
the last case 

r itaahfe3rg; dg_4^ 1^/1 1 \ 

Jo • (a^+JSf**) z a 2La \2i - 1 2i^a+27 - 1 J 

If and a an even number, the series will also teiminate 

Thus r ^T dg 2^/ 1 1 \ 

Jo (a^+j8f^) z — l a-|-2r— 1/ 

If a=2n, this becomes 

r dz J_r /1 I N /I 1 X 1 

Jo {lsn)^+z^} z 4»'‘L\1 2«+3/’'' J 

=_L('l+l+ +_J_1 
S/iAl 3^ 

But if a be odd, =2n + l, the seties does not terminate 


I 2 dz 2 (fl 1 ^,A 1 \ 

Jo pw+IT+P} z (3«+l>‘Ul 2n + 2y’''\3 2n + iJ^ J 

Similarlj if 2k be any odd number =2j? + l, i « k== ^^^\ 

Ptanh^^tliTjs , 9/1 \ 

2f *'a^"\2r-l (2;n+l)a+2r- 1 A 
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aad this will tennmate, oi will not terminate, according as a is even 
or odd 

If a be even, =2?!, the result is 


j_ra- 


' 2»^ LVT 2»(2p+l)+l 

“2«nr’^3'^ ■^2«(2p+i) 




2w(2p + l)+3 


i)- ] 


If a be odd, =291+ 1» the result is 


2 


Ui+i+ 


1 


(2«+l)(2p + l) 




1046 Let (a+") 

[Laplace, Mim de VInat , 1820, for the case c=l ] 
The integrand is finite for the whole range of integration 
Change a to a+da 

Then I+SI= [“«"** da 

Jo 




where e becomes infinitesimally small and ultimately vanishes 
when Sa is indefinitely diminished 

ou Jo Jo 

Let si be the greatest numerical value of e in the range of x 

Then the second term is <€ij ^e <ei and 

ultimately vanishes with da ® 

Hence the process of differentiation with regard to a under 
the integration sign with an infinite limit is justifiable 
In the first put aj— a/y 
Then 

where A is independent of a 
But when a=0, 

/a-o= ^ being supposed 
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Hence 

-^e-***“ if c be -”) 
Laplace’s form, viz the case c=l, gives 

k 

If we replace a® by and c® by we have the form 

[“^-*(5+1)^*,=^^ ® e'“«, ( 1 ) 

Jo Jk 


where a, bykaie positive 
This result may be written 

( 2 ) 

1047 Cor 1 If jfe=sl and a=&, wehave 

/isjT (3) 

Cor 2 If we ditferentiate /j with respect to a, we have 

Differentiating (1) with legard to k, and then putting ks=l and a =6, 

(4) and (5) give 

Cor 3 We albo have 

and making a indefinitely large, 
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10^8 Let 


We have 
Then 


["2^6" 

Jo 




a^+d? 


' dz 


/= I I cos ro; 225e“t ®“+**>** dx dz 
Jo Jo 

=£ e-**‘‘cosM!dai)(fo 

*-'«r *'*“*“'“ 

6+*’’, as ns positive or negative 
T f” cosnc, X _ TT 

^ ~Jo ® ^ ^ positive or negative 

This integral is more commonly written as 

r cosraj^^ X _ v 

or g- e**, as r is positive or negative 

This result is due to Laplace (BvUet%n de la Soc Phi 1811) 

1049 Both reaults maj be expressed m one as 

r <!oarX j_ IT f . tT' ) 

Jo l + v^^ 2 ll+O“’''^l+0^/* 

for O’" IS zero or infinite according as r is positive or negative 
This form was given in Crelle’s Journal^ vol x , and is due to Libn 
(See Gregory’s Emmies, p 486 ) 

1050 Differentiating with regard to r, we obtain the intesral 
(a+^‘*) ® 


f 


I XBmrXj X _ X 

Jo ~^+x^ ax—^er^ or — ^ as r is positive or negative 

This integral vanishes if r =0 

The differentiation under the integral sign may he shown 
to be justifiable, although the upper limit is infinite, in the 
same manner as in previous cases 

1051 If we integrate with lespect to r between limits 
and fg (both positive), 

r siufj^—sinria, -tt , 
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If ri=0, we have 


]• 


smix 




)o 2a*' 

a result given by Laplace (Mimovres de VAcadirmey 1782) 
If we wiite i =s tan 6 in the integral 


we have cos(i tan d)dB=^ or ^ e% 

according a9 ? w positive oi negative 


1052 Graphical Ulnstrations 

^ , I. 2f®cosa50,^ 

Giaphof 

We have oi y=^y according as 2 ; is positive or 

negative, the y-axis being an axis of symmetry 

The logarithmic curve is traced in Diff Calc , Art 44*2 
The graph now required consists of the two portions of the 
above curves which run asymptotically to the au-axis fiom their 
point of intei section upon the y-axis (Fig 332) 



^ , 2rco6V0coaa0 

ms Graph of i + gi — 

The y axis la again an axis of symmetry, 

1 rcoB(z+a)e^^ . ir co8(^-o)^ ^zi 

If a be regarded as a positive constant and > a, we have 
y^l rEe-(x+*)4-^ «-(*-«)! = cosh a e“* 


If o > r > 0, we have 

y -a 2 «-(*+«•) + ^ J * cosh a 

The graph therefore consists of a portion of a catenary fiom ^=0toa?=a 
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1056 Another mode of discussing the integrals of Arts 1048 
to 1051 IS as follows 

(« positive) 

cos rx j d^u P a; sin rsc , 

sr-J.sq:?*’- 

==— ^/ 2 , 0 or + 7 r/ 2 , as r is +^®, zero or — 
w=‘jr/2a2+Ae"“’+-Bc'‘^ for any positive value of r 

(Z (7 for Begmners, p 250), 
where A and B aie constants as regards r 
But u IS jfimte when r is infinite, B=0 Also there is 

j 

obviously no discontinuity in the value of ^ , which is also 

finite for all values of 7 , as r diminishes through the value 
zero and becomes negative, for a small negative value of r 

gives the same value to 1 dx as an equal small positive 

value, and when r is zero the value is 1 — — 9 , « «- 

Jo 2a 

Therefore — 4a= 7 r/ 2 a and A = — w /2a® , u = ^ ( 1 — 


«(»*+»*) '^ 2 a*' 


Jo a*+a!*“® 2a® 

, f* a? sm ra! , tt _ 


/a+”N 

\r+"V 


Tlie collected results are for the vaiious signs of a and 9 



a4- 

» + 

a+ 

9 - 

a — 

r+ 

? 

1 




2a 



- — 
2a 
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1057 A Redaction Formula 
Let I„=£ 


and 


dl 

ii 


= -2ua£ ^(te==_2naZ„+i 


Therefore the successive integrals for the cases 'n=2, ‘n=S, 

etc, may be calculated by the rule /«+!= — ^ 

2na m 

In each case ^ e-« will appear as a factor Let J„=^A„e-'“ 

&=I /n+i=J^»+ie-~ 

Hence the form of may he calculated by successive 
applications of the formula 

Thus ^,=.1^ 

-^3=^ ^ [r®a“®+3ra-* +3a'»], 


” 2’ ^ + 16» a“* + 16a"^, and so on 

So that if 

(;r:^ +£:j^3a-(n+i)^. n terms], 

^"+1=^ [■K'x»"a-("+i)+i:3r*^icr‘("+*)+Xjr«a“<"+*)+ 

+ wirir*^a“<*»+*) + (n+ 1 ) J5:jr"-»a“("+») + ], 

and the coefficients in An+i are 

iri(=l), Zj+«Xi, A,+(«+i>ffj, r4+(»i+2)X5, etc ,(2»-l)ir„ 

ami the law of foi nation of the aueceasive sets of coefficients is easj 
It may be shown by induction that the general foimula is 

1) I Q”~*a~*+— 

^(^ 2)(n+l)a^(«-I)(«-2)(n-3) ^_^_„^„^ j 
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Thus -»-<"+« 

+ + — ?) , n-8^-(n+ 2 ) + tO 71 tei lusl 

2 4 J 


T r* O/SIIUJ? , IT . 

Inthe sane way - 

or we may deduce the result from the formei by differentiation with regard 
to r 

1068 Consider the Integisl /=f 

We have 

f" cosrgda? P -^gsinrgcfa 

dr^jo :t* + 2a^7r*cos2a+a^’ '3P'~ h ^*4*2a^J7^coa2a+a^ * 

(TZ r - COB rxdv d*/_ r t;^^inrxclz 

dr^~Jo ^^ 4 • 2 a^J;^cos 2 a+a* ’ dr*~‘Jo x*+2a^^cos 2a+a^ 

Hence, when the first of these integrals has been found, the other four 
of this particular class follow by differentiation Adding the fifth to 
( - 2a*cos 2a) times the third and a* times the first, we have 

d*I « o « dU .rf* sin raj, tt. tt 

^-2o«coa2a^+a‘/=| —<**=2. 0 “ "I' 

accoidiDg as r 18 positive, zero or negative We shall assume r positive, 
for the case r negative will be at once deducible fiom our result by 
changing the sign of r We also take a positive and a an acute angle 
The differential equation is of the ordinary class with linear coefficients 
(/ C fw Beginners^ pages 244 to 263) It may be wiitten 

[{ D* - a^cos 2aP+ <z*sin- 2a] 1=^ , 
and the general solution is 

^ ^ cos(ar sin a) +A 2 sin (ar sin a)} 

+e®’'co«»{A 3 Cos(arsin a)+A 4 Sin(ar sm a)} 

Since an infinite value of r does not make I infinite, the last two teims 
must vanish, 16 A 8 =A 4=0 And when 9 is diminished indefinitely to 

IT 

zero, I should vanish Therefore we have Ai = 

To determine the remaining constant A 2 , we may diffeientiate with 
regard to r , we obtain 

- a cos ae”®’ °®® *{AiCOs(ar sin a) + A 2 Sin (ar sin a)} 

—a sin a e“*’’ ® {Aj sin (or sin a) — A 2 COs(ar sin a)}, 
and when r is diminished indefinitely to zero this becomes in the limit 
dl 


— acosa Ai+asina A^ 
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But when r is diminished indefinitely to zero, we ultimately have 
dv IT 

F“io ^ + 2 a«:»^coa 2 tt+.»« ° 45 ^ P ^ - 

asm a -4^-acosa 

t e 

and a 2 

Hence °®* *{cos(or sin a) + cot 2a sm(ar sin a)}] 

-b{'- 

t e we have for values of r > 0 

^nnrrd® ^-oroosaSinCa^'sm a+2a)l 

a7(^+2aVcos2a+a*) 2^\^ ® sin 2a j’ 

r cosraida; _ v -or cos a sm (a + or sin a) 

a?*+2aVcos2a+a* 2^® sin 2a ’ 


asma -^.cosa+^-i: A—, 

2a* 4a*cosa 4^ cos a 

2a^ 


-ai cos a sm (or am a+ 2 a) 'j 
sm 2 a / * 


resin fa; dz 


w -g, ooaa ^tnCarsina) 


^a:r*+2aVcos2a+a^ 2a^* 

r ^cosfgda; _ jr cos a 8in(o - ar sm a) 

a;*+2aVcos2a+a^ 2a® 8m2a * 

r a^^iurxdx or cos a sm (2a- or sm a) 

A*+2a-^a;Scos2a+a* 2® sm2a 


1059 Taking for instance the case when a=^, a=c\/2, so that 
asina=c, ^ 

[ «r^+S) “ iii’- 

r''^+4? “^‘“’‘(“nw+cos**). 

rxBmrxdx rr -,fi / . 8s■^ 

/» ir‘+4<!* “ 53® “43* ®“’® 

r=^- 


a;®siura;da; t 1 

/. ~? +43 °-l® 


TT _4*i; 

=^e COS rc 


1060 Consider J= /* (for ’’ 

Jo a!(as»+a')^ a 


We have 

iP7 r 
SS=~i. 


a positive 


} 


cosrjf , 

iPI 

r X sm rx , 

/, TO5-*’’ 

a^cosrx , 

df‘1 

r" rc^sm ra? , 

3F*“ . 

k 
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dV r %*C 0 Brx , df^I r^«ainr4?, 

df^’’ Jo a^+a^ * dr^'^ Jo * 


m 

df« 


-a«/= 



&mrA 

r* + a* 


dv= — 


sin ra; 
r 


da 7 = - 


ir 

2 


Solving this equation, 

/=^+4ie““’’+A2e cos^^^^+^a^+Bic" + 

Now, since the integial obviously remains finite when r becomes infinite, 
the terms with positive indices in then exponential factois must disappeai 
Hence Bi^O and the form of the integral reduces to 

—51 / n \ 

I = ^+A6"“'+^2« ® «>s(^ + ^*) 


Now 7 , ^ ultimately vanish with r 

These considerations will deteimme 2I2, A^ 


Now ^=-4,(-a)*e“*’+4s“"«”® co‘‘(^^+-^»+®t)’ 

we therefore have 



+AaCOBAj, 

0 = + Aja* + A COB 4- y)> 

whence A| 

0= 

+Aia*+A2a*cos^-4a+-^j, J 


Hence, for values of r > 0, 

} 

r cosrx , 
io 

-E>[ 

r“ i?sinfaj , 

Jo 


f" jc^cosra? , 

Jo 

-£>[ 

r® a!*sin ra; , 

i. 


a?*cos f® , 

i. 


a;®sinraj j 


jo 

- --“V 2 

■ 3 JS 
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some of wbich admit of a little simplification, but are left in tbeir present 
foim as exhibiting the general law followed by the seveial members of 
the group 


1061 The same process may evidently be extended to any integral 
of the cla« » smrxda. 

Jo 0 /( 03 *" + 2a ’•or^cos na + a*") ’ 


and its family of 2n other integials may be obtained by differentiating 
2ft times with regard to f But we exhibit another method of procedure 
in Alt 1067, vvhich avoids the labour of determination of the various 
constants 


1062 We have seen that 


’ cosixdx 


£C®+a* 


2a 


e-®»‘ or 


2a ’ 


according as r is positive or negative, a being supposed positive 
If a be negative, since the integrand is unaltered, the result 


will be — 01 according as r is positive or nega- 

tive (see Art 1056) The result must be positive m either case, 
and the index of the exponential must be negative, for the 
integral does not become infinite when t becomes infbnite 
The four results are therefore 



Takmg the case a and 7 both positive, it is clear that the 
integrand is not affected by a change of sign of x 
Hence 



cos 7 a; 
a5*+a* 



cosT^a; 
05* -fa* 


cfe, 


and 



cos 7^ 
a* -fa* 



( 1 ) 


with the modifications above specified, if a or r or both of them 
be negative 

( 2 ) 

for elements of the summation represented by the integial, for 
which the values of x are equal but of opposite sign, cancel 
each other 
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j. f" cosra; , 

For, putting *=6+2, j^J”^co-^^6cosr2-sinr6sinr2^ 


idz—sin rb 


, f cos rs; , , f * sm r^; , 

=cos rb 1 -j- — 5 az—sm rb 1 -sr- — r dz, 

J-co«®+a-* 

^ f” cosras , -JT _ - /r>0\ 

(o>o) 

It Will be observed that this is independent of the sign of 6, 
but subject to the same modifications as before with regard to 
the signs of a and r 
Differentiating ( 3 ) with regard to r, 


and integrating ( 3 ) with regard to r from r =0 to r=7, 

f * sin ra; das t - 

where each formula is subject to the same modifications as 
before with regard to the signs of a and r if they be not 
both 


Putting h^pcosof a=>p<iina, a<ir, p positive, Me have the mtegials 

r* smrxdir ir . v -nr sin a / v 

J-oox(x^-^2pxco3a+p^)^p p^sina® bm(3?rcosa a), 

r 1 — 5 = — — — e"^®“*cos(j3rcosa), 

J-oD a?*— Sjpo! cos a +|> lisina 

r XBmrxdx ir -nrama , , \ 

/ -j — « ; — j = « ^ sin (or cos a + a) 

j-e jr- ^rcostt+l)^ sma 


‘bin( 3 M* cos a -a), 


— ZE — e ^®“*cos(j3rcosa), 
sin a 


‘ sin(j)f cosa + a) 


y-ar^-^rcostt+p' sma'' 

which again can be readily modified as before foi the cases m which 
any of the constants involved have negative values 

1064 Again, differentiating regard to r, we have 

r xcosrxj ^ 

and from this we may obtain the value of the integial 
- r xooarx , 
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Putting j;=6+s, Ii= T 

j-BB 

& cos &f cos fg+g cos 5r cos fz- 6 am &r Bill rg-g Bin 6rsm r^ 

fl 

since the other two integrals vanish, 

=6coair^c”®*'-8in6r7re""®* , 
r ^coarzdx v 

j-« (ir-6)^4-a^"‘a ® (6 cos Jr - a sin 6r J, 


/■" VQC^rxdi IT 

as" - 2jiicos,a+i)^“iSr5: ^ 

wheie 6=jpcoba, a—jiaiua, and it is understood that a is positive, 
p positive, sin a positive , and the formula can be readily modified as 
before to meet othei coses, and other integrals may be deiluced by in- 
tegration with regal d to r 

1066 The integral /=J^^ ^ay also be ob- 

tamed m the same way Put x^h+z 
T_ f ^ cos r2f-|-cos hr sin rz , 

for the second integral vanishes 
Since f - — — ^ da, = - nog hr 

(a; - J)H a ® ^ * 

r ^inr* , __ . 

/* rcosrr , ir . 

(2>co8jf-a8intr), 

r ^binrr , ,r . 

/— (jb - jy +a^ ® (a CO** &»•+ 6 sin Jr), 

It follows that by differ entiating n-1 tiaies with respect to <t« we cau 
obtain the following integials 

r vcoarx , 

J-co {(^l.J)i+a^n c(v=Pb coBbr-Q bin hr , 

r __±^rc , . 

j-ao {(-p ~ J)-J+a^« dc^q cos Jr +P6 sin Jr, 
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(n-1)' \^da) \ a } («-l)' VSa**; ' 

1066 It follows that if /(») and ^(») be lational integral 
algebraic functions of x, of which the degree of f(x) in a: is 
lower than that of <f>{x), and if the roots of ^(a5)=0 be all 

unreal, then since may be expressed as the sum of a set of 
^(®) 

partial fractions of the types 

Ax+B A'x-\-E 
(x-hfW' 

the latter only occurring in the case of <j>{x) having repeated 
imaginary roots, we can obtain the value of any definite 
mtegial of either of the forms 

f ^^sinradB or [ ^^eosnrda: 

^ , r oosnede J f cos»w 

^ ^ J- (P+aS)(iH+P)(?+?) “ * (a» - V)(a^ - ^^+ 

Vtt 9 r amrxdr , 

^ * J— (^■‘+a*)(a!»+6»)(r^+<H)“ 

1067 Integrals of the class | 

conveniently treated as follows, without the formation of 
a differential equation as used in Art 1060 

Putting partial fractions, we have 

11 g —g cosax 

a;2n_|_^2n~^2n-l ^ (OJ-g COS Qx)® + a* Sin* Ox ’ 

where ax= ^\"^ and ax is less than v for the whole range 
291 

of values of X from 0 to n — 1, and sin a\ is therefore positive 

r cos«! j 1 (a-xco8a))(MBrxdx 

J_« a!*»+o®»“® V J— (as— acosax)*+a.®sin*ax 


1067 Integrals of the class 


■ dx may also be 


f* eosrfl? J 1 ^ f” (g— geos ax] 

J-oo g®"+a®” -Y J-* cos ax)® 


= — «““x{cos(arcosax)-cosaxcos(arcosax+ax)} 

^2n-l ^ gin I ^ 

= — sr:5 S oa+ox) > 
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and since the integrand is not affected by a change 

of sign of X, we ha\ e 

f” eosra? 1 f” cosra? , 




— a» nn 


2A+1 

2n 


.(« 




•) 


Ihe other membeis of the family of integrals obtainable from this are 
/“ binrif , , 

iQ integiation with regard to r, from r=0 to r=», and 

r vhinrv /•” v^Qo^rv , /** ^»smn? . 

Jo a*" + a*« ’ Jo + Jo iin+a*n 

the latter system by differentiation with legaid to r 
Since 


- 


we have 


e *’ "”*sin(arcosa+a)=ae-‘‘’“”“8m(a,ooso+2a+0 


f 

Jo 


„2\+l 


where *>2n-l, which gives all the mtegials fiom 
r rainr jT , f^r^*^^wnrr, 

Jo + 

Tile integial j 


sinrj? 


T — a» sin 

0 


27W*“~^ 


lb of the foim 
2X+1 ^ 

sin^. 


2A. + 1 


2n 


e 2 n am far cos -^-^TT 
0 \ 2n 

wheie -4 IS a quantity, independent of r, to be found 
And since the integial vanishes with r, 

2 sinf — — — A— ^ 

2na*» 0 \2j 2a^’ 2a^* 


-I) 


r° ff TT — arsinHiilfl. / 2A.4-1 \ 

Jo ^(a?**+a**»)“^ 2a*“ 2wa*» 0* *** cos^orcos — -tt j 
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dx IS discussed, 


1068 Those interested in the history of the subject may 
refer to an aiticle by Poisson in the Jovr de V£cole Polyt , 

XVI p 225, where the integral of dx is discussed, 

and to articles by Catalan in the Jov/mal de Mathimatiques, 

vol V p 110,* foi integrals of form 

1069 In the same way we may evaluate the integial 

r COB rxdx /a>0\ 

Jo X*" - 2a*".jt*“cos 2na + \a < ttJ 

with its attendant family of integrals derivable by differentiation and 
integiation with legaid to r 
Foi 


1 1 ^ a Bin sm (2n—l)x 

Ln 2 naa**»“^'^ (A-acos x)*+«*siu*x * 


- 2a***a;*»coa 2na + %n sin 


where x=a+— , the summation being for 2w consecutive integial values 
of A, “ 

And it IS to be noted that x is greater than 0 and less than tt (and 
therefore sinx positive) foi values of X such that X — > — a and <7r — a 
respectively, 

. no. j \ ^ 

%e X> and X<7i 1 

TT IT 

te for X=-i, -^+l, n-i-1, wheie h is the greatest integer 

in — j and that sinx i* negative for values of X fiom X=7i-i up to 

IT 

k— 2 n — h~l 


r coBradx — _ — f — ^ *’'®'“Xcos(at cosx) ifbinxbe+” 

J — a cos x)^ + a^sin^ x <*sinx 

and = ^ ^ cos cos x) if s>in x he ~ 

a sin X \ 


r acosr^dr ^ «-"“”Xcos(a» cosy + y) if sinx he +" 

J „«(a7 - a cos x) + a*sm^ x X 


e“’’““^cos(ar cos X- x) if sm x tie 


Gregory, ExampleSt p 486 
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Hence 2wsin2OTa^ / 

IT 


n-t-i oralny 

= 2 

-* sin X 

2n~t~l .Oismy 

- 2 

n~k Sin X 


cos rv dv 

ar*® - 2a***a7*” cos 2na + a*”’ 


[sin 271X cos (ai cos x) - sm (2« - l)x cos (ar cos x + X)] 
[sin 2»x cos (ar cos x) - sin (2» - 1) x cos (ai cos x -- x)] 


2 «"““*‘*“Xco8{arcosx“(2«-l)x}- 2 «®*®“^^cos{a; cos x + (2rt- l)x} 


where I is the greatest integer in ~ and x= “ ^ ~ 

v ^ n 


Also, since the integrand is not affected by a change in the sign of ^ , 


ja 


cos izdz 


^-IL 


COS rvdi 


-2a*»a»co32aa+a*« 2 J_b *‘«-2a*»®*»cos2Ma+a<“ 

The attendaat family of intf^iala formed by diffeientwting 4 m - 1 tunes 
with regard to » can now be wntten down, and aie of type 


4»sin 2wa 


Qin-jh-i 


^''CObl 


.(»t+p|) 


d% 


iK*" - 2a*”r*»cos Swa+a*" 

= S «~“’'"*co8-[®cosx-(2a-])x+p(|+x)} 


2a-l_l 


- 2 


w« {ffl c<mx+{2h- l)x+p(g-x)}* 

“• ‘“““s 

4ssm2»a — T sinirrft 

T Jo v{^- 2a“i*»c<w 2 mo + o*») “ ®'“ ^mo 

_ ^“‘*cos{aroosx+(2n-l)x-(|-x)} 

sas y -“orainv^, , fti-i-i 

i « ^8in(orcosx-2»o)- 2^ »“''^*8in(arco9x+2»«xX 

i and X being as defined before 

1070 It will be noted farthei that the integial 

cosrorcKa? 

*‘"+2o“r»oos 2 nfi+a^ 

and ite accompanying &mily of mtegiaJs can be deduced from the above 
ramilv by wiiting 
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PROBLEMS 


1 Prove that 


a * «-"oos hi (foT + r f* e^ain fee (tel - e-®®*/(a* + 6*) 

CO J U«, J [7,1893] 

I oo U __ 

^ show that 

Hence calculate Un where n is any positive integer [TBnory, 1881 ] 


3 Show that 


* r^sm*aj , 1 , 625 




[jS, 1891 ] 


4 Evaluate [Ooxxeom. 1879 ] 

5 Deduce from the integral r 

6 Find the value of f f ^ d®, where n is a positive 

teger •’® ^ ^ [Math Taiv , P» 1 , 1890 ] 

7 Sbowitat f. [M«»n 

9 Show that, if p bo a positive quantity, 

f- sinhpg / 1 L__'\<to=ilog?i±^* 

Jo * VcoshjWi + cosaiB ooshpa + coste/ 2 


6 Find 
integer 


[ft 1891 ] 


[Math Teepos, 1890 ] 


10 Prove that 


!:iog3, TTt 

' ^ Jjsmajcosa; 4 ® ' ' Jj^^smtccoso? 

1 1 Prove that (cos* 6 + dO = 

where w is a positive integer [Mat: 

12 Prove that | 6-**cos27Mjda;=N/?re-«* 

<•0 T>_ A. f*sinra; oosha;^ , 

13 Prove that 1 — = (iSTj 


= irtanh"’^(tana) 

(n-iy 

l)(Wf+2) (271-- 1) 

[Math Tripos, 1880 ] 


® sin rx cosh z6 


dx=^(io\rH 


coshajg 


[e, 1883 ] 


[a, 1885 ] 
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14 Prove that |]°5^tanhf&!=log(ooth|) 1879 

du 1 

15 Prove *1^* Jo (e coah « - 1)" ° - 1 )"-* ], ^ 

if (fi COS ^ + 1) cosh w - 1) = 6® - 1 

f * cos ihi tanh x 


[Math Tscpos, 1886 ] 


16 Prove that 


dsb = log^coth hr 

[Math Teopos, 1889 ] 


17 Prove that, if a lies between -3r/4 and 7r/4, 

J ' ^ TT cos a 

0 1 - 2 sm 2a cos 6 + cos® ^ “ i72 cos® 2a 


18 Prove that 

19 Prove that 4 

20 E'saluate 


2n sm^ 


Jo (1-** 

tr-^=2 P— ^ 

Jo jo(l- 


[IfAKH Xbipos, 1886 ] 

L8, 1888 ] 

^={£M! 

I!®)* (2B-)i 

CTaiNiTy, 1889 ] 


(«) (J) e-**!* 

(e) «-*•[ x*e^dx, (d) a»-»’f*e**rfr, 

, Jo Jo 

^nere m each case x becomes infinite 

21 Prove that f e-»-?^^&:= 5 Coth<H- ^ 

Jo sinha; 2 2 t 

22 Shovv that r cost 

Jo 1 + *^ J, (l+a^)2^’' = 7jo 

[Math Tebpos, 1876 ] 


23 E\ aluate 


-52 

J-C0I + 


cosmx 


x^a^ 


.dx 


24 Pro\ e that, if m be positive, 

r COSTTir , fl- 


[Math Trbpos, 1892 ] 


[Math Tbtpos, 1892 ] 


25 Show that 


r -0 , [Laplace, Mem de Vlnst , 1810 ] 

/ % oosxd x ner-a. 

^ ^ Jo + + 

[Math Tbipos, Pt 1 , 1914 ] 
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26 Show that £ [S, Ws.l883] 

o-y oi. 4.1. 4. a,sin6r , Tre-^-er^^ + 

27 Show that 


28 Prove that 


i: 




r 

( 1 + 2a; cos a + a,2)«( 1 + x*^) ) q ( 1 + 2a; cos a + a,®)’"- 


29 Prove that 

30 Prove that 


j: 


1 / 1 

“ 2»^(w - 1 ) ’ Isin a da) \sin aj 

[WoLSTEiTEOLMB, Mdwi Ttmes ] 

Sin ttx j 

x(l - a;2) "" [Math Tbip , Pt II . 1919 ] 


f* fl* r 2 12 1 

I e-”‘‘-^d'c = s i 1 - 7a w + To a r approxitoately 

J» 2 a + » I ( 2 a + n)* ( 2 a + «)V " [ 7 , 1891 ] 

31 Prove that (a^sm ^)rfa=^ sing ^ ^^^2 ] 

32 From the integral J e ^*dx == g s^ow that 


a 


a*coseo*& 


drde- 


Jo Jo [Trinxty, 1886 ] 

33 Express the sum of the senes 1 + a^^i + a;*^^+W^+ (ui inf 

by means of a definite integral, x being a real quantity less than 
unity. ^ [Tbinity, 1896 ] 

34 Prove the formula 

r ( 2 ^+ 1 ) ^ 1 

J-oo sinoa; a f^x J 


[St Johh’s, 1881 ] 


35 Prove that 


ff 


dxdy 

ryip-^-y)' 


■■log 


f l+i'l 
1(0 + 6)“ » 

I ^ 1 

I 0 * 6 “ J 


[TBiNrry, 1886 ] 


,\a^6 


36 Show that [ tan*"^ - tan”i t ^ = s log 

Jo a bx^ 2 ^ 11 

a^¥ 

[Bebtband, Cafe /nf,p 
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vheie 

38 


37 Show that I * 

[^e«du 

♦('>-J. „ 

Provethat f a-t“H«W kVa 
and deduce 

39 Having given that 

I 


[MATK 'Pun* , X'<Xi*| 


[Ht 1 


prove that 


I 


e *^(Lc 

'o 

•*> ^ ^ 

0 




« “® — > >Wv 
3?e ^(Ir- .- 


.ffi IHK' ] 

40 Having given that ^ ■\/^. tlit' ‘»f 

£ e-»*-oosii!<fo ICniaWiis. 1M7VJ 

41 Prove that | e“’**cos ax {(a* - 6) - 4 r*} rf* - I 

42 Find the value of | <?-"*** eos / rfr, 

and prove that e-»**s,n!Bdl [«, .Toim*H. » ««*« 1 

43 Provethat [“ w ainhu posat.i.- 

^ Jo sinr 1 +a,** l(^‘Rinhr ^ * 

integer ^ 

44 Starting with f a^^da; = , deduce f ! \ 

® Jo i’+l Jo ^ V ^ ^ 

Putting j? = W - 1 and(2'«?>v^ 1, deduce the values of tho int '‘5'* 


£■ 


^ COS hi - cos ai 
t 


dt and f 

Jo 


i 


lit. 


and veiify your results by a iigoious indcpondont method 

Show that f >;» 

Jo logaj ^ 


45 Piove that 


where 




[St Jown’h, imn J 
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46 Prove that 


[Math Tbipos] 


47 Prove that 
f5 


J*^ (sin 2J/) cos xdx — ^ (costs’) cos x dx 

[Besob, LiouvtlWs Jovimaif xvin ] 

48 Deduce from Laplace’s Integral 




the results * 


|oSin(r»+^)rfa, = ^sing + 2a). 

£e { *•) co8|(i-a + ^^sm^|(f!B = ^e-'“«»»cos(2amn 0 + 0 

^ ''^*’^*°'*siu((*!« + ^)sinfl|(fa!=i^e-2««>’98iii^2asin0+0 


49 Prom Laplace’s Integral 


[Caught, Mem des Sav Et ] 


f* r 

e-«***cos2?»f?a;=-5^e a* 

Jo 2a 

deduce* | cosa^a^cos 27a;da;=^cos^j- 

I sina^aScos 2 ?jj da;=»^sin (^-“2) 


[Foubieb, T de la Chai ] 


60 Prove that if f{z), and all the differential 

coefficients up to the (r-1)*^ inclusive remain continuous from 
XI = - 1 to XI = 1, then will 

j^/(»’)(cos£B)sin2»'a;f?a:= 1 3 6 (2? -l)j^/(cosj;)cos?a;da; 

[Jacobi, CrdlesJ , xv , Qbbgob'S’, Exam^^, p 501 ] 
'*'8ce remarks on the use of imaginanes (Arts 1189 to 1201), 
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61 Prove that 

aj* 

m being a positive integer 


^^oostxdt-T^^m^ 


1 d\^-^ 


\z dxj 


[Cullen, Sdve Times, 14808 ] 


62 Prove that 


I 

J. *" ■ ■’(”) 

r being an integer and 1 > ^i> 0 [U C Ghosh, Sdue Ttmes, 14964 ] 
53 Show that if 

^=j* 6'^^ cos ba^dsL, e~^Bmbx^dx (a>0), 

then A^ + B^ and 2AB can be expressed in terms of elementary 
functions [Math Tbipos, Pt II , 1914 ] 

64 Show that =g tt ^ 3 loga 2 - 

[Math Tbipos, Pt 1 , 1887 ] 


55 If 

sin X-X — ir-'i 

31^51 


and 


_l/ l\n X 

^(271-1)1^’ 

prove that 

rf'^=i= 



Jo X 2 . 

Jo X [Math Tbipos, 1876] 


56 If a and y be positive, prove that the value of 
r 8in(yc)cos(fla;) ^ 

Jo X 

is Jfl* or 0 according as y is greater or less than a 
By multiplying by e-^v cos cy and integrating with respect to y 
from a to Qo , or otherwise, piove that 

r _(a^+^^-c^)cosga! 1 ^Jcosoe-cBinae 

Jo (!sl + i=‘-<?!)s+4W®®~2 • 


a, h,c bemg positive constants 


ja + ca » 

[Math Tbipos, Pt n , 1920 ] 


67 Show that 


1 *.^ 


- 4:6) tan 9 


- dd = TT^log 2 - 

[Tbih Hall and Maod Coll , 1881 ] 
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58 Show that if a is positive and less than w, 

Jo jV- 8m » sin ^ sin alogcos^) 


59 Prove that 


[Math Tbip , Pt II , 1884 ] 


Jo vsmc# jovl+sm^0 

1 2 6 1 
“ 4V2?l3^2 rT'^3 


2 6 10 


3 7 IK / 

(For other similar results, see G H Hardy, Educ T, 14055 ) 

60 Show that 

£ -xy-Y(l - y)''-i(fa!iy=^^i^^£/(*)(l -«)»‘+>’-ida 

[Math Tbip, Pi I. 1894] 

61 If 

Oj* f 


X* 


2"r (714-1) 

VIZ Bessel’s function, show that 

g-n 


2 (in. + 2) ■*"2 4(2»+2)(2»n-4) 


- |, (n>-l), 


W 


: r 

,714- ff)Jo 


2^^/^T(n+ |)Jo 


cos (x cos </>) sin®" ^ £?<#>, if 7l> - 


and 


(«) «>)-5£ 


cos (n<f> - X sin </>) d<l>, where ti is a positive integer 
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LOGARITHMIC AND EXPONENTIAL FUNCTIONS 
INVOLVED 

1071 In the class of definite integrals we are about to 
discuss, it will be convenient to remember the result 

£fl!l>(loga!)»(fai=(- 

This IS the result of integration by parts, 

£ ®*’(log as)" (log £ *** (log 

=(“l)*^^j^£»'(log»)""* <^=etc 
^ ^ (p+l)»+^ 

Or we might obtain the same result hj the transfoiraation x=e~^j vi/ 


.(-l)n l’(”+l) 

' ' (p+l)"+i ^ '1 ( 


«• 


(y+l)n+i> 

indudingthe caaej^* GogJ’)’'dii;=(-l)«r(«+l)=(-l)*»i 

1072 Agam, let F(a!)sA,+Ai!r+A^+A8a?+ be sup- 
posed a convergent senes for all values of x between *=0 and 
x= 1, and such that 

£t«_iF(®)^logiy 13 zero or finite when x= 1, 
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so that even when the senes for F{x) ceases to be convergent 
when 35 = 1, the final element of the summation indicated by 

the integration | will have no effect Then 

we shall have, by putting 

I =P ^log J e‘^F{e^) dy 

and therefore I can be expressed in finite terms whenever F(x) 
IS such that this series is capable of summation 

An extensive class of definite integrals arises from this fact 

1073 It will be well to recount several previous results 
obtained We have now used the symbol 8p to denote the 
complete senes 


and the numerical values of 8p up to S,, are tabulated m 
Art 967 

X 35^ 35^ 

Also, if sec!i!+tan»=l+irip+ A'gp+A',y|+ , then 








=l+(-i)’^‘+(i)”+H (-■!)"+"+(})"+*+ ad inf, 


8, 


and rules were given {JD'iff Calc , Ait 673) for the calculation 
of Kn, the results being 

K^=l. K,= l, K,=2, K,=5, K,=18, 

K^=61, if, =272, A:8=1385, AT, =7936, etc. 

being the w*** “ Eulenan ” numbei , whilst A’jn-i is 

22n/2^** 1) 

the 71^*" “Prepared Bernoullian” numbers ^ 

jBjn-i being the Bemoullian number itself 
Also we have seen that 

- ^ =JL+J-+Jl+J_+ 

■1 — lSn~ 2*" ' 3®*^ 4*®^ 




“2(2n-l)'(2*»-l)- 
Tr*»+i ^ 1 


■ B., 


2**+*(2n)i 


+ 


1 


2{2re)' 


“l»n+l 7*»+l 


Jji 

■22n+a(2n)> 
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and we have the paiticuUi lesulle 
I 3^6 

i-i+i- 
i-i+i- 

16 36^56 

i+i+i+ 

3 > 


=?(Enlei) 



="55 (Tchebechef) 

OSS 

i»+3»+6«+ 


“^5 (Tchobechof) 

1+ ^ ^ -1 

,;*(K«leO 

=^(Eulei) 

r2+3"4 + 

- Ic>g2 

-i+i+l+i+ 

. + 

* I*" 2*’~8>’ •V~ 

•=(lr 

-('■a')*''-’! 



1074 One class of senes of this natiuo will not bo obtaiiu^bh* 
from the tabulated results of Ait 967, viz 

I ^ J 1 _ _ , 

lin 3an"r Q2n 72 n">" g^n > 


and so far as the author is aware the values of this serieH fot 
various values of n have not been tabulated, and it wonhl 
appear that there is no method of obtaining the values excM'pt 
from the senes itself or from some tiausfonnatiori of it 
render it moie rapidly conveigent The most tioubleHoxne 
case foi direct calculation is the case when -1, on account 
of the slow late of convergence But in this isolated case, vi/ 



32^52 72^92 


the value has been shown by Mi J W L. Qlaisher to be 
09159G 55941 77219 0150*5 
{ProceediTigs of the London Math 80c, 1876-7) 

Mr Glaisher arrived at this result by means of the identity 


a form of Gregoiy’s senes, which upon integiation yields 


tan ^ tan*a» + ^ tan*a - 




1 l^r. 2 T* 27 * 

2 Jo L 7 »-ir*''‘ 7 ’- 2 *ir*" 
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and expanding the fractions in powers of T and integrating, 


where 




im 2**»'^3**» 4*»'^ \ 2*"/ 


whence, putting ^ for a?, Mr Glaisher obtained the remarkable senes 
, TTX 1, ,7rx , 1. girv -.Sj, *1 

tany-g-,tan*^+gitan'T- + J' 

and putting «=4, »a's ji- 3 ,+g,- 7 ,+ “2 Li'''3 2*'''5 2*+ J’ 

whence the value above given may be deiived The details of the 
calculation are given in Mr Glaiaher*s paper (loc at ) 

1076 It IS to be remaiked that in approximating to a case of the 
general senes p-^.+^+^»- * i* 'w® ®”y specified nunibei of 

terms, the error in rejecting the remainder of the series is leas than the 
first of the rejected terms if 


then 

and since IF*)'’' > 

and the error in taking 4 terms lies between 0 and ^ Similarly, and 
more generally, if we retain r tei ms the error is less than the (» + 1)“* term 
The series for Sq, etc , are much more rapidly convex gent than that 
for and therefore the calculations diiect fiom the senes are much less 
laborious 


For immediate convenience we may note that to six figures 
52 = 915,966, 54 = 988,944, 

5e'= 998,685, 999,850 


1076 The integrals which follow are ananged in gxoups according to 
then forms Where it is thought necessary the working is fully given 
In some cases two or three of the steps aie given, and in other cases 
merely the result is stated It is intended that these should be worked 
BT THE STUDENT FOB HIS OWN PRACTICE In bome cases it Will be seen 
that by treatment of the same integral by different methods various 
identities may be established 
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1077 Group A Examples of Integrals of form 


ffiM 

Jo l±‘X 


flog I 

1 I=Jo Putting \ve have 

i=j[“y(r-+f^+r-.'+ )g^=l,+|+J;+ =J 


2 Show that 

3 Show that 


I )“2<S’s- 

lowthet / 

Jo 1+^ 2 ^ 


2 40411 


sr/ y 2®^i-l _ ^ 
+^*' 


4 Show that 

Jo 1+^ 2 ^ 

5 Show that 

Jo I- c 15’ Jo ij^x ^ 120 

6 Show that 

Jo 1-x — dx — 

7 Show that 

fYlogif rflog-f 

Jo “l-x '^=(2«) ' -SkH-i . J, «i»=(2») I 

It w to noted that integrals with integrands of the same ohaiacfcei 
as the above multiplied by rational integral algebraic polynomials 
present no difficulty, thus 

ri r 

® Jo )‘%'=p+|3+ 

1 1 ^°g ~ 

9 Show that / x» fdx=2[f_i_i 

'o 1 — T s 1* 2* 

10 Show that 
ri 
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1078 In some of the simpler cases, viz -when the power of 
the logarithmic factor is the first, we way write 1 y for », 
and expand the Ic^anthm 

Thus 

” )-? 
Exaufles 

1 Prove that j, taah %— =j=j^ famh 
S Deduce from (2^ Art 1077, by putting j;=taii* 6, 

J^tan log cot 9 ^ 

3 Deduce from (6), Art 1077, by putting x=st?6, 

T 2 ^ 

^ tan (log eoaec 

4 Prove that 

X 9^1 — 1 ir^ 

tan 6 (log cot 0)*«-i(ie= gj^+r" 

1079 Group B Examples op Integrals of form 
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and in the same waj as 8, 9, 10 of Group A, prove that 
n ^ 

8 a; ■ ^ [EulIiR, JVov Com jPeiyVol six] 


9 




8 




n Putting a?=8in 0 in Ho 7 (1st part) and a?=:tan^ in No 7 (2iid 
part), show that, if n be a positive integer, 

» » 

(i) seed (log cosec d0 = cosec 6 (log sec d6l 

4?i 

* 

(ll) ^ (log cot 6)^ d&= 2 ^n+J 


1080 Group C Examples of Integrals of type 



p and q being positive integers (^^q) 

1 Putting we have 

ie=j[ 3i»(«-*+2a-*»+3«-»+ )iy 



“P'(i^+2^+^+ ')=p'S, (y>l) 
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Prove that 


rViogiY P log^ 

Jo ' ( t+ I f ^ Jo 

ffiog-T , 

Jo7rr^‘**=Ft< 

ro-9' 

•^0 (l-a;)« 


j + 3/SJ»_i + 2*Sp) 


I (^J»— J+8 “h ■^I'^p-ff+s ■^" 2^p)> 


where P,. is the sum of the products r at a time of 1, 2, 3, (^-2) 

fYioglY 

^ Jo '(l'4-'^»'‘*®“(y- +^t-iPv\ 

where <r,=p-i+i- =(l-J)<S, 

» f (Putr=t»n0m3) 

IT 

10 f Sin 20 log cot log 2 (Put fl?=tan*0 m 3 ) 

Jo 

1081 Group D Vanous Forms contaming Radicals 






1.1 1131.135 I 

-ia+2 2^'*"2 4 3^ "^2 4 6 4a'*" 

Again putting a?=8ina0, 

/= — log sina0 2 sin 6d$= — 4j^ sm 6 log sin 6 dO 
= -4 j^-cos 01ogsin 0+logtan|+cos 0^^ 

n 0 0 0 0n^ 

= - 4 [_coa e(l - log 2)+ 2 8m» I log sin | - 2 cos* ^ log cos g I 
--4[log2-l]-4log| 
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Thus 'we have the xesult 


2 /= 


4logg-p+g 2^+2 ^ ^ ^ ^-2+ <idi7\f 


jT [Euler, -Vow Com Petiopol ^ xix , p 30 ] 

Puta?*=sin^, /«jf sin*dlogsm^cf^=J^ ^ dm Odd 

=.i^*log»in « [?I^^ logam 5 J +| cos^6l rftf 


IT , 1 , 9r TT, e 

“4*‘'«^2+8=8l'’S4 


3 Eind the values of 




Since 



sin (9^1 

|^0+sm20+|8in40+jsin60 + 


we have 

+j^,in(2»-2)«+^^ 

Sin 2n0 j =ssin 2/i0 cos 0» 

fbin 2n0cot0 rf0=0+sin 20+®-“^^+ 

2 

, Hin(2/i-2)0 , ain2«0 

■ »i - 1 + 2« • 


also Jsin 2»0 cot 0 rfd = sm 2n$ log sin 0 - 2/i j" cos 2/i 0 log sin 0 0 


Hence 

Again 


/= J^coB 2910 log sm Odd-- {n > 0) 


4/1 


{•'*^^*1 “ 2 "‘CV-i cos 20+2 »»C^j cos 40 - + ( - 1 )«2 c os 12// 0} 

7's siii*»»01ogsiu 0<f0 

=p»{*"i?.|log|-2»<7^>(-l)+2««CVs(-|)- +(_i)«2(_.^J} 

=2^1 +(- !)"-> 

Putting Bin d=x, we have the value of /’5*”W*’ j, 

Jo Vi-ii 






-I+l ULi ij. 
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Again putting ;t;=:Bin 0 , 


•^0 jrrp Jo 


logBm^rf6=|-log2, 


•^0 s/rr^ Jo 2 

'whence it appears that 

’Ti o 1^1 1^1 3 113 6 1 , 

2 3^ ‘*’2 4 62 *^2 4 6 7^'^ 

1082 Qboup E Gases ul which the Aigehraic Factor is the 
Geneiating Function of a Eecuxrmg Senes whose Ooefflcients are 
Powers of the Natural Ntunbers 

= r >*<<r»+2*<r»»+3*«-^+ )dy 




)-f 


ProTe that 




‘ l+6j;*+a7* 




(2ii+3)(2tt-h2)(2ffl+-l) ^g^jwi 


e2a?=2* 7 ir* 


8 jr‘l+^^(logl)**^<iu=(n+l)(2«+l)(2,r)«i?*^ 
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10 If «(,, flfi, oj, be defined by the equation 

a,-i = a« - (« - 1)« + - 2)» - +(-!)•“' ft _i 1 " 

for dll values of s from s=l to «=w, then 




«n-i 




dx 


_1 (» + 2ot-1)i 




It will be recognised tbat the several equations defining the letters 
Hqi ^i> ^a> 1) 

«o=l", ai=3"-(»+l)l« aj=3»-(«+l)2«+i^i^l» 

etc, 

ai e the results of equating coeflBcients m 

up to the coefhcient of And it is known that 

(;i + r)n-«+i(7j,(^4.^_l)n^. _ l)n 

vanishes for all values of r fiona 1 to oo, being the coefficient of in 

e(r-l)x(g®«l)n+i^ IB ), 

in which the term of lowest degree is 5 ?"+^ 

^ ^ generating function of the 

recurring senes 

Therefore ^ 

=(«+2w-l)'[j^+^+3^+ ] 

=(n+2„i-l).[-^+^+^+ ] 


1083 Group F Gaps in the Development of the Algebraic 
Factor 

Let a and jS be any two pnme numbers 
In the senes foimed by the development of 
a? xf*- 

l-x 13^" rr^ ascending powers of a (x<l), 
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the subtraction of i from the com- 

plete seiiea ^ ^ 

+aj’*‘+a?^+^+ , 


leraoves all terms whose indices are multiples of a 

The subsequent subtraction of ^ ^ removes all those terms which 

lemain, and have indices multiples of jS, restoring with the opposite sign 
such tei ms as have indices multiples of ajS 

If we now add a we are left with the complete senes with all 

teims whose indices contain either a or as a factor removed 
Exactly analogous to this is the effect of multiplying the senes 

2P+2p4-gp+^P+gy+ ) (p>l), 




s s 

For jgpSthe complete senes S fiom which terms m which the 

denominators are multiples of a and P have been removed, but those 
whose denoniinatois contain both a and fS are restoied with the opposite 

bign, whilst m the case ~ terms occur whose denomi- 

nators contain either a or /8 as a factor 


Thus 


=(2«-l)'[{p+^+^+ ]•], 


by puttmg as usual, wheie the double bracket indicates that from 

the senes included all terms have been removed which contain a and not 
j8, or j8 and not a, as a factor, whilst teims with both a and j8 as a factor 
occui with the negative sign 


And 




=( 2 «,-l)' (l - 7 ,- 
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It may be noted that 


and theiefore 


Xfe- 


p®* 




l-a? i_i« i-xf^ 


W c 


- :L_ « 'I (S’r)*" „ 


whatevei numerioal values may be assigned to 7*, ^ 

And more generally, if a, y, be any prime numbers, and if J^(^) be 
the function of x which would be formed by first developing 

(l-A)(l-i5)(l-(7)(l-jD) as 1-(A+J?+ )+(i5+ )-efcc, 
and then leplacmg 

45 by; 




ABOhy r— -r^» ‘^•nd so on, 




then F(x} consists of such terms of the series A+a;*+a;S+r*-+- as 
aie left when all those are lemoved which have a, /?, y or any combina- 
tion of them as a factor of their indices , and then 

j )dy, 

where the teiius in the bracket aie such that those whose indices aie 
multiples of any of the primes a, /8j y, are missing, 

If we press the theorem further, and remove all the terms fi om — ■ 
except the first, then if a, ft y, he all the prime numbers, ^ ^ 

r' r — ^ V . 'c* , -T/ 

'o Ll-® 

=(2m- 1) I (by Raabe’s Theoiem, Ihf Cale , p 109, Ex 29) 
And this lesult la a prion obvious, for the integral is merely 

•-V"-^rfy=r(2«) 
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Examples 


1 Thus we have 


r t ^10 ^ ^15 j;30 -|^ 1 ^ 

Jo Ll— A 1 — 1-jfi ^ 

“I PA WV W“T~^» i 9 26 T-IE 


2 Prove that 


/> r* 1 + j , 1 , 4ir* / \ r* 1—^ 1 1 j S’!"* 

0 ) X rrp>0«5‘^= 27* Jo 27 . 

, , r'l-r/', (3*«-»-l)(3*»-l) „„ 

Jo r+p(*<»«5) — 25^3* — 

3 Piove that (log 

4 Show that (log 1) *’=^(l-^)(2’r)“-B2»-i 

5 Show that 

where p is any piime number 

6 Show that 

^ l±l±^±l.(log =:^(l - Itn+gSi) ^>»-l 

1084 Lunits 0 to oo 

So far in this chapter the limits have been from 0 to 1 In 
some of the cases consideied the integrations might have 
been taken from 0 to 00 , egr in the examples of Group B. 

1 

-(j' integral put «= 


Jo nr?*'=2Jo 8 4 


1^ I >3 
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J //I r\ 

l+ ‘P^~Uo li JT+^^ The second integral IS 

T+P'*''’ 

rsi*- 

_ir»»{2*»-l) „ 

2S 


and so on foi other cases 


1085 Group G 
Integrals of the class 


J„(l-a>)» 


n>l, 


form a group of some interest (Cf Group C, Art 1080 ) 

We have putting in the second 

of these, ^ 

■^“io (g-i)n (*°g‘»)’*<^» and putting a!=e-, 

Z=j[ ««{l +«-("-«)■} j«^+ne->«+!!l^:^e-»'+ jd*, 

the expansion being convei gent as er* is < 1 foi all values of z between 
0 and 00 , 

I=r(n+ 1) r — +2 -L I »(»+!) 1 »(w+l)(n+2) 1 

' /Lin+i+i 2n+i+ j 2 3»+i^ 1 2 3 4»+i"*' 


I ^ l” ^ I »(»+!) 


, n(n+l)(»+2) 1 

'■ 12 3 (n+2)«+»'' 


(»_l)n+i in»+i' 1 2 {n+l)«+i^ 12 3 (n+2)« 

« TO 1 . r(«+l) 1 r(»+ 2 ) 1 , 

L 1 l«^ 1 2 2«''' 1 2 3 

. r(»-i) ,r(n) 1 .r(n+i) i ,r(«+ 2 ) i . n 

(»-!)" 1 n»^ 1 2 (« + !)"■*■ 1 2 3 (w+2)*''" J 
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3 4 


2« 


n ^ 4 5 


3* 


i!L±D+ 


And if n be integral, 

,..[11-^+ 

. 1 2 (»-2> . 2 3 (»-l) . 34 » n 

(n-1)* n" ’*"(»+ 1)" J 

^*^" (r+l)(r+2) (f+n-2) j ^ **2“ {f-(n-2)} 

ta>l r- n-l ^ 

’Y (^+l)fr+^) (f+n^)+(r-l)(r~2) (r-^2) 

rol ^ 

The case of this when » is even is given by Wolstenbolme, [Prob 1919] 
If jSfpSB^+i+i + and Pp stand for the sum of the products p at 

a time of the first a- 2 natural numbers, this result may obviously 
be wntten 

J=2n(d2+/j54+P4dfg+-Pefl^8“^ ), 

In the case when n— 1, 

-[ S*’*r 

of which the second portior is infinite 

TT® TT® 

The first part is finite, viz 2 

Ezauflbs 

1 £^^SlJai=£z^a){e-+2e-^+3e->*+ }& 

=4(^ji+2,+3j+ ;= 3 

2 Prove 

and so on (Of Examples 1, 7, 9, Group E, Ait 1082 ) 
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1086 A Q-eneral Pnnciple 

More geneially, it is an obvious principle that if F{x) bo 
any function of x which remains unalteied upon changing 

X into its leciprocal if J?*(a5) be a symmetiic function 

1 ^ F f 21?) 

of X and then, provided remains finite fiom 2 C = 0 
to a? = 00 inclusive, 

Pot 

and changing aj to i in the second integial, 

Hence !/(*«) 

Similaily if F (i) = -F(x), F{x) ^=0 

1087 Again, if the value of any defanite integral of the 

dz? 

above form, viz Zs I F(x) — , has been found, F(x) being 
Jo 

a symmetric function of x and the value of Z's f ^ 

can be at once obtained, where n may have any value Foi 
in this integral put - foi x 

y 


y.iy r i-F{x) dx 

J. i+r ^ y “Jo 1+*’^ * ’ 

27'= r ^ 4 . r ^ 

Jo 1+2*?^ 2t? ’^Jo !+»" X 


r=ir. 


Hence 
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1088 Siimlarly. if F{x) be a symmetric function of | and 

, SO that , o 

F{x)^F(a l) = F{a 


(Jb 

then putting » 
I 




i — t 

. r F(x) dx_ \ 

1 rii^Flv) cht 1 r x'^Fjx) da 
“a»Jo o“+J/“ y ““Jo a"+®” ® ’ 

! " 1 . ®“ 

(jn^X^ ^ ' X CL^JO ® 

Jo o“+!C" X So^Jo » 


1089 Again, if F(v) be symmetno m ^ and p ao that Fix) )• 

Tor wxiting :c*=», we have 

r r T=i(f + 0 

Putting «=^ in the second, 

f'CiT-r '■(t)'-’’"-! 

We note also that it is therefore proved that 
Again, taking jj ‘f P"* ®=T’ 

—=J^ similar results 



OUAITKR XXVIT 


202 

10(K> 


ItttK) Him‘« / * /? • Ui.it 

I . I jc M» 1 1- 1 a 

Jo * 

I" (2e /'• 1 dae I I" I dx V 

L (1 t »')(! ( '") M' M *)(l ) )’*)Jr a /o t f I ‘ ( » 

HiiKO 

T-J— Ttaii-‘'T 
I (i'-* 7 X lo i a L re^Ja I ’ 

1 

, r I 1 rf< 1 IT 
L."h«-T377^. 

1^* <»■• 

.1 . r •<*' ^ 

/, (.<1 1 »')(«" 1 1") ««**' 

1001 It lollowH ftoin Alt 10H7, that wnco th(> (‘Xpu'HHuin 

« - I 0 

1 by writing ^ loi x, willing j ■* tan , 

^ Jo 1 +a!" X 2 J 0 Nl+ay*/ X 

a traimfoi matioii givon by WolHlonholini* {Mhc Times, 

Wn may alHo wui Iho tiuth of tUw losult by dilloiontmtiou \uth 
to n, wliK h gives 




and wntmg ^ foi »» 


Vn h; di dl 

J„ T^TTF' 

()> and I iH tbeiafoio %ndeptmdeint of n, and tlmiefoi e the ‘uune a-i 
if n 0» t ^ 


f ^(1 1 2. \( 

J i \ i’* r a/u \i W7 


Ihitting * f<»i i, it followH that 


r 





' /’ 


a** \ ^ 

a»h 


^ /J 
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1092 Thus, if F(z)—Zy we have 
r® dan 


r® dan 1 ^ 

J, («‘+**)(a»+5S)"2a»t-^ SS“4a«+^’ 

01 if j’(s)=a^, p being a positive integer, 

r 

Jo (a«+a:«)P(a"+^) 

_ I 1 — ^ j)— 4 2 / ^ 1 aa p IS even or odd 

”2** jp-1 jJ-3 ^ 

1093 Oonsidtor nert the value of I„s (log taax 6)^06. where 
u 18 any positive integer Put tan d=x 

^ '.-f 

In the second integral put 

/„=.2£i^(-0*. where *=(r- 

=2|" -«”’'+ )* (0<*<«>) 
=2r(2«+l)j^j^-3^i+6i»^5“ 1 


.2r(2*+i)^S^> 


(logtan 

and the values of JTj, being successively 

£,-l, ^.-6, 5o-61. i?, =1385, etc (see Art 1073), 

we have 

•'* r<P"8ec*'l 

1004 Since^^-coef of^,«the expansion of secs, le L-^ J^. 

I*""'”'’ 
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1095 Tlu‘ intt*Kicil / U 
Foi puttinj^ d/ ^ --</>) I 

A 

IIiMUo (logiciu OyW a<‘((>ulinfi; an p is cvon <>i odd 

AIhD <Oi0 - log t 111 f 

£ # /ttN ^ 

(l<)g< ot OydO Lj fCf, 01 (I, aooouling as p w ovon (vi odd 

w 5 

Uom'o (log Uii and (logtsit liavo lusni ('(nnjmtod foi 
all poHitivo intugial valuoH of 


1096 Let = f * (log am 0)^/M — f (log cos 6>)*VW, 

J» Jo 

/^szl (log Bind) (log cos 
Jo 


and 

Thon 


aJfi + a/^ [ (logHiud?H logiOHd)'*<fd^ 1^ (logHin2d/-l<»giiyV/d^ 

- (log Hill 2()y({0 il log 2 ij li^gsin 26> (W ^ (log^V 1 

■Wilting 20 - </», 

I \hi^ mi SOydO II (log sm</>)*(f</> f (logmn /p 

'O « '0 

I J I I ^ TT 1 

^ logsm261<i6* logHm</>f7«/> log Hin </> 


ail 1 2L Zi - 2 log a ^ log 4 (log 2y 


rir. 


Again 


/iHai, 7(ioga)« 


(A) 


211-2X2 (log Hill 0 -lofUiiMOyt/O JJ (logtimOydO ^ f (B) 


iw. 


'^(logay, 

• * TT* 

16* 

/ff /ff 


Holviug, Jj (log Hill (log ( OH d/)-dd/ ^21* 

TliOHo losultH aio duo to the lato I*i<»foHHoi WoIhIhiIioIiik* 
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Obviously it follows that 

log sin 0 logcoB log sin 0 log cos 6 (log 2)® - ^ 

1097 We may wiite the expression for cosec « in partial fractious 
(Hobson, Tiigonometfy^ p 335) as 

.1 1 .1 1 . 1 / A \ 

COBeC;8= +- — H “ ” «• ^ 

£ — ZTT g — TT g JB + TT g + JlT 

it being UTid&rttood that this doubly mfimte sen les eo^t&nds equcd dutaTu^es 
to infinity on eithei side of the cential term i marked with an asterisk 
A similar expression for cosec® « is 

* 1 1 

With the same undei standing as before [61 4, W olstenholme^s Problems ] 
The latter is obtainable from a consideration of the factorisation of 

cosh r+cos6 


2C08^ 
2 


*TT r iC® 1 

r»-.flo [ (2^ + I IT 4* OY J 


[vi/ equating coefficients of in the expansion and wilting ir 2« for 6'\ 
Diffeientiatuig the«ie expressions respectively 2? +1 times and 2r times, 

and then putting 


(2r+l) 


1 \”’+* /cos 

+ Ldg*^ V^in^/ Ja=5 


1 /ttN^+TcP*-/ 1 W 
(2r+l)'\nj L<fo"’V'»inVJ„; 

*1 1 ^ 

Now considei the integial 

■ifA) 


(AO 


(BO 






l+a» 


■ 


1+5^" 


l\*r+i 


-dr 


In the second integial wiite r* 
Then 




■*dx 
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/* tft 

(*' + 0'| '*'(S!«“ i)»H"(M- !)»►•■* l»^i '(J14 l)irH * (a/H 1)"** } 

1098 Again, if 


liuttiug * in tlu* HCHond iut«gial, 


l\«f-li 


. tit 


/i|^-in-4/ uarHl p<.-i»4.<.-(n l)y _ ^ 

~i) I - i« /o “ 1 whm« i 

ss J y^K{<j-i'-|-^Hn-l)j^^X |. 

sr 1 ^ ^+l{ 

/ 1 111 I 

-(JMl)'^ ■*‘(aH-l)^'H '(« («4 l)f h.*(a„ , ijn-iJ* I 

'<-->'(*:„.cr'‘c^(.,k)], . (:rm„L) u 

f ■(r'nx.'Ji :• 

ThcRO lOHults aio <Iu« to WolHtonhoIino * 

1090 QuoupH Legendre’s Buie 

0 an(l*»*wrol)toiV*'*'**** ~« + l " Ifolwwn liimle 

floiT/'^' ■^loga-tn) 


piovnh'd /* I 


^ Pioblemn, 1919, 41 and 42 


(1) 
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r 




log V 

Jo logjf lo log 2? ®\ 'n,J 

\r) be any polynomial in 'which the sum of the coefficients is zero, 

= il oz" + -4 1 ^ + + A + A n, 2-4^ = 0, 


dv 


■r 


log ^ ® l+n 


(2) 

(3) 


+ +-4„_ilog2 

log V 

=slog(n+iy®n^‘(n- 1)^* 2^"-^ (4) 

A he an operative symbol defined by 

an equation (3) may he wiitten 

7i = Alog?i (5) 


king ‘<it, 

-3 2 f ^ = 2 [log (2m +n)- log (m + n)] 

dm Jq logz 

tegrating with legaid to m from 0 to m, 

= 2[B!?^log(2m+,0-^^X-2[(»«+«)l«g(»‘+«)-(’”+”)X 

= (im + n) log (2m + «) - 2 (m + «) log (m +»)+»» log m = log « (6) 
niilarly /,=^A*«*log», /*=|iA‘n•log7^ etc (7) 

Dine of these integials’weie established by Euler (Cofo /»t,iT,p 271) 

general rule was given by Legendie {Svercisei, p 372) 


100 Kummer’s IntegraOs (Cielle, T xvii . p 224 ) 

’lotn equation (2) of the last aiticle, 

■'“Jo TTi- logx X 10 '' loS” 

a , a+c , a+2(! h±S ), 

=log^-logg-;^+log “Vi <x+e 6+2c a+3e } 

' “Jo l-r* log® « + ^ 


-f 

the same way 
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Putting c=l and «+6*=*l in (i), 

1 ^ 

1+J7 log a? X 

_ / a 2 f/r 1 a \ 

Jo 1+v logv^ 1 +rt 3 frr J 

f , _£® 1 1 

-It —*t 1 a- H (SrtV I I 

""“1 ] 1 I y , « .V (tin I)' y« < I ( 

I I-* a-* (a«-i)J ■iiHi I 

-log(|tan^x|)=loK 

Exampli>h 

rl <1 

I Deduce the mtegial logam (fdff - |1()K * the thooieiu 


- 2:*? cos Si' 008 ^+ 1 ^ 

- 2i coH j j 

[Lfslik EijLIS) Octm Muth Jou ) , V(>1 vn , p 2H2 ] 

2 Show that sm 0 log sin B dO 


3 Show that ^sin^^logsiu glog^Tf) 


[EuLsn, Noi-^ Com PeCtop, vol xix, p 30 1 

4 Rove that 

jr 

[()(ILI,KIKH /i, IWHt I 

6 Prove that jriog{l+tanfl)(it>=.|log ,2 

ITiiiNiTy, IHhft 1 

6 Piovethat j^tan^logcoaecdde-f^ 

w 

(Till MITT, 1H81 ) 

7 Piovethat jr 8 in 2 dlog(l+co 86 >)rf 6 l=J 

tPlllNITY, 1M80 j 


tfi 

Wl - 


7 r 8 m"^rt 


II I>, 1H«H ) 

9 Prove that [ C^Ydr-^r Yrf, _ 

'o\.l-«y J«\l + iJ j (Kt JoiiN’H, IHKI J 

10 Prove that 

^am Bina'tan->(lan oem » )rf, „■ ta,, " 

[ 8 t John’b, 1881 *] 



DKBTNITE mTEORAXS (n ) 


269 


11 Prov.ih.t/'iioed-,)*.^ [Oi™»,l r.iess] 



[Colleges 8, 1883 ] 


14 

15 


Prove that 
Piove that 



n j 1+2? coaa+t^ ^ 
lo “1— 2^cosa+aH v 


(1 


I ^ TT^ 

16 Prove tliat log ^ log (1 - - -g- 

17 Show that ^/^t+i^loga^=0 

20 Show that tan 0 sec 20 log cot $(i6=^ 


[Colleges y, 1882 ] 

where ?r>a>0 
[Colleges y, 1882 ] 
[St John’s, 1885 ] 

[Colleges 8, 1881 ] 
[Colleges €, 1881 ] 
[RP] 

[St John’s, 1882] 


1101 Group I Denvations from 

r cosec CTTT, (l>a>0). Ait 871 (1) 

Jo l+x Jo 1 + C6 

Put A=y”, a=^ Then 

71 


(o 1+r ^ h i+y“ ^ 


The case n =2 gives 


jo “1 + «* jo 

^p-l+^-rp^ 

1+57^ 

Putting j?=m+l, we have 


1+A^ 

Put JOBS 1 in (2), 


r dso _n 


Jo 1+57" Jo 

1+^7" 


ss-cosec^— , (7i>^>0) (2) 

71 71 

«=^ cosec ■^, (2>^>0) (3) 

2 2 

=:^sec^, (l>7n>-l) (4) 

=- cosec-, (w>l) (6) 

n Ti* 
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Put y> 


Vl-a’ 

Put jp=l m (6), 
dv 


f 


m(%), 

dx 


(n>I»0) • («) 


Jo H/l - i" 


Fiom (4), 


f. 


dv 


IT TT 

=• - OOMOt , 

TT mr 

— gHOO 


Jo ^ + i 

This may be written as 

p cosh (m log Ji)dv w wtt 
Jo cosh (log j) 2* 

Put x=€-^^ q positive, wg=^, and leplaco « by i, 


(«>») (7) 

(l>wi^ 1) 

(l>?n' 1) (8) 


-dv 




"I-!. 


(7r>jw> -tt) (10) 

7r6^^(oso( «7r, (l>rtr>0) (U) 


Jo cosh ^07 

rss''* 

Put «=| m ( 1 ), 

Diff > - 1 times with respect to 6, 

air, (iXi-vO) (12) 

Integrate ( 11 ) with regaid to h fiom \ to 621 
r-" log g^l rfy = U- eosec w, 

Write in (1), 

=ir6”*ooseoa7r, 


— ^6-«-»^'*cofloc<»ir,(l>«>0) (15) 


(IXr'vO) 

(18) 

(l>a>0) 

(13) 

(l>a>0) 

(H) 


f: 


'0 l + 6y 

Diff » - 1 times with lespect to 6, 

Diff (10) with regaid to p, 

iT>p>-w) (16) 

Integrate (10) with regard to p between 0 and p, 

i" coshL^ =logtan^i^, ( 7 r>j)>-?r) (17) 

Diff (1) with regard to a, 
x^logx dx 

Jo 1 + ® T “-’r’eoseooirootaTr, (l>a>0), (18) 

etc Thus obYiously a large number of such results may be dei ived 
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1102 Group J 

Next considei the aimiUr integral 


(l>a>0) 


Here the integrand yH^ infinities at x=0 and at x—1 

f«l jpo-l 

At a;=0, since a is positive and -<1, the limit of I 

when €i IS indefinitely diminished, is 7eio (Ait 348) We 
have to examine the behaviour of the integral in the neigh- 
bourhood of 05=1 Consider the integral 

C+DS* ''>“><»■ 

where e and ri are small positive and arbitrary quantities 
In the second integral put a?=i 
Then 

1+1? 

And in the second of these let x=l — ^ 

-f )«• 

a convergent senes, since ^<1, 

— '“eiirra— (itT')“ ' 

and if tj and e are made ultimately zero tn a ratio of equality^ 
the limit of this portion is zero, otherwise it is of arbitrary 
value 

Hence we shall take ij=€, and then 


(fo '+rjr=^‘^ 
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ift m iho liniiib tho flame m 

I , I , dx, 

Jo I -sc ‘ Jo I -a? 

%e tho Principal Value of 




tho Oenoral Value being an arbitral y quantity depeiulmg 
upon tho relative mode of approach of < and q to thou hnnta 

, when X is 


Now m 


r^L — ~dx, the limit of 

1—05 * 1—05 


Jo 


unity, ifl — (2a— 1), and ifl therefore finite, ho that iho last 
element of the integral when expiessod as a summation from 
sesasO to 05=1, contributoH nothing 


^-1 -or® 


dx’ 


■I 


fl — « 

Therefore - ■j. 

ar«)(l fas+aiM **+• hj- 


1 gja-l— jgr® 
I - 05 

dx 


dx 




1 1 

" 2-0 3 -o' 


1_+ }.+ \.+ 

. *^l+a+2+o^3fo^ 


_ .1 '' 
n -a 

+ J_ 

~n+aj 


^ . .,-f 

«--« ( I Ji 


®n+X . gx 

I--® 


Now in the limit when n is infinit<‘, the portion in tho 

brackets is ultimately equal to Trcotair 

1 

The hunt of the term - , , is zoio, and in tho iiitegial 

n — a t“A 

the subject of integration is ultimately zero for all values 
of 05^1, 1 »e n-, jpa-l-.gj-a 

And for the remaining part of tho integral 


f 

Jo 


g5a-l_jp-a 

a,»+i_ ix, VIS! 

l—x 


f '' . 1#*"‘ x~^ , 


we may remark that, the integrand being finite, if we take 
P and Q as its greatest and least values in the region between 
1— c and 1, this integral lies between 


p( 1 ia and of 1 dx, 
Jl-t Jl-€ 


te between Pe and Q«, and therefore vanishes in tho limit 
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Hence, summing up, the Principal Value of the integral 

I ax IS I — i — - — (to, 

Jo l-x Jo l-» 

and IS equal to t cot air (l>a>0) (1) 

1103 In the derived rebults which follow we shall regard all the 
mtegiAls which occui as Principal Value*! 

Sfcai ting with Pun Yal of 


we pioceed as in Art 1101 
Put^=y“, Then 

The case n = 2 gives 

10 'o 1-a.^ 

Putting p=m + lj we have 

'0 1-a 
Put y =1 in (2), 
r dv _ P 1-7”“" ^, 

Jo "“io 1-^" ^ 

This may he written as 


^ginli(»rlog^i^ =5 tan 2^, 

Jo sinh(loga7) x 2 2 

Put q positive , mq—p, and replace z by a, 

r!12^rf® -ftanl^, 

la ainh ax 2a 2a 


rfj7=ircotair, 

(l>a>0), 

(1) 

-Scoter, 

11 n 

(?i>p>0) 

(2) 

IT .pTT 
=§<»*%• 

(2>p>0) 

(3) 

TT . ?n7r 
= -^ta.i-^ 

, (1>WI>-1) 

(4) 

IT , TT 

= -cot 
n n 

(«>1), 

(6) 

TT, mir 
= 2tan-^, 

(l>»i> -1) 

(6) 

TT , mv 

= 5tan-^, 

(l>wi>-l) 

(7) 


*=’"’ L 


fo sinh qx 
/■" sinh px 


Jo BlSTiFS**" ”2-‘ 

Dififeientiate with regai<l to p, 

=leee»|, 

Jo sinhirr 4 2 

Integrate (9) with regard to p horn 0 to 1 

J Sinh TTX X 2 


=|t*n^, (ir>p>-Jr) 

=ibee»|, (r>p>-ir) 




sinhTT^c V 


- 1 {'jr>p> - tt), 



ciiAirrKH xxvtt 


01 befcwooo 6 and / /j\ 

rviHiui, u»\ih,i, , „ I, 

^ huiUtt* I M »/ / 

aiul it iH aH Wfoio obviouH that tnaitv fait Inn dnthu tttni . in,t\ hi in nh 
1104 Lemma Wa nhall itM|uuv iho lactiniMihun t»| 

(OH7/T I COhIi VV 

COS UT f cosh VTT COS UT I COM |7l7r 2 C< »M 1/^' ^ ^ 

*V\ (2r| l)*A‘ (2r|lK/ 

2fll(2r I 1 I «)* I I 1 1 H| {'J.J • 1 1* 

0 

Logarithmic difh^nmiial.Km with icgiutl to u and v g]\ ♦ s 
— -TrHinwTr f I M u 2r Mm . 

coswTT fcoshtiTT will u\^ 1 2r I I tM • r* * 
w mnh w H.'S / t . 1 \ 


^ cos WTT f cosh tlTT - 
^ mnh w 

COHWTT I coshiJir 

1105 (Juoui* K 




■2r l-H »|’ I I’’ ^ Ur I I « ‘ i » 


^ "^J ainhw,- ®*« (y positive, //’ i // | 

lloro 1=J^ (/r I ^ *'/*’ i #» t )Hin mi rfi, the uiti 70 nni 

being hmte for all pomtive valucH of 1 and lh»' soiieH i «>n\inion>t » 

I I <■(»'">« 

. vf »« , »I 1 

"L{(2» { 1)7 I /)}■ t HI* {(2, 1 1),/ I j 

MUlh’”"' 



q q 

q being positive and p intei niodiate between q and 7. im lam\ e 
Siiailnily 

V** f rt W* I fff, f/f 

"riH'""’* <• K*- 


(2,11)7 /> (.*, j 

0 L{(2y ^ i)q pyj {(Jt i I )q ip} | //< » | 
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■Wilting 2 j? for « in (A) and in succession for », and 

ibti acting, * ^ 


/o ilTnE^coshgic sin2m*d* 


, mir 
sinh — 


\ - sin ^ + cosh ^ sin ~ + cosh — 
' S' 2 g - 


jDir , mTT 
sin^sinh — 

oosn gra? _ sin*^ 

cos ^ sin ^ 


»7r V WTT 

sin^binh — , 

2 2 _ 

2eoa?£2:+eosh?^^^ 


and replacing 2p and 27}i by p and tn, 

c-jT , mir 

^ 1. . sm^sinh-r- 




_ , , 2 ,.. — -, ^ — (gr positive, (C) 

q pTT , , m-K ^ 

^ cos cosh — 

2 2 


Ti eating (B) in the same way, 


r sinh (2y+g)^~bmh (2prJ^eo8 27n^^ 
Jo 2 sinh 9 V cosh gv 


pir 

-cos — 


M _s,„er+cosh2^ siner+coUi^H 
' g g g 2 


r 52^^008 2»:ccte=^„ 

'0 COBB ^[07 2g 


cos — cosh- 




22 cosh«!!2-sin«2!: 
2 2 

»7r , wwr 

cos ^ cosn — 

2 2 

’2 Swr , ,2mir 

^ cos-^+cosh 

2 2 


and replacing 2p and 2wi by p and wi, 

OTT , WITT 

— • COSfccOBh-=— 


rss^^coamxdx^^—^ (2 positive. 4* g«) (D) 

jo coslig* « cos^^+cosh— 

2 2 
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“We thus have (y* > g“) 


/o smli qti 
sinhpj? 


■oo 

Jo 


Jo cosh 


coi 

fo coahgr «0 


J ’T 

Binh — 

9 

(A.) 

sin 97 W?ar=^ 

cosa^+cosh^ 

2 2 

■Qoamx dz—^- 
? 2 g 

pT 

Bin^ 

(B) 

«>,£ 2 r+c<«h^ 

2 2 

■BiiH 7 irdr=~ • 

prr 

sin ^ sinh 

(C) 


* cost— 4-<’Osh — 

«7r , i»ir 

^ cosl^cosh^ 

^ cos — +cosh^^ 
2 ? 


1106 Special Ca.sd8 

(i) Put g=7r, then 


(D) 


Bin-^sinhs- 


rcoshp^ , 1 Sinhm r sinb;)^ , 2 

i inals‘^^”^‘^°2 c<»p+cosh^ * Jo ^5Sh^’^"“*‘*®-C08p+C08ll»» 

o - m 
cos ^ cosh -S’ 


(ii) Put g=“, then ( 4 p 24 >ir®) 

r cosh V Binh 2971 

, ^ £ £ slfl9nAd^^ 

smhf 

r siuh joa? 
smhf: 


f 


22!^cos»iia;<i» ^=7— if 

coshira? cob _p 4 - cosh 9 


Bin p Binh 9 W 


, ^ Biiji p t 


/•* Binh^ 

cos %? + cosh 277b’ J 

- am 2« r“ cosh ^ cos y> cosh in 

eoama<to= .„g“^^j ^. J -^oos mx <fa-2 _ ^ _i, , 


(lu) Pub p = 0 m (A) and (D), 


PM 

Jo 


sin tnitf , ^ J. u 

— r — da, =s 5 -tanh- 5 -, 
sinh go. 2q 2q 


£ 

£ 


COS itia J TT , mir 
— r — dr = 7 j- 8 ech-=- 
cosbgp 2 g 2 g 


COB977J7 , 1 1 1» 

— r — dr = gsech -5 
cosh TTj; 2 2 


(iv) Putting grasTT in these results, 

Jo sinhira? 2 2 

(v) Putting ni=0 in (B) and (D) (p>gO> 

r sinh pa? ^„ r coshpr , ££ 

Jo Binhgr 2gr 2g’ Jo coshgr 2g 2g 

(vi) Putting g=9r in these lesults 09*>ir®), 

, 25terf:r4tai.|, 

lo sinh rr 2 2 


r 
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(vii) Putting in (v) 


I 


* sinh pv 
sinh ^ 


d«=»tanp, 


f 


cosh JDO? , 

^(W7=sec® 

I Tra, ^ 

cosh - 5 - 


(viii) Putting p—qui (A) and (C), 
coth 2i8m»ui®=^coth^, tanliaa! 6 in«i 4 (iar=^coaeoh^ 

(ix) Putting g=7r in the latter, 

cothira 7 smmrci^?=|coth^, ^ tanh 7 ra-sinwLJi(Zr= 2 Cosech -2 


lift? Other Modes of Derivation 

Besides such integrals as those indicated, which are merely 
particular cases of one or other of the four formulae 4 , B, C, D, 
many definite integrals may be obtained by differentiation 
01 integration, between specified limits, with regard to one or 
other of the constants p,qovm 


Examples 

1 Taking ”* mtegiate with 

legaid to m flora 0 to w Then 

that IS J^coseohir«8m*»u:^ =- log cosh m 

2 Deduce fiom f 2 ’ 

f cosh pjf j „ ^ 

sin mi c«a!-2 gosp+coehm’ 

p «ixdx 1 /cosp+coshmN 

(a) J cosech7rrcosh2)J?ain ^ l+cosj) J 

r* qinhor ^ sinh r» sin 

w Jo ^ “2 (coep+coshmy 

r- eobho® J 1 l+cospeoBh^ 

lo ® “2 (cosp+coah m)* 
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4 


Deduce from f cos ma dx - 

Jo sinhira? 

r sinhiM? dsc ^ , 

sin mo? tan-3 


1 Sllljg 

1 coa^+coshw’ 


(tanh^tanl) 


Amd it will be obvious that a large number of such results may be 
obtained The results of putting m=0 will in many cases lead to 
integrals obtained m a different manner earliei 


1108 Qbouf L Poisson’s Fomnlae 

Let J{x) te a function of x such that Taylor*s Theorem 
gives convergent expansions for f(a+u) and /(a+w"^), where 
Then expanding 
/(a+w)+/(a+w-i) 

=2 [/(o)-f/'(a) co3e+i/'(a) cos 20+i /"(a) cos Q6+ ] 

Multiplying by 

j:::^J^^^=l+2ccosfl+2<!»cos2d+ , ifc*<l. 

or by 

l-2ocosW<^“^'*'^®"^ ®°® 0+2c-» cos 20+ , if c*> 1, 


and integrating between 0 and v, we have 

Jo i-2ccosd+c* («)+ ; 


2w 


lZ^/(a+c), ifc*<l. 


or =^{/(«)+c-V'(o)+f?r(«)+ } 

ifc»>i 


Exahflbs 


1 Show that, u standing for 

tTT 

or =:~{/(a+tf-i)-/(a» (ifc*>l) 

2 Show that 
/■» 1-ccosS 

or =T{/(a)-/(o+<ri)} (<^>1) 
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3 Show that 


4 Taking /(j7)=r’*, show that 

5 Show that 

r coa 6+a>)« am (» 

=|{(a+c)"-«*} («'<!) 

6 Show that 

f Eli (1 +2acoB9-i-a^hm U tan--^V^ 
Jo (1- 2c cos ^4 0 ®)*' ' \ a+cob^J 

7 Deduce knowa lesults from 4, 6, 6 by putting n = 1 


8 Prove 


/■' e*'®®®*C08(fc8in47) TT 

Jo l-Sccosaj+c-^ 


(ca<l) 


1109 Group M Ahers Pormula (See Bertiand, Gale iTit, 
P 171) 

Supposing F(c+a) capable of expansion in a senes of powers 
of e““ m the form -4o+-4ie“*+-420-^*+ , whethei a be real 

or imaginary, then putting i/8l for a, we have 

Af^+-Ai cos j8i+4a cos 2j8t+ =i{F {c+tj3t}+F(c— i3t)} 

It follows that 

Jo 


f 1 

A^ooa/St , 

, At cos 2/3t , 


6*+<^ 



=^F(e-\-b/3) 

In Abers Formula b is taken as unity 
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Examples 

1 Takmg F{z)=g-^^ 

F(c+ ifit) + jP (c - L^t) = (c ® + 2 cos tan“i^^ , 

r cos ("» , 

\ w dt IT , , ^ 

Jo {e^+l3’tf 

2 Deduce the foi mulae 

/«\ r* dt __ JL ^ 

' JO 26cc4-a6* 

C 0 Sn<^C 06 "<^d<^ TT c"“i 

W Jo a»eo8^^+e^Mn^^ °ra [Bkrtraud ] 

3 Show that 

JO + ^ 


1110 Group N A Set mamly due to Cauchy 

r dx 

infinities at a and 

at —a The latter lies outside the range oi integration 
Now 


r dx ir x^af 

=llog?5ZJ_l iog!£±?=liog2 
2a ^ € la ^ n 2a ^6 ia+i; 

If >?, € be made to vanish in a ratio of equality, this 

vanishes , the Principal Value of is zero 

Jo a*— a?® 


nil Consider next the Pnncipal Values of 


r . 

_r 

dx 

T 1 

r 3?dx 



^1= 


i?){x^+py * . 

lo(a^-a;2) 


ii- 

r dx 

1 1 

f“ ^ 

-ni 1 

TT TT 

1 

^ o*+/, 

e 

1 

S. 

o®4-p* , 



2p""2pa 

*+?*’ 


f* dx 

_ P® 

r ^ 


ar TT 

p 

® a“+/. 



Jo®*+3>®~ 


2^^“ 2" 

ct^+p^ 


If then fp{x) be such a function os can be expressed in 


partial fractions of the form 0 (ir)= 2 - 5 ^, we have bb 
Prmcipal Values, ® ^ 
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where P{®)=a)V(®)> pwrided le,— ^ 

[The results obtained in the following articles to 1118 are all Principal 
Values of the several integrals discussed ] 

1112 Thus, for instance, since we have 

1 « 1 . ^ (-l)'-2aa? 

»cota®=i+2^^j^^3;57s. »cosecfli!=-+^-^^i:;s;;2* 

it follows that, considering Principal Values, 

p tanor ix _2L =^tanhaj), 1 

W lo T" 2p tp W 


* da 

secor^ 




( 111 ) JT xcotos;^ »Jipcot«^ =|eothap, 

( 1 ,) f *coseca*^= J‘poosecM.p=|cosech«^ 

1111 Again, it 18 dear from the expressions for sin0 and 
cos 0 in factors, that the fractions (o < 6) 

sino® cosoic sinoa? agsinag geosaa; ^ 
cos fee’ xdosbx’ cos&c’ sin&r ’ 

are expressible as the sums of an infimte number of partml 
fractions with pure quadratic denonainators (eg see Ex 52, 
p 169), and therefore, when o <6, we have immediately 

Psinar dx ir sinh ap , \ P coaa£ d» ^jr oosA^^ 

_ Psmo^ w sibhap f 

ESiTi ^(pH^” 2 p* cosh 6 p’ ^ cos&rp+«“ 2 wsE> 

( \ r° CQS gJ? Sbdx cosh aj? (B) 

Jo Bin 6® 2 sinh hp 
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1114 In the limit when a=0, we have cases (i), (iii), (iv) giving a zeio 
lesult, but fiom (ii) and (v), 

r *^=5 seeJi ip jf «»ech ^ (C) 

Also in the case when a =5, we have, 

(0 and («) become 

A„\ r’*tan6ij_ /“ fUnJt jj’tan&r') , ir ir^ t. 

i—- 

(see Alt 1007), 

C'^) £ **=1 V (from A (m)) 

1116 The cases in which a> b can zeadilj be obtained by means of 
the following identities Xet <i=2r64*c, where t is an integer and c is 
positive 01 negative, but numerically less than b 


(1) 2{cos(a-6),aj+co8(a~36)^+ +cos(a-2r-l 6)j?} 


sinaj? sinur 
"sin 6a? sin ba* 


(2) 2{cos(a-6)a-co8(a-36)®+ +(-l)«-icos(a-2r-16)a;}-^^-(-l)<-5^, 

(i) 2fam(o-6)a!-sm(a-3J)j;+ +(-l)'^>8m(a-2r-l 6)a} = ^^ -(-l)r ”? . ^ , 

(4) 2{Bin(o-6)*+am(o-36)a;+ +sin(o-2r^ 6)a:} ^eo8«_cos^ 


COB ag cos <tg 
Sin bsp Bin ba> 


Now r a;Bin>^ T 

Jo 2p ’ Jo + ^ * 2^^* 

r amrx , ir „ , 

(r>0,i)>0) 


Therefore 

[’2:cos(o-2»-16)a!^^ 


to »• terms) 

4^7 sinh ^ ’ 


/ 2(-l)-cos(a-^J)*-^ =f gr-C-iye^, 

•f ® 1 27*+^ ^ cosh ip 

1 ^ ^ *05^+P) 2iJ»U-(-l) 2c0Bh6p J’ 

r2<-l)-rsm(«-2Frx6)*;^ 

•fo 1 p*+iP* 4 cosh ijp 

r 2sm(a-a^6)g;^ =5! fH -f^ 

Jo 1 4 smhip 
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Hence, if a=2r5+ci c*< 6^, we have 

f“sma« dx „ , s — vn . ^ f° smex dx 

TT IT / 8inh cp oorlY 

~2p 8inh52} '^2jp \8iiih 6p’ / 

accoidiiig as 0>i^>6^, or c=0 or c=6 
1116 Thus we have the several cases 


wf 


sin 03? dx 
sm brp^+x^ 


smh ap 


a<b, 


(B)f 


2p smh bp* 

w 8iDh<y _ V coehcp-e-^^ a=2r&+c, 

2jp 2 smh bp ^ 8iuh bp 2jp smh bp * 

.2 ^ ^-^ +0 a= 2 r 6 .c= 0 , 

2^ 2 smh bp ^ smh 

„ ir «-*>’- e-^ . IT -’T coah^;^®!^. a=(2r+l)&, 

^ aeinhfip'^Si) ^ smhip 


sar cLc 
cos 


ff coshaj) 
2^ cosh 


_ w e-^-(-lYe-‘^ eoBl^ 

“ 2p 2coah6p ' ^coship 

IT f-iyainhcp + «rM> 

~2p ooehfp ’ 

=2 iL^:^lr(z2^+(-l)rf sech^ 
^ 2p 2co8h&p ' ^ 2p 

23} cosh fia?’ 

_ ff er^^-(-irer^ . /_ixr£. 

^ 2p 2 cosh ^ ^ 2a? 

y (-irBrnh^p+fl^^ 

~ 2a? cosh bp 


/pv f” sin aa? dla? _ ir sinhc^ 

Jo cos6ra7(i)*+«®) ^ cosh 


a<hy 

asa 2 ? 5 +c, 

as2?&, c=0, 

a=(2r+l)6, c=6 

a< 6 , 



o ?r r 

■l-{-lY 

or 


2 



-(-iy+- 


. M 


or 

=2 

2 


It 

1 1 

1 

1 

+ 


O ^ 1 

ri-(-i)' 

or 

= * 2^1 

L 2 


w r. 

"1 



cosh 


2 co 8 h&p 

-l)^-er 
cosh bp 

2 cos! 


i+0 


C8»2r&, c=0, 

a=s(2r+l)&,c»*6 
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wf 


Binoj; xdx 




cosa£ asdx 
sin 6if 


ff smho^ 

2 cobh hp' 

IT e-*^~(-ire"^ .^ff sinhcy 
^ 2 2cosli5p ^ ' 2 coah&p 

tt " ir co8^ <KP 

“2 cosh Jip ’ 

2 2 cosh 62) 2 co3h6j) * 

jjT crflp 

2 cobh&p’ 
ff cobh op 
“2 smh &p’ 

-_9 «• e"*y-e"^ TT cosh^ 

~ ^ 2 2 smh "^2 sinh^ 


a = 276+c, 


a=s2r6, 
c = 0 


_ir sinhc2?+er<»P 

”2 imirSp * 

._2 ?^Zr^+Ico8ech^=| 

2 2 smh 2 2 


a=(2i+])6, 
c — h 


a=2r6+c, 


E-Lj— , a=2r&, 
2 smh 6jp ^ _ Q 


T SiDh6j)+e"«P a-:(2f+l)fc, 

2 smh ip ’ c—h 

1117 Adding the lesults of (D) to p* times those of (C), 

acoordmgafl 

a<6, a*276+o, a*2?6 or a=(2r+l)6 

If a=6 "we have o?lr=~ as established m Art 1007, and used 

Jo a? 2 

above The majoiity of these lesults aie due to Cauchy [Mem des 
SavansEt, T I]* 

1118 Some of the general results above (a<6 or a=264“c) may be 
denved from others by differentiation with regaid to a , beaiing m 
mind that if i be kept constant da=dc 

Differentiation with regard to 6, p or p®, or integration between 
specified limits, will furnish othei results For example, taking a < i 

and starting with ^ smb^p integrating with regai d 

to h between and , we have 

r dx 


according as 


*See also begendre, ExercioeSf vol 11 , p 174 , Gregory, Ex , pp 491 499 
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or, differentiating with regard to p, 

/*sin ax dx ^ ^ f ^ 

Jo swTx ip^+x^y 4 p dp \p sinh ^ 

Again, since £ ^ 

. , ^ tanh^ 


2 

cotli§ 


UUbU Q 

« , O! J. -1 ^ 

tan---tan- -j_-,log^^^^^. 
and so on for othei cases 

^ ^ ^ . 

1119 Since «cosech2=l-^^+^^2V »»+3%»“^ » 

and when 6 is an integral multiple of ir, =»Mr say, we have 


f'scosech* , 1 /_iv 

t TO55?*=2S"^ 


_ 1 + 1 _U 

1^2 3 ^ 




1120 Some Special Porms given by Lzqbndkb (eterotoes, p 243) and 
TiAir mcw (AfaiA Mem , p 112, etc ) 

wnte l — je=y m the second integral Then (^ < 1) 

= -[log(l-^)log»X*+/o 

-log«log(l-a)+r‘-5^^ 

(|^‘+ j['"“)l2£(lz£)*,-log<»log(l -a)-^ ’ 


Hence 

and if <#.(a) m <*». 

<^{«)+<<>(l -«)=log alog (1 -o) -^. 

and «^(4)=iGog4)’-!i> 


(I) 

(n) 
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Also <f>'{j!)>={log(l-ic)}lx, and 


-1 1 log^. 

1-J7 

r^) ‘*®= " ‘^W+Miog (1 - ®)>' 


Let a?=^/(l +^), then 

<^(-y)+<#> (i^)=Kioga +y)}'. 

Again )> 

'#>W+<^>(-®)=-2(p+p+|l+ (''') 

-<Wa)+i<^(r*)+^(j^)=4{log(l+e)}* W 

(Legendre ) 

In the case rT“~^» * * +1)“^ — = ®> 

J<#.(a»)-^(a)=i{log(l+a)}> 

tc |(#>{l-o)-<#>(a)=i^logiy=4(loga)* 

IT® TT® 

But <^(1- o) + <^(a)=logolog(l-a)--^ = logalogo'--g 
=2(logo)*-^ 

Hence solving 

<;.(l-a) = {loga)®-~, <#>(a) = (loga)®-^, 

wbeie =2 sin (l-a)=v'a®=^2sin^^ 

Thus 

s!-w r (»«"5)'-g 

These canons i esults are due to Landen They are quoted by Bertrand, 

Calc Int , pp 216-217 

The series ^+^+^+^+11+ ^ therefore summable m the 

four cases a?=±l, x^\, r=2sin:J^, a?=[2sin^) 
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PEOBLEMS 

Prove the following reeults 


j cote(logseoe)<»(i9 = ^ 2 tan0(logoot^»<f(? = 

1 -rrr*-68- ‘ 


2ir® - 3 


^ ni+a, 1 , 7r*-3 

T ^3 

(n) I tan d sec^ 0 sec 2^ log cot Bd$=^ TS” 

^ 1 1 J 6ir2 - 49 

® Jo—*^"®**** 3^ 

Jo l-aj ^ 


2 ir^ + 5 


TT^ ^ 1 ^ ^ ^ n ^ 

=-6 5 “’"T 5 ?®''" 25 V^' ”»' 

TiTT* ti — 1 w> — 2 ^ w — 3 ^ ^ ^ 

P" 32 “(n-l)^ 


Iv WTT* ti -1 w -2 71-3 ^ 

P" 2* 3* “(«-i)^ 

PI -(»i+lla!" + »W!"+^, 1 j„ n(w+l)ir* ( w-1)(w+2) 

1 , {l-xf 12 2 1 * 


(»i-2)(n + 3) (ro-3)(it+4) 
■ 2 2 ^ 2 3 ^ 


1 2n 

" 2 («- 1 )^ 

dg _ir* 
ling" 16’ 


13 0) |“log(*eog)g^ (2) |_^(logsoo^%,nfl-l6’ 

(3) £(log*e«^)‘S^g=^’ 

fi , X* 1 1 1 1 

R 1* 3>"5*" “(2tt-l)» 
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1» 

. * 

* 8 Stt* 

23 (1) J (logcot^)^t2^ = ^» (2) (logcob0)*ri^ = -^ 

(3) f^(los»**)‘39-^ 

i: 


24 Prove that I 


{Bin"fl4cos“tfy W’ 


25 EstaWish the following results 

( 1 ) 


/•■y I log tan 6 ^ 

J. VK'^-i) 


(2) 


“oose(ie=2W2, 


- 16 ** SStt* 

COS* ^ +■ ^g-» 


"flw 
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26 Show that 

L + 4 ; sip^ 0 + sin* 6 


p H-4sm»e + 8in*l9 tg,ne(logcoseo^r+*d0 

Jo oos^e 


(m+l)(2n+l)^nR^^ 1- 
8 


whore w the BemouUian number 
27 Evaluate (1) | 


•5008*6 (2) 

» Jq (log cosec 0)* 


log cosec 0 

p cos^g8in”-^6d6 

j Q (log^oBeo^)®^ 


28 Showtwf^'f-W (0<«<l) 

f ilog(l “Hl, 

2 


(i) 


>“0: j 


(c) 


0 1-®® 


30 Establish the re8ult8 

P»^j:£:!^=^tan^ {<l>P>-i)> 

W J,a,«--r-« X 22 22 

m f"5i±£^* = ^sec^ (q>P>-i) 

f^5!:ll^*r=-cot^ (S>fl>0) 

31 Estabhsh the result 1-** 2 2 

r sm^^^logtan^ 

32 Prove that S 4 

33 Show that (ir > o > - »■). 

(2) J] ooshr+c^’ 

(3) J^i5S;?S‘*''“2*®'”^3’ ^^Mosinbir* 2 


[Gbegobt, , P 495 1 
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31 Sho^T that 

r cosh 03! 


luau r a 

, C0SllirC08 75 

cosn ax , 2 3 , _ _ . 

— r — cosrxdx=—r — : (ir>a> - tt), 

cosn TTX cosn » + cos a ' 


, cosh TTX 


■ iseehi. 




35 Show that 


[Gregory, £Jx , p 496 ] 


log - 

n being a positive integer > 2 

37 Show that the integral P 55^ has the value ? 

® JoSm5»l+iB® 2 8inh5 

if a be <J, but has the value § if a>ft and = 2r5 + c, 

where r is an integer and c<b [E P ] 

38 Prove that the coefficient of fic" m the expansion of sec sc in 
ascending powers of x is equal to 

pklATH Trip , Part I , 1888 ] 

39 Show that n^Ydx — 

40 If x(x)sjB+p + ^+ , show that 

<•> «Cra)-£S'^ 

(«) xC)+x(^)-|+Jk*. 1.*^. 

(“) xC*"!)-? 

and that the value of the senes x(») is known in the four cases 
a;=l, aj»2sinjg, t=>/ 5-2, a;-tang 

[Leobndbb, Sx , p 247 ] 
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41 If A(») = !» + ^+p + j 3 + . allow tliat, ^(a) being as defined 

in Art 1120, 

(I) A(*) + A(l-n:) + A(-3^) 

= A(l)-log!B <#>(ai)-log(l-a!)<#)(l-a:) 

-logf^ «#>(-Y^) + log!e log»(l-!r)-Jlog«(l-a!), 

(II) |A(1)=A(^) f5^1og2-iaog2)*. 

(III) A(l) = 4 a( 4 sm*^) - ^log(2 sm + 41og» (2 sin^). 


(iv) p + ^ + p+23 + 

42 Prove that 


“5 + P+P + P+ .where d=28inir/10 
[LAin^VN, MoUh Mem ] 


log ^ ^ log (n/ 2 - 1 ) log { 2 (n/ 2 - 1 ) } - i Gog 2)* ” 24 


1: 

^ 2 


24 

[Moblbt, JSJ T , 9224 ] 

43 If /(a!)=/(0)+!e/(0)+ +^;^,/<-''{0)+5/"W “d» 

be a positive proper fraction, show that 

■/(».(d*) _ r(n+l)r(r) 

_“5F— «*- r(»H-») Jo OS' [M Trip, 1883] 

44 Prove that f 8ina;»da:-= Jr(l + 1/»), («>!), where i is the 

Jo I. 

real coefficient of the imaginaiy part of ( - 1)®, and hence find the 

value of the integral to four places of decimals when » is 2 or 3 

ISawIna, NT, 13,609] 


£ 


45 Prove that 


££ 


tan"^ 


2m cos d 


<f^(fm=!^-2log2, (0<m<l) 


[SAirjjtNA, E T , 13,636 ] 

» ir_g 

46 Prove that 1 j cos*(fl + <#>)seo*«^ddd<f>=i 

rw T n Mtt. 

47 Prove that the value of 


[W J C Miller, E T , 13,784 ] 


the integral being tahen so as to give the variables all positive values 
consistent with the condition a; + y ^ c , (0<li<l) [Ox II P,l886] 
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Show that jj </fn ^ 

whoxo ill aio (hi) YootH and ^ tho diHc nnnxYant <d tho 

oquatxon rn i ^ Y f i 0, 

the integral hoing taken o\et alt \ahieH of the \aiiah1<*B Mtch that 
the Hum of tho r*^ poworH of the eoedhuontH xn t.hi« t‘<iuat»on, whieh 
Jire all pomtive, docH not exceed a given <ju.«itity tt 

IMatiu Tan , IHHX ) 

i9 It /« £(p<mx- o<»o)'"(/i' aiul Jm 

l)«*ima/„., (m l)mir«/„ * 0, 

fiO It f{z) ho an oven function of s, au<l 

£/*»/('• Jln £»*"/(<•) 

, ...» r . ('M 1)« » . (« 4 2)(« ■H1 )k(» Dr. ,r 

Hhowthat /a, /q j a •'a* i a 3 4 •'« * 

I Use tho oxpaiiAion of »n powoi* of Bintf j I 

f)l If /(*) ho Ml odd funotion of e, and 

rL.x 1)/®. 

show that I'in-i 

^(nHa)(nH0«(« l)(n 2).,^-^.. . 

[(JnAiHKrw *\ 

52 If /(5() be an even function of r, ehow that 


show also that is mdependent of a 


[OzaAYahxck*! 


^Camh m tSfor, 1876 
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DEFINITE INTEGRALS (HI) 

1121 The Three Integrals, 

/i=|* eoapdcosqddQ^O (pi^q), or ^ {p^q), 

I,=j* sin pdarngd <20=0 {p=hq), or ^ {p—q)> 

/,=|’ sin^id cos qQ M=(i {p+q even) , or (jp+g odd), 

where p and g are mtegeis, are of very special importance in 
the Theory of Definite Integrals 

(i) Ji= coap0cosq$d0^^J^[coB(p+q)0+cos(p-q)O]d0 

_1 rain(y?4-g)g Bin(p~g)^ ^ 
iL p-hq p-q Jo 

=0, if p and q be unequal 
But if 3 )=a, ° \yj^ > 

/i»0 if p^q and if p^q 

In the lattei case, viz p=qj vre may obtain the result directly without 
taking a limit , for 

(ii) In the same way 

It=J^ Binp0Bmq6d$=O li p^q oi if p-q 
293 
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(ui) Finally 

lB=J^Bmf0coaqdd0=^J^ [sai(p+g)S+Bm(p~^0]<i6 

Ir ooa(p+g)0 coa(p-g)0 -\^ 
aL" p+g PS Jo 

i n-(-i)w i-(-i)>-» i 

2l p+1 p-q J 


=0 or 




according as is even or odd, and^, q unequal 
And if psiq, 


p being an integer 


1122 Importaait Applications 

If then F(0) be a function of 6 capable of convergent 
expansion m a senes of sines or cosines of integral multiples 
of 0, say, 

^(6)sAo+Ai cos 0+4,008 20+ +4„co8 7i0+ , 

wehave£j!'(9)co8Tiaci0=j4„ | and j^F(e)d0=Jo^ 

For upon multiplying by cobw 0 and mtegratmg between 
limits 0 and w all the terms vanish except 4„rcos*w0d0, 

9r 

which becomes 4„ 

When therefore such an expansion for F{d) is possible, this 
result gives a means of obtaining the several coefficients, viz 

4o=“ j^jP(0)cZ0, 4^=^ 

Similarly, if ^^(0) be expressible in the form 

J^(0)=JJism0+£2Sin20+ +S„smn0+ 

■we have F{6) sinn0 de 
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ea 

In the same way, if F(d) s J o+ 2 cos r0, 

thenj^ F{6) coa m6 COB F(6^ lc<x (m -hn) 9 -h coa {m -- n) 6f} dO 

and JJ F(9) coa^mS *J 

Again F{ffl sin Zmd d6 = 5 ;^, i i+i^:p + 

and so on for other ainiiUr applications of the rules 

1123 There are then two cases for which the rules are 
parfciculaily useful 

1 When F{d) is a known expansion of one of the forms 

00 CO 

le such that the coefiicienfcs 4o,^i, 4,. or 5„ are 
known, the method may be used to obtain definite integrals of 
the foims 

etc 


2 Convei sely, if F{6) has not been aheady expanded in such 
form, 1 e in a convergent senes of sines or cosines of integral 
multiples of 6, and if such expansion he possible, and it it 

be possible to obtain the value ot j^F( 6 ) cosnffid, or of 

I F(d)smn6ddt the values of the seveial coefficients may 

then he deduced as 


A„=- fV(d) cos 710 dd, - f ^'(0) sin n0 d9, (» > 0), 

‘""Jo ’’’jo 

and the expansion thus obtained holds for all values of 6 
between 0=0 and 0 = 7 r 


1124 Again, if theie be two convergent expansions of the same 
kind, VIZ 

/’(^=-4o+/liCOS04-i'lt<-O‘»20-i-‘4«coa3^+ » 
f(B) = C, + 01 cos ^ + 02 cos 2d + 0a cos 3d +■ , 
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then plainly, upon multiphcation and mtegialion between linuta 0 and «■, 

A,C', + i,Ci+JaC'j+AjCi+ jy(e)F(ff)de-At<\, 

and as a case, if f(d) and F{6) be the same senes, 

1125 Fuithei, if 

^(a) = (/o+ C j? +C2^^+C3^'*+ , 

then writing «j= 

<#>(«) + ^(v)=2(io+-diACOs^ + ,dj«^cos2^4-i4 ), 

\^(w)+^(«)=2(Co + Circos0 + C2jr^cos2^+ ) , 



=-^ f [^(«)+^(W(«)+\t(<-)V« 

and as a paiticular case, if </) and \ff be identical, 

=^jr[</.M+#0]W - I,*, 

te when the several teims of a senes can be suznniod, wo (an oxj»i(‘km tin* 
sum of the squaies of these terms in the foim of a dofinitt^ intc^gial, and 
the sum of the squares of the coefticionts will be expiessible by lut'ans of 
the same mtegial, putting «?=1, provided the BonoB ih (onvorgdib foi 
that value of ? 0 

A.» + di^+dj»+d,»+ = 2 ^- jT' [<#.(<«*)+</. 

1126 Ex Thus foi the senes (1 + r)**, 91 being a poBitivo intogoi, 

J,»+A,»+A3a+ =i£[(l+«.*)-'+(i+«-.«)»prf6l 1 


Similarly foi the senes «*-l +|^+-'^+ , we have 

l“+(j7) +(j^) +([^)*+ ad =^£'(/‘*+(^'‘*)V0 1 


=1 1 ’ (^"•Ucm^{tnn(f)(W 


I 
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1127 Agaia we may express as a definite integral the sum of the first 
r terms of any senes, 

<^(ar) = ^31:;*+ adtuf 

For wilting as befoie, 

-4o + A jiP cos ^ + A 2^® cos 2d + -dgiB* cos 3S + 

to an infinite number of terms 
rO 

SID. fr — 1^ 

Also y cos i— 2-^=1 +cos0+coa2^+ +cos(r-l)0 

Slllg 

Multiply and integrate from 0 to ir , 

Ao + J|a?+ ^2^7® + ^3^+ 

sing 

1128 If we take as our auxiliary senes, 
iO 

2 2jfe4-r— 1 

^ 'cos 2 0=>cos^0+cos (^+l)04-cos (A;+2)0+ to r terms, 


we have 






,2 r <l>{u)+<i>{v) 

^Jo 2 


re 

ain-^ 


2^+r--l - 
cos 5 e dSf 


sing 


t e the sum of r terms of <!>{%) starting fiom any particular term, k >0 
Obviously othei modifications may be made And provided <l>{x) 
remains a convergent series when ^=1, we may put 1 for x before the 
integration is peifoimed if it be required to sum the seveial coefficients in 
any of the above cases 


1129 Examples of Integrals denved from the Foregoing Principles 

Since 2*"cos*"a7=i2 2 cos (27i-2p)a7+ ***(?„, 

2*«H-icos*«+i*=2 •«+»Q,oo8(2n+l-2p)«, 

j»=0 


( - 1 )»2*» sm •»«= Z - If *"CpCOB (2n -%>)»+( - 1)» “C,, 

P-0 


and (-l)«2«'+» am •**■»«= 2 ’’f’* (-l)**«+i<?psin(2tt+l-%>)af, 

p^o 
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we have, hy aul of the pievious aili< le, 

j 008*** 1 1 OH Si;i t <i t i OH*" I oos (i!« tf/O i ff f V 

. w 

I 008 *" ^ <‘OHr» 0 , (; / 0 ), 

'o 

wheio 9 ih<kI( 1, oi oven aiul not lying within the laiigo fioin to ifn 
inoluaive (^) 

tOH*"M< oi)s (S 3 « t 1 ) I tit 

I C0H*"+* i 1 1»8 (iln t I - iij*) t tit •" * ;» n 1 

'o 

< OH*" ♦ ' ^ cos n tit 0, (/ /• 0), 

whcio i iH oven, oi odd and not l>ing within tlic laiige iioin i*« I t ti» 
(!2« I- 1) imluHtvc (11) 

f Hiu *" > c< >H '•Jin t tit ( I )" 

'o ** 

/ wn*"* coH(iSw 

Jo ^ 

I Hlll*"» COH7 0, (l / 0), 

Jo 

wheie f iH odd, oi even ami not l>ing within th«^ i.ing(» fioiu if/i t«» \i*i 
im luHivc (t *) 

f t Hin (tin i l)t tit ( 

Jo 

£ sin»" I Hiti (2rt I 1 !f/») ><f* ( - I 

j Hin*" ( Bin » « </» (I, 

wheio f m even, or o<ld and not lying within the lange fioin *J» t I to 
- (!2a + 1) nuluHivo (1*) 

All Hix MtatenientH in (A) and (U) may he Hutninctl up in the u .nit 

cohAmos/41 (it (ft / n), 

wheio iH the nnmlioi of tomhinatioiiH of X thingn ^ at a tinn 

^ k ^ 

and IS unity wIkmi /a X, oi /eio ^ ^ I*^^**!^*'^*' integi i 

The thice HtiitenjcntH in (C^) may he Hinulailv einimcd up ai 
m\^t nwfj^t dt 1) -i (X e\cn, /< / It), 

and the thiee HtatemuitH in (li) may ho Huinincd up .n 
I Hin>^* Hin/u f/t 1) 


(X odd) 
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1130 Similarly, (1) cos*"^ sm 2sx cb 

= /*^r 2** 2 *"Ct>cos2(w-jp)4rain2l&r+®"^7„Bin2w7 [cZa? 

Jo L p^o 
=0, by Art 1121 (iii) 

(2) 2*** cos*“a: sm (2s + 1 ):c cZa? 

= f"r2^ 2 *"Ci>cos2(«-^):rsin(2s+l)A +*”(7„sin(2s+l)s?"[cZr 

Jo L paO 

pto (2s+l)^-(2a2-2p)*^ 2s+l 

(3) C08*"+ij;8m2sa?d;a7 

= J*[^2^fr co8(2n+ 1 - 2i))a? sm 2ia?^ da, 

(4) C08*»H-i^sm(2« + l)s?tZa? 

^ J' [^2^2** *«+iCi, COB (2ai + 1 - 2i)) ii? Bin (2s + 1 ) a? J flb 


(5) (-1)«2“J’ sm*”ar sin 2sa; d% 

-fD 


^p-n-l ^ _ jjj, _ 2y) * 8m2»®+( - 1 )" •»C„8in2M!jrf« 

P—0 


(6) ( - 1)" 2*”^^ sin*” a: sm (2s+ l)a dx 

= [2’’"2r\-lF •"Ci,cos(2n-2p)a!8in(2« + 1)* + (-1)" ” (;„biii(2* + 1)*]| 

( 7 ) ( _ i)« 2*”+i 8in*”+^ i cos 2sa? dx 

=. J’'[^2*’fr ( - l)*’*”+‘Q) sin(2»+l -2p) i cos 2«ii;)J dx 

(8) ( - 1)” 2*”+^ sin*”+^ r cos (2s+ 1) a? cZr 

= I" 1^2*2* ( - 1 )* “+‘ Cp sin (2n + 1 - 2p) ® cos (2« + 1 ) 3! J 
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Thus vre have considered in Arts 1129 and 1130 all cases of 
cos^jpcos/jupdLt, cos^a7sin/*rdj?, 

J am^acoB fjuedaif sm^ipsm/ircfa, 

for which X and /4 are integers, X being positive 

1131 The eight expressions 

cos*"a?cos2&r, co8•*H^d?cos(2«+l)^?, cos"*^sin(2«+l)j7, cos*«+i^sin2«^, 
Bin**‘^cos2«a7, sin**+>.ACos2w7, sin*”^sin(2«+l)a7, 8in*®+i^ sin (23 + 1)4?, 

have the same values when we put n* -4? m place of v 
But the eight expressions 

008**4? cos (23 + l)r, COS**+^^ cos 2347, COS*"47 sin 2347, COS**+l47Sin(23 + l)r 

Bin**47COs(23+l)r, sin *"+^4? cos (23 +1)4?, sin**47sin234r, sin**+i4rsin23it, 

change sign if we put w-a? in place of a 

From these considerations the integrals from 0 to ^ of the eight in the 

first group are each half the result from 0 to tt 

And the integrals of the eight in the second group fiom 0 to w all 

vanish This is in conformity with the results found 

The integrals from 0 to ~ of the eight in the second group must thei e- 
2 

fore he found by another method, viz the reduction foimulae of 
Arts 249-257 

1132 We have also, by putting foi sin*”a? its equivalent in a series of 

n 

cosines of even multiples of 4?, say Ao+2-42r®o^2r47, 

47 Sin**4i (3247=^’^ 47(^0+ Xa cos 247+ cos 447+ + Xjjn 2^14?) , 


and therefore integrating by parts, 


/*■ r f j ^ 8in2t , . sin44- , , , sm 2?i4? 1 "i"’ 

4 r 8 in»* 4 r<«a 7 =L 47 |Xo«+^i-^ + ^ 4 — 4 — + 

[ j 4^ j cos2r “!"■ 

X 

2/2 2 2** ^«”2**+*(9i »)*’ 


with other similar results 
This may be obtained othei wise, thus 


47sm**47<i4?= - j^(7r-47)sm**4’dr=jr (7r-r)siii**;&d[fl? , 
j 47 sin** 47 da!=^j^ sin** % d% 


2w-12n-3 1 IT , (2 m)* 

^ 271 2n-2 2 2 ’’’ 2 **+i(m 
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1133 The former process maj be extended to find j 
where p and n are pobicive integers 
Thus 

r f’^a;®(Ao*^SA2,cos2^^)rft.==Ao^!-^+ coa2ra;dA 

'0 Jo 1 JD+l Jo 1 

4-p(y-l)»'-*(-|;^8ia2«j;)-5»0>- l)(p-2)**^ |;j^cosaa+ 

+( - 1)^' «» (z,x-^ 0 J 

and p being integral and positive the senes will terminate 
Also 


-^0— 221^-1 ***0^,-1 » ■^2r=“^tn-i 

Hence 

'We may obtain similar results for 


a;»tos*"+^a?rfr. 


JJ aP sin**H^4? dsCf JT aP cos**» a dv, xP tos*"+^a? rfr, 

or m fact for any integial of form J aPF{%)dz^ where /(r) can be ex- 
pressed as a senes of sines or cosines of integial multiples of x For 


instance, 


I f 9P(l-hCOB2x+OOB^’i' +C08 2fM?)dj? 

Jo sin X Jo 


+■ ( - l)®p ' 2 " " 

n I ^ « 1 

2;5-J>(P" )(i»- )"^ 2;* + 


1134 Besnlts deniable ftom Well-Enown Senes 
Many well-known senes are established in books on Trigo- 
nometry whose terms involve sines or cosines of integral 
multiples ot 9 AjxA such series famish many definite 
integrals by the application of the rules of Art 1121 
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K«>r t*(«vv«nu‘«(*o wo (iiioUi a mimboi of tlio iiiojo nnpottant 


1 *r 

\ sia o<m 0 t a* 


or 


mu H 


oi 


oi 


1 4 %i cos a 4 ‘irt^coH 2^? -k 2ith (ts ^0 1 i 
' - 1 - < ott ^ < us ^0 - cos V) ♦ 

mu <^-4 « sm ^20 \ o'*mu ZO I , 

4 Hin26? I 4 , 

rt J O’ « * 

1 t COH 0 I «**< Oh ^2^ 4 U**! 08 4 J 

- ^ oim , < 08 20 i c*<)H 20 , 

1 0 "* rt-* ^*****' ^-4 « 1 08 20 i «”< OH ZO f ), 

' i «* - 1 ^ i I*' ’ ■ 

f) lof? (I • 2u coH 0 f «*) - 2(rt ( 08 t 08 2<?-4 os I )» 
ot log«*- 2^^^(OHfH 4 "4 )» 

6 Uir^ j <* Kiu 4- i «*mn 20 4 Jo ^hiu 20 4 , 

ox xr - <9 4 ^ * )* 

and in <«u h of thuso c*wch <r may lx* diangod to - « 

Wo also havo 


I 0 008^9 
1 2rt 108(9 4 0^ 


<S>H 0 

1 - 2#i coK 0 4 <f* 


O'*-:!, 

!, 

<1^ >1, 
ri*< 1, 
«*> I, 

rt^v.1, 

) «'>i 
«'<i, 
«»>i 
«^<i, 
rt^>l 


7 loK^Sm^) 

umO - ^ 1 OH 20 4 j< os ZO 

, ( TT -(h it) 

8 l(.t{(!SHin^^) 

“COH 0 ^<08 2^9- ' cos3(^ 

, ((Kl/i iiir) 

0 log (a mu <0 

- ( 08 264 - 1 C08 1(4 - J (08 (W 

, (()<0* w) 


Hiu (4 - 2 Kin 20 4- j Hiu ZO - 

, ( ir<(il<~ir) 

11 '/ 

Kin 64 4- g 8in 264 4- Bin ZO f 

, (o<.0-:v) 

12 ^ 

Hin 64+ ^Rin 364+2 Bin 5^+ 

■ , (o<e<v) 

It will 1)0 noted that if n < 1, 



l<»g (1 - w < OH 0) 18 a caso of 


2a 


tlu» valuiH of a boxng givon l)y 1 -4 » 

01 putting rt=a tan I , w— 8ma 
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1135 DeriTOtion of Other Senes 

Other senes may be obtained by diflFerentiation with regard 
to d 

Let ttsl— 2a cos 6^+05® 

Taking the senes 

■ =H-2acos0-h2a^cos2^H-2a'*co8 30+ (1), a*<l, 

and sin ^+a®sin2^-f-a’8in 3^-1- (2), a®<l 

v> 

Diffeientidte (1) with regard to 6 ^ 

^ =2a8in ^-t-4a®am2546a®Biii3^+ , a®<l. 


%t (l-a®)?^^=fam^-h2asin20+3a*sin3^4- +na**”^Bm»^+ (3), o®<l, 

and differentiating (2) with regard to 

(1 + a cos 29+ 3a® cos 3^ + +7*a**“^cosn0+ (4), a®<l 

Equation (1) may be wiitten, 

^ — ; ^^^^"*’°^) = l + 2 acos ^ 4 - 2 q®cos 2 ^+ + 2 o**cos»^+ ( 6 ), a-*<l 

Multiply (4) and (6) by 2o(l - a*) and I +a® i espectively, and add, then 
= 1 +flf*+ 4a cos ^ + 2a*(3 — a®) cos 2^+2a®(4 — 2a®) cos 3^ + 

+2a"{a(l-a®)-|-(l + a®)}cosn^+ (6), a''<l, 


and so on with further differentiations 
And similarly when a® is > 1, we have 

^ =l+-C08g4-^eos2^+^CQB36>+ , 

It a a CK" 

= i sm ^ -h i sm 2 ^ +-\ sin 3^ 4- 
u a a* a" 

Differentiate (ll with regard to 

2a(a®-l)8ind 2 -,4 o/, , 6 , 

-i s=-8in04 — 2 Bin 2^+^810 3^4- , 

tt® a a*' a® ’ 

or BID ^+^sm2^+^Bin3^+ , 

it" O" €r Of 

and differentiating (S') with regard to 6 , 

(l+a®)cosd— 2a 1 ^,2 on • ^ on • 

' i =»- 3 ,cos ^+-5COs2^+-aCos3^+ , 

it* Or Or Or 

and equation (!') may he wntten, 

(a^-l)(l— 2aco8 0+a®) - ,2 2 o/i , 2 , 

^ ^ — - '■ = 1 +— cos^+^cos 2 a+^cos 3 a+ 


(0 

(SO 

(S') 

(4-) 

(S') 
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Multiply (4') and (50 by 2a (a*- 1) and a*+l respectively, aud add, then 

etc 

1136 Successive Denvation of Further Senes 

Again we have 

^ ?»5cos^(A+j5co8d)4-»i(wH-l) B®(l-co8®d) 

55^ (4+5cogfl)»~53(4+^co8'fl)“+i (4+5 c08^)’"+^ ' 

_ A. + /ii(d 4- 5 cos ^) + V (A + i? cos 0)8 

(A+i?cos0)«»+3 jsa-y* 

where A,+/L44-vA8=m(m+l)i?8^ giving A= — m{m+l)(A*- jS*),) 

fiB"{-2vAB=:mAB, [. /jt=m(2m+l)A, j- 

vjS8s= —m*B^. 


v= -m*, 


»?i(«i+l)(A8-5*) m(2m+l)A , cP| 1 j . n /i 

- ni+i^ where ^=A+^cos0 

Hence when aeiies for ~ and in teims of cosines of integral 
multiples of 6 have been found, a senes of the same kind can be deduced 

Thus, putting A=l+a* and 5= —2a, we have 

m(m+l)(l- ay m(2m+l)a + a-0 dP I , 

Putting »i=l and taking the case a* < 1, 

1 2(l-aV 1 3(l+a0 I cP / , 1\ 

ir-^ P~"^-5-55» 0*5} 

“(l~^|](^+®’)+2 2a*{(n+l)-(»-l)a'‘}cosnflJ 
- ^1+ 2 2a" 008 

+ 1^2 2»*a" 008 

** ^^^=(l+4a»+<**)+2.<<.oos«ft 

where J,=a»[(l-o>)^«+3(l-a*)»+2{l+4a*+a*)] 

And further applications of the formula (1), viz putting 2, 3, etc* 

will furnish successively the senes for -i , , etc , and similaily in the 

case when a® > 1 tP u 

1137 Moreoi^r the differentiation of any one of these senes furnishes 
another, eff ^ furnishes the senes for ^ m terms of <ieties of 
sines of integral multiples of 0, as was seen m equation (3) of Art 1135 
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Thus, since 

-a2)+(l+a®)] cosw^, a® < 1, 

~ ^2^^ =^"*+1 + 2 ~Oi(a*-l)+(a^+l)]cosw^, a2>l, 
we have, by differentiating, 

or ^:p;[»(a“-l)+(aS+l)]sinw9, as>l, 

and so on 

Again a senes foi may be found in terms of the series for -ij and 
] " “ 

**'"Z*^ COS^ _ 1 l+0*-M 1 + ffi* 1 1 1 

M*” "" 2a ~~ 2a 2a 

1138 Other powers of bin 6 or cos 6 in the numeratoi may be readily 
arianged foi 

Thus, since 2 7ia"“^ sin (a®<l), we have 


= 0/1 --In 2 »!«•-' 2 sm dsmne 
2(l-a^) X 

= ff/i — -K 2 Tia^-Hcos (n - 1)^ - cos (n + 1)0} 

— aji 

— 1 13^ f ^ ^ ■*" - 1) cos 20 + (4a* - 2a) cos 30 

+ (5a^ - 3a*) cos 40 + ], a* < 1 

And if a* > 1, a similar result may be obtained These results are 
mainly interesting from the definite integials which may be obtained 
from them by the aid of the results of Ait 1121 , and to this matter we 
now turn 


1139 Definite Integrals immediately derivable 
By the application of the rules of Art 1121 to the series of 
Art 1134f, we have at once the following definite integrals 
Put l-“2acos6+a®st6, and consider in each ease t?. to be a 
positive integer 


1-a 


-or 


rdd_ T 
1^“!^ 

(2) r^dd^ 

'Mo w 

(10 r^=_!^ 

' Mo w a--l 

(20 r°^rffl=_2!L_^) 
'Mo u a* - 1 a" J 


.a2<l 


a*>l 


I fiom Senes 1 
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(3) r^de~l ] 1 

•'« “ 2 Ls<i 

^ fiom 

^ Jo 2a2 

}-«2>l 

f"* Sin 6 sin tt 1 

/• JJ 2a«+V J 

f) f L 

PI 

jf'(ir£S51«fSlM*).-| i (.>0) 

p) 1 

p') -i 1 

(9) logttc?0 =0* 1 

j-a^ 

(10) 1^ coa nOlogudd 
(9') logttrf^ =7rloga®*l 

(lOO f cosTifilogitde ”“n^J 


fiom Senes 2 


fiom Senes 3 


fiom Senes 4 


= --o«t 

91 


fiom Series 5 


(11) / logwrf^ 


=0*, when a = l, from Senes 9 


(12) J^sinnetan-i a« < 1 

(13) f «« «fltan-‘ > 1 


fiom Senes 6 


* Poi&son, Journal de VJ^cole Polyteehntgue, xvii 
I Legendre, Exerctces, vol ii , p 123 
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(14) COB n$ log ^2 cos = ( - 1)"”^ ~ , from Senes 7 

(16) cos 710 log ^2 bin I) ^ ® 

Illustrative Examples 
1140 Denoting 1 - 2a cos 0 4- by u 

1 Deduce from log«d0=O or irloga* as is < oi > 1, by 
integiation by parts, 

or 

2 Deduce from Series 3 and 3', Art 1135, 

3 Show by direct integration that 

(a«<l) 

Jo u a ®l-a ^ 


4 Prove that 


6 Prove that 
6 Prove that 


' sin 6 sin nO ,n nv a"“^ / i ^ i \ 


WTT a " * / 9 ^ i\ 


d0 l+4a2+a4 


r^- 

Jo tt»" 


(TIPT (“‘<1) 


jT -„y„^H.3(l - a«)«+2(X + 4o*+a*)} (a> < 1) 


7 From the formulae of Art 1137, deduce 
/'sm®0,« w 1 , 


/ Sin V ^ 1 / 9 ^ T\ 

Jo 


•2ip^ 


(a*>l) 


r Sin 0 Sin 710 IT 7Za»*“^ r , ovn / q^,\ 

— — rf«=4(-ir^[»(i-»’)+(i+«')] (a«<i) 
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1141 Senes for Evaluation when the Integral ib not expressible 
ixL Finite Terms 

Ag ain we may obtain the values of many definite integrals 
of this class in the form of senes which, though they may not 
be capable of summation, will nevertheless serve for their 
numerical calculation 


For instdinco, J' sin 29 log (I — 2a cos 9 4- a*) d9 (a* 1) 

= -2j^ 8in20^acos0+^a2co82^+|a®cos3^+ "jd9 
« r 4a ,1 4a* , 1 4a* , ~\ 

a . a® . - -t- ”1 

1 9^7 9 ir j 

1142 Again, since sin (2>+l)0“Sui (p— 1) 6= 2 sin 6 cospd 
we have 

J' sin (p+l)j ^ sin j* cosp9(20=O, 

when p IS integral 
That is, putting 

t 6 j^fi=u-|^-i=t 62 ,- 8 ==etc , 

Wn«=0, 

Again, jp and g being integral, 

= 0 if P+9 be even, or if p+9 ^ 9> 

— if p+g be odd and p>9 

Hence if F{d) he a function capable of convergent expansion su. a 
senes of cosines of multiples of s&y 

i?’W) = -4o+^i«osfi+i4aCOs2^-h +A,.cos70-I- , 

Jo ein V 

J’(9)<;9 = (io+^8 +^4+ +^*p)>r 

Jo Bin Cr 
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Illustbative Examples 

1143 1 Thus, since 

cos*" cos 2^+ *"(7^3 cos 4^+ cos 2?i^ J, 

we have, if p>n, 


£ 


^ 8in(2y+l)^ 
sm 6 


whilst, if jt)< w, 
»'sin(^ + l)^ 


+«*cj 




2 Apply Art 1 142 to show thaf-, if it = 1 - 2a cos 0 + a*, 

/•»Bm2ii^ cos0_,^ !+«■ 1-a*" , , 

I 75 d(i=Wz 5 s- (a*<l) 

Jo sm^ u 1-a* 1-a* ' '' 

3 Prove that 

/■"■sm2n0, - fa . a* , a* , , a*"-^^ / « 

io li5T‘°B“‘*^ = -®’^ir+3 + 6+ +255^1} (“*<!) 

1144 A Redaction Formula 
Let l--2acos6+a® 

We have seen that 

p being a positive mtegei 
Let 


_ p cos j3 

"”Jo u» 

£ cosn01— a®— 1 — a® n, 

— =zi = w i„+i — In, 

u"+i a a a ” 

an equation by means of which the successive values of 
^ 2 » ^ 3 * Ii> deduced 

1145 We have 

T 1 t T\_ 

d i_a-ida i_a- 


TTOP 

(l-a*)3 


jffj, wheie J: 3 =:(p + l)-(33-l)a*, 



310 


CHAPTER XXVUl 


_ L Ct 

— "^luch after a little reduction takes the form 

IT where i:s=:(2)+l)(p+2)-2(p+2 )(y - 2)aHtp-2)(p-l)a«, 

which after leduction becomes i , 

wh ere Jr4 = (2) -f 1) (2) + 2 ) (p + 3) - 3 (p + 2) (p -f 3) (p - 3) a2 

+3(p+3)(p - 3) (p - 2)a4- (p - 3) (p - 2)(p - l)afl, 
and so on, the law of fonrution of the successive values of being 
obvious, and it may be verified inductively by substitution m Equation (1) 
that the general form of the lesult is 

a form due to Legendre (Exereieet, p 374) 

If we replace bj its equivalent <P+I)(P+2) U>+n-l) ^ 

1 2 3 (91 — 1) 

»me foimnla, with the sign changed and -p written for p, will suffice 
for the calculation of the conespondmg mtegials m the case when a^> 1 

1146 Asparticularcases wehave, if o“<l, 

”21 (i-a2)ot(P+4(y+2)-2(p+2){p-2)a2+(p-2)(p-l)a*], 

andifas>l, ’ 

f^ Qoapd xorP „ 

r cospdja 1 ira”^* 

m 3 “fr (a2-l)6 ~P) (2 - i>) + 2 (2 -p) (2 -f p) a* + (2 +p) (1 +p) a *] , 
etc 


1147 Some Special Cases 

The special cases when p=0 and p=n- 1 are inteiestine 
lfp=0. 

IT 

Jo ], 

the several coefficients being the squares of those of the binomial 
expansion of (l+«)«-i 
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IT 

u 


dd 

TT 


(1 


TT 

V? 

(r^» 

de 

TT 

u* 



”■ 1 

24* ™ 



If p=n-l, we have 

r ggg(»-l)g ^g- 

Cases wheie a*>l Take foi instance J>= T ^ 

^ Jo 

Heie p^O and /,= -^^(l+a-)=j^fl+0 

Again, 7,=^ g=^^(l + 2%»+aU etc , 

and it will appear generally that in the case of p=sO, the only change 
necessary in the pievious results will be to replace 1 — a* by a® — 1 

1148 Extension of the Reduction Formula 
It may be remarked that any integral of the form 

Jo 

IS subject to the same reduction formula as that used in the 
last article, viz 


Hence in all such cases, if can be obtained in finite terms, 
so also can all the rest of the group etc 
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1149 We shall show for msfeance that this is the case with 
the class of integrals 

In=|^ p being a positive integer 


To do this it IS only necessary to show that is expressible 
m £nite terms, and we shall find that 

~Jo 1 + — 3 ^ — 6 + 

to I 01 teims -(a^-a’"^) tanh“^a ( 1 ), (a 2 <l) ( 1 ) 


1-a* 

2 


Take the ca«je p odd=2A. + l, say, 

^ ain(2A.+ l)^[J+acos ^+o*coa2^+ IdS 

[(ax/iy- 2^'*‘(3A.+ iy-4»''" ■^(2A+1)*-(2A,)«1 

P ^2X+2 “I 

- 2(2X+ 1) |_(2X+2)« _ (2A+ !)»■'■ (2X+ 4)^- (ax+l)*"'' ** 

“2ri:r"^(Tii“ra)+®*(3^~6:F^ +“’^(^"4rrr)] 

_[a»+*(|-^^)+a»+*(|_ ad »»/ ] 




L»-* o2 1 aj a2\ 

■*'2FT''2A.+1'^2A.+3'^ ■*'4X+I 


. - 1-0* rain (2A+1)0J^ o^-a“ 

~k tT r* 


.,-2\ «2\ 
- + 




+»J^"_(aa+l_a-(a^ i)}tanh-^a 

And 111 exactly the same vay, if p he even = 2 A, 
l-a'’/-'Mn3A,(9^„ o-o-» 

~k -T-^ 1 + 3 + +2X:n 

-{»“’-o-*^}tanh-»a (a»<l), 
which establibhes the result stated 
If we write a^e~^ we may exhibit the result as 

to 2 01 terms J, 

according as p is even or odd 
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1150 Particular Gases 


The particular cases when li=l, % 3, etc, are 
y^(a-ijtaDh-ia=|tenh-*a, 

f ir53[(*'-y - tanh-^a] =2i±^taijh-»a- 2 ^ 


etc 


1151 General Oonclusion derived 


It appears then that is m all cases, when jp is a positive 

integei and a* < 1, of the form 

P+Otanh-^o, 

where P and Q are known aJgebiaical functions of a 
And in any such case the reduction formula 


may be used to determine J|, A. etc 
It will be observed that the first case of this result follows at once 

from the senes for (No 2 of Art 1134) 


lo (®^^^+®®^*^2d+a*8in3^+ )d0 (a*<l) 

If a* be > 1, 


= - tanh“^i =- coth“^a 
a a a 


The general case when a® > 1 for J dB may be investigated x 

n the case < 1, using the series ° 

j_^^j^=1+|co8 0 +Jcos 26 I+ , 


and it will be clear that all that will be necessary to modify equation (1) 
of Art 1149 will be to replace l-a^ by a®-l on the left-hand side and 

a by cr'^ on the nght, which leaves the formula for d$ 

unchanged, except that tanh~^a will bo leplaced by coth~^a 
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Thus, in all cases whether a® > or < 1, and p a positive integer, we have 

l-a^ r , a®>-» - 

2 io tt 1 3 

to I or teims - (a^ - a“^)X, 
where j!r=tdnh-^a or coth'ia, according as a® < or > 1 
1152 General Formiilae 

Let the expiessions and be respectively 

called C{Pi n) and Sip, n) 

Then 

coay6lcosg6>j g_l f” coa(i>+g)g+cos(p-g)g^p ^ <7(p +?, »)+ - 8, »*)]. 

y?^ 2 Jo 2 

8inpgsmg6> v^_l r -cos(p+g )^ + co8(p-g)g^^_lr_^. 71 )], 

tt" 2 Jo 2*- 

coaggsingg 1 r*ain(p+g)^-ain(p-g)J^^ ^Ir ^(^+gr, w)_;S(3)-g, ^Oli 

2 Jo 2'- 

Buii)^coag^ ,._1 r^ ain(p+g)^+ain(p-g)g ^^ ^Ir 7i)+^(p-g[, w)] 

2J0 2 

Hence all such integral's can be computed, p, q and n being positive 
integers 

1153 Integrals of the Class | tt^cospAtW (Legendie, Exer- 

cicea, p 376), n a positive integer 
We have 

tt"=(l-2oco8e+a*)”=(l-ae‘'’)”(l-ffl6"‘*)" 

=(Zo4-KiC‘»+Xse*‘'+ ){Eo+Kie-'^+K^-^+ ). 

wW. a *.d ir.=i 

The coefficients of e*** and e-®*' in the product are each 

KpKff-\-Ep^.xKi-\-Kp+2K^-\-Kp^Kg-{- , 

giving nse to the term 

)2 coape, 

and in the integration this is the only term we shall require, 
for all the others vanish hy virtue of the theorem of Art 1121 

Hence W''coBpedd=ir{EfEQ-\-Ep+jEi-\-Ep^JRt~^ ) 
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Now 

Kp 25+1 Kp (p+1)(2)+2) 

I «(«-!) (w -J))(»-3)-l) . "I 
1 2 (p+l)(j) + 2) « + J 

1164 The Farticulax Case p =0 gives 

7=r(ir.HiriHAj^+A',*+ ), 

te ['ti«d<;=r(l+«Ci»a*+*(7,»a*+’‘C',*a«+ ) 

We have seen (Ait 1147) that 

f +« W+"C.»a‘+«(7.V+ ) , 

whence it follows that 

(see Alt 1155), (1) 

and more generally, since 

f^coapdcK^ >rraP (jP + l)(p+2) (p-^n) 

Jo 12 3 n 

/ n n-^ . «(»-!) (n-j))(»t-p-l) ■ \ 

y + l“+ 1 2 (j)+l)(p+2) > 

by writing n + 1 foi « in the formula of Art 1145, we have, by conipanbon 
with the result pi oved above for ‘Uf‘ cob pOdff, 
f^coapd,^ (-1)** (?i+l)(n + 2) (n+p) ^ 


In the value of cos pddB established m Ait 1153, it is to be 

noted that jp has been assumed not gi eater than n 

If p be > w no term containing cos pd would occui in the expansion 

oftt", u^cospBdB^O (p>n) 

If n—pj we have -a" cos nB dB=( — l)*hra^ 

The lesults of this article are due to Euler (vol iv, Calc Integ ^ 
p 194, etc ) The method of pi oof is that of Legendre {Exercices^ p 676) 
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1165 The Equation 2e”cZ0=(l— may be estab- 
lished directly by the transformation 

(l-2a cos d+aPf (1 - 2aa cos e'+a^)={l 
which has an interesting geometrical interpretation due to the 
late Dr N M Ferrers* 

Moieover, so far it has been assumed that n is a positive 
integer It will be seen fiom what follows that this limita- 
tion IS no longer necessary 

Take a circle of radius a and centre 0 and a point B within 
the circle at a distance 6 from the centre 



Fig 336 


Let PjBP' be any chord through B, and let the portions 
PB, BF subtend angles 0, ff at the centre , then 
PB2=a2+6®-2a6cos0, 
J5P'2=aH6*-2a6cose', 

and 


- 2a6 cos 0)(a*+52-2a5 cos ff)=PB^ BF^^{a!^-}?f 
Also, if QBQ be a contiguous position of the chord, the 
elementary triangles BPQ, BQ'P' are similar , hence 


<*0 ■PQ_r*5-P_J5P_/o®+6®-2a6co8 0\^_ a*-6* 

=ci0'—“P'Q'~ W“PP'~W+2>®-2o6co8 0'j “a*+6*-2a5oo8d'’ 

(aa+6«-2a6 cos 0)«i0= ^ 

' ' (a®+6®— 2a6cos0)” a®+6*— 2a6cosa 


(a2-62)2«+i 
(o®+6®— 2a5 cos 0')"+ 


,d0' 


*See Soluttona of SencUe ffouae ProUtmt and Jttden, 1878 Edited by 
Mr J W L Glaisher 
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If the chord be allowed to rotate so that 0 increases 
from 0=0 to 0=w, then 0' decreases from 9'=7r to 0^=0 
Hence, integrating and replacing O' by 0 , 

£ (a*-2a6cos 0+6*)«d0=(a*-6^)*»+^£ (a*-2a6cOT W)"+i 

Taking the radius a to be unity and replacing b by a, we 
have the equation established otherwise by Euler and Legendre 
above 

Writing c cos 5, c sin § for a and 6 respectively, the equation 

A A 

may be thrown into the compact form 

J ir fw dO 

^ (1 -sm a cos 0)« dd=(coa (i-smacosflr^ ' 

1156 Another Interpretation of the Integral 
The integral may also be interpieted in connection with the 
angles known in elliptic motion as the Tiue and Eccentiic 
Anomalies 

Let S and C be the focus and centre of an ellipse. A' the end 
of the major axis most i emote from S, and A the neaiei 



end, P a point on the curve, iTP its ordinate, and Q the coi- 
responding point on the auxiliaiy circle Then A'8P is the 
supplement of the “ true anomaly,” and SCQ is the eccentric 
anomaly ” Let these angles be 0 ' and 0 respectively 
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Then, from the polar equation of the ellipse, 

GAO-^) , 

— ^=l-ecos0, 

and also SP=GA—e CN=GA{l—ecoa6) 
Hence (1— ecos6)(l— ccos0')=l— , 

and if we write sm a for e, ^ e 


e= 


2tan|- 


2ab 


114 . 2 ® a^+b^ 
l+tan2- ^ 


(where tan|=^). 


we have 

(a®+6®— 2a5 cos d) 2ab cos 0')= (a®— 6®)® as before 

The case when n=^, viz 

I N/a®— 2a6coa0+6®eW=(a®— T — ?50, 

Jo ' Jo(a®-2afecos0+6®)^ 

may be written 


Jo 


4a6 cos® I ^0 = (a® —6®)® 


f 




or putting |=J-^ and 


^(a+6)®— 4a6 cos® 


that IS, 




and 18 therefore Legendre’s Elhptic Integral formula of trans- 
formation, Ex 1, p 399, with the superior limit - 

2i 

1157 A Group of Integrals of Different Form 
Generally, if we have a known series of one of the forms 
/(a!)=4o-|-4iC08ca!-l-A,cos2oic-|-^gCos3ca:-f- , 

F (as) = sm oa:-l- JB* sin 2c® -f JB, sm 3c®H- , 

we have, hy the integrals of Arts 1048 1051, viz 

r smc® TT f"co8C®, 

^ X am €x . 


I 
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where c is positive, 

=|(A<^+ B.f-*''+l?je-*‘+ ) 

Accordingly, taken in conjunction with the paiticular class 
of senes given in Ait 1134, we obtain another numerous 
group of definite integrals 


Illustrative Examplls {r positive throughout ) 

1158 1 Since ^^^^=8iii c^+asln2ci^-f-«®sln 3ca?+ (a*<l), where 

ttsl — 2acoscr+a*, we have 

r r sincr , r® ^ ^ « 

Yq 7 Ja(smci- + asui2<'a:+a*siii3rr+ )dv 

“1 +a*e”3*+ ) 

w 1 


2 1 - aer^ 2 e® - a 

[Legendre, Exeicices, 'vol ii, p 123] 

2 Show that r 5 ’ |±£^ (a.<l) 

/o (1 + ^*) w 2 1 - 1 - ae^ ' 

„ IT I a+e”*' 


2 a® - 1 a - fl“® 


{a*>l) 


3 Show that „i 5 1 _ ^ 

4 Show that 

r* _‘7r 1 1 +G*4-(2a-3a*)e"®-3a*0"®‘'H-8G®e“®® , , 

Jo (l + x®)w* 2(1 -g®)» (i-ae-^Ns («<■!) 


6 Show 


thatfrf 


, a sin cv 

_ tan ‘ ^ 

fo 1 + 1 - a cos cv 


di^ -|log(l-«e-®) (a*<l), 

r j: . - sin ca? , ir , 1 . 

•^—^tan-^ da, = -■ 3 log(l--e-®) (a*>l) 

l+JT a-cosrr 2 a f ^ ^ • 

6 Show that YTj? ^ 

7 Show that 1®S cia? = - log ( 1 - er“) 

8 Show that J log (1 - ae”®) («* ^ 1) 

r =:irlog(a- fl~®) (a*>l) 
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9 From the last example deduce 

. ex (iv IT, 

logtan^j^=2logT^ 

[GEoaass Bidonb, Mim de Twm^ \ol xx ] 


f' 


Examples 
r*dx l+a* 

1 Show that / — s=ir;- 5 ^, 

jo (l-a^y 

where 1 - 2a cos 5?+a® and a® < 1 

2 Show that (a><l) 

3 Show that 
/■"■sin A sin na? 


/; 


Jo u 
4 Show that 


f 


-^=i (T^U»+l)- («-!)<»“} («“< 1 ) 

QO^nxdx _ TT 1 (1 - ~ 2a"'*-^ sinh & 

(6^+j;*)m 26 1-a^ 1 - 2a cobh 6 + a** 

5 Show that £* — dj?=^log tanh e 

7 Show that log(25 - 24cob^)(f^=4irlog2 

8 Showthat(a)/;gg^^ifl=^log7, 

(26 -24cose)“‘^^“S4 

9 Show that J';gl^d^=Elog* 

10 Show that r . 

Jo (6-4 cos 9 

11 Show that 

Jo (o-4cos^#y 2«+» 27 

r» sin® ^ 

Jo (S- 


12 Show that 


- 3 cos 6 iy‘^®~ 2 ’ 


13 Show that ^ 8in2>dlogud9 

where the term foi which n=p is omitted m the summation, p being 
a positive integer 
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14 Show that 

(a2<l), 

the term where n—p being omitted in the summation (Art 1136) 

1159 On the Transition from a Real Value of /L to a Complex 

Value of £ m the Pormula for j M Serret’s 

Investigation 
In establishing the result 

j* (w> 0 ), (Art 864), 

it was assumed throughout the proof that h was real We 
cannot therefore assume the theorem as still true for complex 
values of ^ without further investigation We consider the 

integral f“ 

Z=j where 

Then I will be finite if a be positive 

Since e”^‘‘“‘‘®)*=c“®®(cos 6 a ;+4 sinfer) the integral consists of 
two separate integrals, viz 


6”®*cos&ca;"“^ 


dsc+£ j( 


6’®*8in6aja;”"^(fe 


Let jR, $ be respectively the modulus and argument of 1 
Thus poo 

jRe**=J dx 

Let 5= a tan ^ lying between — ^ and +^» so that 

jR dx 

Jq 

Then differentiating with regard to 0 , 

i = la sec® 0 j* e-aaeMw 4 dx 

Integrating by paits, 

and the portion between square brackets vanishes at both 
limits, a being positive 
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SloffJS 


= — titan 0 


=ti( 4 — tan 4p)Re ^^ , 
and ^=01. 


logB = 71 log COS log 4 and $=7i0+S, 

where A and B are independent of (p 
^ e R^A cos"0, #=7104- B 

But "when 4p vanishes 6=0, and the integral is 

{ e"^*ajn-i and $ vanishes 

0 

Hence B=0 and 4=^^, hence 22= cos'*^, $=w0 
Hence 

^ r(w)cos"0, . , .V r(n) r(w) 

So the theorem J 

still holds when k is complex, provided the real part a of the 
complex positive * 

If n he a fractional quantity, (a— ‘AY will be susceptible 

of q values and no more, if its argument be unrestiicted in 
value We must then obtain the argument of {a— AY by 
multiplying by n the argument of a— A taken between the 

limits — 2 ^ 

1160 We then have the two integrals 
cos 605 cfa;=5^ cos” ^ cos sin”^ cos n^, 

00 -p / \ p / \ ’ 

g-a» Sin bx £c”-^ dx——^ cos” 0 sin n^= sm” (j> sin n0, 

e f cos hx dx^- , cos (n tan-^ 

Jo (a2+62)5 ^ 

f e-fl«a3”-^ sm bx dx= ^ sm (n tan“i 

Jo {a^+by ^ 

*See Serret, Calcul Integral, p 193 
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These results (A) are then so far established on the under- 
standing that a IS a positive quantity 

1161 When a vanishes the integral J cfec may still 

be finite if n. be a positive proper fraction 
Consider either integral, say | sm hx dx (6, +^®) 
This IS equal to 


IT 2ir 8* 


+ + 1 + Je“®®sin6j5aj”“ici!a; 

b T T 

(r-^Drr 

Let (— l)*‘t«^= J ^ 6-®*sin hxx^-^ dx, and write for x, 

T 

(-l)»-«,=J^e ‘ 8m(2+fir) [—j~) 

te “'"pj {z-\-rvy^^dz, 

and the whole integral I e““*sm ixx'^^dx is made up of such 
Jq 00 

terms as this with alternate signs, viz (— % e 

which IS convergent if a>0, for the terms dimmish as r 
increases and are of alternate sign But m the case when 

a=0, Ur becomes sinz(z + r 7 r)"'"^ciz, and when r 

becomes indefinitely large this does not ultimately vanish 
unless n<i 1 When this is so, the senes 

is convergent, and its sum will be the same as the sum 

«^o-<h+^2""^8+ 
for the value a=0, n<^l 
For if 8 =Uq —Ml +M 2 —Mg + ad mf, 

S'=Mg'-Mj'+M2'-Mg'+. , 
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and S„, s; be the sums of the first m terms and R„, R'„ the 
remainders respectively, ” 

S=S„+R^. S'=8i+R^, 

S-8'=S^-8„+r^-r^ 

when a=0, and R„, R'^ separately dimmish 
indefinitely as m increases indefinitely Hence 8—S’=0 when 
a=0 and 0<;«<;i 

Hence formulae (A) become, when 0=0, and therefore <p=-, 

poo * 

I a!»-ico8 6a!il!c=S^cos— , 

Jo 6" 2 


[ a:"-3 
Jo 


smbxdx- 


.r(n)^ 


^ nir 


(B), where w is a posi- 
tive proper fraction 
(6 positive) 


1162 Putting x=z^ and 7i\=2>» we have 


r ^'(f) 

*<-»cos6«^(fo ^cos|2:, 

•'« 2X 


r 

\b^ 

r(?' 


r ^ vf 

\ sm bz>^ds= — H1T1 SE 
•'» ..P 2X’ 


\b^ 

1163 Since r(«)r(l-»)= 


(S'), where p <X and 
both are positive 
(6 positive) 


written 


I ®^^co8 6a!<fe=. 

Jo 

E 

r a!»-*sin6a!da:=- 


sin nv' 

IT 


the integrals (B) may he 


^26'*r(l-n)’ 


»w 26 »r(l— n) 


( 0 ) 


1164 M Serret points out that the latter mtegral remams 

r smh®, V 
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1165 If we wiifce 1— n=m, m being a positive proper 
fraction, the formulae (C) take the form 


COS for , X 
dx== 


Jo 

p sin bx 

Jo 


cos 


dx=^ 


mw 2T{my 
2 

X 5”*"^ 


Sin 


mir 2r(w)’ 


j. 0 <m<l 
(5 positive) (D) 


1166 The case gives 


2 


r 


sin fee 
Jx 


dx= 


b ^ 

w 5“^ ^x 


pcos6a; , _ x 

Jo ^ 

4 


sin 




(6 positive) (E) 


Putting ®= 2 ? in these integrals, 

cosi!a*<i 2 =j"^ sin 6 z*d 2 =i-^^ (b positive), 
and if we put 6 =^, we have 

r ’TZ* r -irz* , 1 

Jo 

These two integrals are known as Fresnel’s Integrals, and 
will be considered more fully in Art 1169 
The groups of integrals of these articles are due to Euler 
{Oaic Intigral, vol iv , p 337, etc ) They are also discussed by 
Laplace, vol viii , Journal de V^Jcole Polytechmque, p 244, etc , by 
Legendre, Exeroices, p 367, etc , by Serret, Gailc Intig , p 193, etc 

1167 Further Results 
Returning to formulae (A), viz 

cos bv dv — C 0 B^<j> cos n<f>j 

^-«X ^n-l C08”<^ Sin 7l<^, 

and putting ?i=l, we have the well-known results 
■®*cos647i?r= 


where 6=a tan 


!■ 
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Again reraembenng that 6=atan<J>, we have 6"‘=a**tan”*<^, and 
keeping a constant^ 

b”^^db « a” <ji 8ec®<^ c?<^ 

Hence multiplying the integrals by the sides of this identity, and 
integrating with regard to b from 5=0 to 5=qo, and theiefore with 

regard to </> from <^=0 to and takmg l>m>0, 

r(w) sm’**^^<^> co8**"^^<^ cos ntfi cos 5a? dx db^ 

and - 

r(w)fl5*"-* 8in”^^<j!> cos**“^^</> sm n<j>d<^=^J^ sin 5a? c?^ c?5 

The nght-hand sides of these integrals are respectively (taking n>m), 
r^if^E^eoa^dv and die 

by formulae (B), 

T(n—m) . mrr , r(w-m)„, . mir 
l(»i)oos-s- and -^-^r(m)sin- 5 - , 


le 

whence we obtain 


^ sin"^^<^ cob**"^^ sin d<l > = sin 


sin"^^ cos"-^^ <l> cos n<^ c?<jb « - ^ cos 


7i>7ny 

l>m>0 

((^) 


(2>n>l) 


r(7.) 

and taking 7i=m+l, 

/ 8in’*^<#) cos 7i<^ 0 ?^=— L- Bin 

JO TO— 1 2 

f 8in’^^8inTO<^<f<55= ^cos^, 

Jo 7' 7- 2 

Replacing by g — ^ m formulae (H), we denve 
^ cos"”*<^>co8 n<l>d4>=0j 
cos^^^sin TO<^>cf^=-iy,j 

that IS the formulae (G) still hold good in the limiting case toi= 1 
1168 Since r(wi) r(l-m)= g^^^ formulae (G) may be written 


(H) 


(I) 


^sin-=r 


rCa-m) _jr 


r(n)r(i-w) WMT 

2008-2- ) 


(n>w), 

(1>»»>0) 

(J) 
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When m diminishes indefinitely to zero, the limiting form of the first 
of these integrals is infinite The second takes the limiting form 


Jo ^ sin<j!> ^ 2 

It will be noted that the integral (K) is independent of n 
These lesults are given by M Serret, CcUo Intig , pp 199 to 201 
Differentiating the equations 


[ 


Bin hscdx- 


■=^r(.), 


(K) 


where r=^a*+b* and ^=tan“^-, 


with respect to n, we have 
f ^-i^cos6^1oga.cf^=2^ 

and ehminatmg 

J^A^^er<»®sin (n5-ia7)log jdr=s^r(») , 

and if w= 1, e“®® sm {$ - ba:) log s=^ 

where f=>/a* + 6* and 0=tan“i- 

a 

Also could be approximated to by means of the tables foi 

logr(n) if required 

These results are due to Legendie (ExercMM, p 369) 


1169 Fresnel's Integrals 
We have met the integrals 

/•oo poo ^ 

j cos|^aj®(faj=J sin^aj*dic=2, 

known as Fresnel’s Integrals, m an eailier chapter, viz in the 
tracing of Cornu’s Spiral (Art 660) They are of 

importance in the Theory of Light Students interested in the 
employment of the integrals m Physical Optics are referred to 
Verdet’s (Euvrea, tom v , or to Preston’s Theory of Light, where 
the various methods adopted in the construction of tables for 
their values between limits 0 and v will be found explained at 
length 
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Preston gives in the form of examples with hints at solution 
a very excellent condensation of the chief results ariived at by 
various investigators — Fresnel, Gilbert Oauchy, Kuockenhauer 
and Cornu (Preston, Theory of Lights pages 220-223) 


1170 We may consider shortly some modes of calculation 
of the more general integral 

j*cos ^{x)dx, where 

Take first two near limits, a and a+hy lieie h is small 
Thenj^"^ cos ^{x) ix=^ cos <j>{a+y) dy^ by putting 

rh 

= cog{^(a)-fi/^(a)}dy neaily, 

Jo 

since y lies between 0 and 7i, and is therefore itself small, 
_ sin{^(a)-l-A<^^(a)}-sm 0(a) 

4>'{a) ^ 

Hence, by taking the limits successively, 0 to h, h to 2h, 
2h to 3A, etc , and adding the results, we may obtain a close 

rn* 

approximation to cos <j>[x)dxy provided, of course, that <l>{x) 
18 such that ^'(^)=0 has no loot between 0 and nil 


1171 A closer appioximation may be made as follows 
Since + 1^ /?^(/x)+ , 


we have, by integration between limits and 
h 


and if 

fl+A 


^’(r) = co3<^(^), and r=/i- 4 - 2 ^, 


£ cos^{»)rfr 


=Aco8^(m)+j ^ ^.cos<^(/i)+i ^co«.<^(,*) + 


A» 


A COS <#>(/a) - jy [coa<^(^) (#>'”(/x) + sm <^'*'(/x)]+ , 


fiom vvhich lesult we may pioceed as before, taking linutb 0 to hy h to 2/t, 
2h to 3/z, etc , and adding the seveial results 
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1172 Fresnel’s calculations weie based in the manner descnbed above 
upon a piehminary consideiation of the integials 




TTJ" - 

wliei© tlie intoiy^dl h is so am<ill that its scjtiais can be i ejected 
In tins case, putting % = v + z, 

[ eoa^-dji=l^coB^(ifl+2vz)di= ^[8m|’(t>»+2t*) sm?^] 
and 

[ sm^^cb = jT am |(e»+2«.)&= -;^[cos ^(t>»+2tA) -cos ’^] 

Then taking as intoivals and making V in HuoccHsion 0, |^, |^, 

ilr» » values of the integials weie appxoximated to 

1173 The mtegxals 

[cos^-dv, [mn^dv o. [cos^dv, j\m^dv 

may each be expiessed in the foiin A'cos^"% I'sm 2^, wheie JT and T 
aie eeiies of a<iuindnig poweis of v, in mtegiating fioni 0 to n, oi 
escending jiowois of ?» when the integiatiou extends fiom i> to luimity 
In both cases the intogiation is peifoinied by “Pails ” 

In integrating from 0 to v we pioceod as follows 

^ dv, 


eU 


Hence multiplying by 1, r, T*. , — iL 

and adding, 136 13 5 7’ 13 

rcos2frfe=cos2?T"-,5‘'L+__zl?L__ 1 

'0 2 2 Li 1 .J 6^1 3 6 7 0 J 


6 7 0 


I'b . 


4.sin--r j. 

2 Ll— -0-6 -7 + 1-.) 


5 “ 7“9 11 


- ] 


=»-rcos^g^+ Tsiu^^, 


say, 


0 ) 


and proceeding in the same way with /* sin 

Jo 2 


/' Tr..„7r(f* 




fo 


. I.* 1 
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aud the sum of the squares of the integrals (which gives a measure of the 
intensitv of iHumination in a certain case in Physical Optics is X*+ F® 
It is intei eating to note that the senes -X, T satisfy the equations 

g'+^F=l. 

1174 If it be desired to express the integrals with limits i; to oo in 
descending powers of i?, the integration by parts must be conducted in 
the opposite order Thus 

fcoa^dv-l 

f i -’f i ‘““T 

etc 

Hence multiplying by 1, 1, - 1 3,-1 3 5, +1 3 6 7, etc , and adding, 
r tt tvY 1.1 3 1 3 6 7. \ 

i. — 5 *?^+ ) 


2 WV 71^11 

«, irv® ^ Try* 
=Z'cos-^-F8in-y, say, 


- ) 


( 2 ) 


where 
and similarly 


V/ 1 13 6... 


ijr 

J, 

And, as before, the sum of the squares of the integrals is 
Also A', F satisfy the differential equations 

dT' 


and 


1"=- -^+ete , 

Try 7r®ir ’ 


■ F'cos^+lT'sin^^ 


dX' , 


We also obviously have 

Try* , Try* - f* iry* j 1 tr fl*®* ■»>- tt®* 

I ^j-dv=l 008^*- cos .g. - Fees -g—rsin^. 

*See PresWa 
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and similarly 

f rf»=|+roos^-X8in2^ 

Also 

I **“ ®‘“ X 8m^rf»=.l- r'oos JT' am ^ 


1176 The expansion (1) in ascending powers of v is due to Knocken- 
hauei * The expansion (2) in descending poweis of v is due to Cauchy + 
For the student of the Integral Ckdculus, perhaps the most intei eating 
of Ml Pieston’s quotations is one which expresses Cauchy’s senes of the 
last aiticle in the foim of definite integrals These expressions are 
quoted from the investigations of Qilbeit, published in the JfSmotrei 
couronn^s de VAcad de Btusffdlea, tom xxxi , p 1 
iro* 

Wntmg -g- =«, we have 


Also 


cos 14, Tt^ , 1 /•“sin 14, 

I x-ie-^dx=^^='^, 

Jo fju 




-^r r 

ir>j2Jo Jo 


e~^cos i4 

s/x 


dudx, 


or changing the oider of integiation, which does not altei the limits, 


itn/I Jo >/i? L 

»jL^r_Lr ^ 

7r^/2 Jo dx LT+^ 


a? cos 14 -sin 


Tfy 

Jo 


dx 


-fl™ 


l?COS14-Smi4' 


l+ar» 

;^IX 


du 


'o ^/^r(H-a») 


Jo putting ir=tan 9, 


=j^ (^tenj^+VcoTS) dd, 

by Ex 8, p 162, Vol I 

•Knockenhauer, Die l/7uiv2atton8ai€one des Ltcht% p 36 , Preston, Theory 
qf LtgTUf p 220 

t Cauchy, Oomptee JRevdua, tom xv 634, 673 
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Hence 

r * 1 I , irv® 1 p:P“ie*"”* , 

I oos-^Ov^^-ooo-^ -rnr^’ 

and Bimilaily 

TTV^ j 1 irv^ 1 j irt^ 1 

Jo Binx^-r'^-g- wli. T+p-‘^-™XwlJo T+F*'> ^ 
where tt=-^, which express Cauchy’s senes Z', 7' in the respective 
definite integral forms 

and Ts-X^r 

1+iC* 


^isj%h 1 +^ 


1176 Several other interesting relations amongst these integrals are 
given by Mr Preston, to whose book the readei is referred 
A table of the values of Fiesnel’s integrals, as given by Gilbert, is 
quoted in Ait 1177 fiom Mr Preston’s book The table is cained up to 
Vs 5 0 The oscillatory character of the results is exhibited in the graph 
of the Cornu Spiral in Art 660 


1177 Gilsbri’s Tables ob Fresnel’s Inteorals Quoted fiom 
Preston’s Theory of lAgU 


V 

/* T»* , 

loOB^dv 

Isin^dv 

V J 

r* TTV^, 

[ coa-5-av 

/*• , 
Ism-^dv 

00 

00000 

00000 

26 

0 3389 

0 6500 

01 

00999 

00005 

27 

0 3926 

0 4529 

02 

01999 

0 0042 

28 

0 4676 

0 3916 

03 

0 2994 

0 0141 

29 

05624 

0 4102 

04 

03975 

0 0334 

30 

0 6067 

0 4963 

05 

04923 

0 0647 

3 1 

0 5616 

0 6818 

06 

06811 

01105 

32 

04663 

0 5933 

07 

0 6697 

01721 

33 

0 4057 

0 5193 

08 

0 7230 

0 2493 

34 

0 4386 

0 4297 

09 

0 7648 

03398 

35 

0 6326 

0 4163 

10 

0 7799 

04383 

36 

0 6880 

0 4923 

11 

0 7638 

0 5366 

37 

0 5419 

0 5760 

12 

0 7164 

06234 

38 

0 4481 

0 6656 

13 

0 6386 

0 6863 

39 

0 4223 

0 4762 

14 

0 5431 

0 7136 

40 

0 4984 

0 4205 

16 

0 4453 

0 6975 

41 

0 5737 

0 4768 

16 

0 3655 

0 6383 

42 

0 5417 

0 6632 

1 7 

0 32)8 

0 5492 

43 

0 4494 

0 5640 

18 

03363 

0 4o09 

44 

0 4383 

0 4623 

19 

0 3945 

0 3734 

45 

0 6258 

0 4342 

20 

0 4883 

0 3434 

46 

0 5672 

0 5162 

21 

06814 

0 3743 

47 

0 4914 

0 6669 

22 

06362 

0 4566 

48 

0 4338 

0 4968 

23 

0 6268 

0 5525 

49 

0 5002 

0 4351 

24 

06560 

0 6197 

60 

0 6636 

0 4992 

25 

04674 

0 6192 

00 

0 5000 

0 6000 
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1178 Soldner’s Fnnctioii 

don 

18 known as Soldner’s Integial It 

IS denoted by the symbol li(aj), which is Soldner’s onginal 
notation The letters li are suggested by the phrase 
* logarithm-integral ’ 

It IS obvious that the integrand has an infinity when a;=l 
Hence, in accordance with the theory of Principal Values 
(Chaptei IX ), when the upper limit is greater than unity, we 
shall understand this integiation to mean 




dx 

log®* 


where e, j? are made to dimmish mdefinitely in a ratio of 
equality 


1179 Properties of the Function 
d 1 

It follows that li (a?) = Hence 






2^ 1^(® "I" “ log (a + M’ 


5jlH«*)-ioge» a?* 




d , y d . , . coBur 

da li ”■ log ««+«“ a + a?’ ’^“logsma?’ 

Hence conveisely we may expiess ceitain integrals in terms of a 
Soldner’s function, viz 


( dx ht^Lt^o-r' 
;log(a+fer)“ 6 ’ 

J^dv =li(e*)4-C', le 


or between limits ^ da; = li(a”‘+*) - li (6*^^), 

b,..» £,^.Wi±iaM;l5±W, 

tttM 

J ” dJr=li(e®)-li(e*), and so on 


1180 To enable the ai ithmetical calculations of such results to be made, 
Soldner constructed a table of the values of li(a7) to seven decimal places 
for values of u, from a;=» 00 to a?=»l 00, at the latter of which the function 
18 mfinite, the values being negative , and a furthei table of the values 
of lia?, giving the values to seven places, for a? »-l, 1 1, 1 2, 1 3, 1 4, which 
are negative, and 1 6, 1 6, , 2, 2 6, 3, 4, 5, , 20, which aie positive, 

and at certain inteivals from 22 to 1220, all taken to eight significant 
figures 
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XH 

It w uiin<*t oHHiuy tin* labl«*shm« Th«w ^lU 1 m* fouml 
in Dti Motgan’H /hf and Int i\th |m|;((*s(U>2 iiid f»tl t V 4»\ttu<*t*i 
fiom thoHO tabUw will mdiMU* tin* nhapn tho 


% 

U(x)(-) 


r 

lt(X)( ) 

j 

j i »f>( 

CK) 

(KK) 


00 

5i; 

1 0 

I 

05 

013 


7t> 

*<81 

1 1 

{ 1 8*5 

10 

0)2 


m 

I 134 

1 * 

1 <P»31 

15 

05(> 


JK) 

1775 

I 3 

j 0 PH» 

20 

085 


05 

2 14 1 

1 1 

♦ ttlh 

25 

no 


m 

3 315 



30 

157 



1 0.).) 



40 

253 

1 (K1 




50 

370 


1 





0 



» 

1 nu)( I » 

1 



1 5 

0 125 


20 0 

1 0«MI5 



1 6 

0 351 


30 0 

) 13 023 



18 

0733 


10 0 

15 810 



2 0 

1 015 


ItKlO 

30 I3»i 



2 5 

1 007 


2(N)0 

5l> OP 



3 0 

2101 


1(H)0 

85 1 



40 

2 008 


m) 

n7f» 



5 0 

3 535 


1010 

18) 1 



10 0 

6100 


1220 

217 1 



Tho maicli of tho function (an thou ho HC(»n to 1 k) aui pH « nt(*d h> thn 
accompanying giapli 



Fig .TO 
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1181 Method of Computation 

We proceed to show how these values were computed 

■= — 

0 ^ 

can be thrown into the foims — / or I 

j-ioga y J^eo y 

Now, BO long as n is greatei than zero, we have by expansion 
^ ^ ^n4i ^n+2 ^ ^n+3 

n‘‘‘(»J + l)l'~(»+2)2i'''(«+3)3'“ ’ 

where U is to be found The series is convergent foi all positive values 
of V and does not become infinite with v Also, when v—O, the value of 
the integral is r(7i) Hence C=^T(n) 


This may be ananged as 


f*^^'^-rci-;-=¥+5riiyr-5rOT’- 

r(n+l)-l v«-l . D»H -1 

n “T' ■^(714*1)1 

Now, if we make n diminish indefinitely, ~ ^ = log v, and 

18 the hmit, when n=0, of ^ for the value r=l, i e 

[ir(.)]_, » m 

01 as r(l)=l, this 18 the same as r^logr^a?)! -y, where y is 

Euler’s Constant 

/. 9’*’ •)'->®8*’+rV-24T+A- > 

Hence we have, putting t;=loga, 

Again, by expansion, 

(“») 

and =y+log,-jJ^+g2L,- , 

and upon addition, dimmishmg c and tj indefinitely in a ratio of equality, 
the Pnncipal Value of li(a) is given by 


Euler’s Constant 


(«>i) 


(.> 1 ) 
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As tbeie w mamfest discontinuity when a= 1, and the Principal Value u 
taken m integiating over the discontinuity m the second case, formula (C) 
will not be derivable from formula (B) by putting \ for a in the formei 
It will be observed, howevei, that the two senes then only differ hy 
log(-l), which w the effect of the discontinuity 
By means of the expansion of 
1 _1 1 
log(l+») i , a* 

wheie the coefficients may be calculated either by actual division or by 
multiplying up by a;(l -|+ ) and equating coefficients, gmng 

jsri=j, jr,= -A. -Si**. ®*«. 


we have, a<l, 


and by Art 944, putting 

.-“-.{rft-iii-.} 


K K 

=£ts_i(lii-log(l-J)}“£<— o{li(l-'*)-l‘>S«>=JS^i— 2 +T“ 


K 

whence li(l-a)=7+logo-Xia+Y®*“ 


Again li(l+<«)=l?““ J 


« dz 

-ilog(l+s) 


f^\ dz 

It >)log(l+*) 



=JK«-o[(y+log‘--Ki‘+4^f’«*- ) 

+ llog«-log«+jBri(o-«)+iiSxj(o*-«*)+ }] » 

cfi 

li (1 + «) = 7+log (» + -Kia + X, Y + 


Also, hy Tayloi’s Theorem, ^ ^ ^ ^ 

h (« + 1 ) = li (a) + 4- (log «)■' + 2 ^ (I og «)"* 2 t + 3 ' 

Other lesults will be found m De Morgan’s Diferentud and Int Cak, 
paees 660 to 664 By aid of these senes Soldnei calculated the numen 

f® dx 

values of the table for the function li («)3 
We may therefore now legai d such functions as 
1 c oshr a* . 

logT* Toga?’ «’ a ’ a+®’ ’ 

as mtegrable in terms of Soldner-s function, and therefore their integials 
calculable by means of his table, for assigned values of the limits 
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1182 Fbullani*s Theorem Elliott’s and Leudesdorp’s 
Extensions 

Suppose Fijby) a function of the pioduct xy of the coordinates 
of a point in the plane of x, y lying in the legion bounded by 
the 2 /-axis, an oidinate at inhnity and the two straight lines 
2 / = a and y = h parallel to the cc-axis Let a and b be supposed 
of the same sign Let F{'i) and FXc), where z = xy, be hnite 
and continuous functions for all points in this region and also 
along the boundaries 

Suppose also that F{xy) takes definite finite values at 
^=0 and at £»== oo from the value y = b to y = a inclusive, and 



denote them by jP(0) and F{oo ) respectively Considei the 
suiface integral of F'(ty) over this legion This is expiessed by 

F'ixy) dx dij, oi, what is the same thing, I j F'(xy) dy dx 

0 Jfi JbJQ 

The fiist form of the mtegial is 

-f 

The second foim of the iiitegial is 




Jn ^ 




d2/ = [J'(<»)-l’(0)]j'‘^ 


=[J’(x)-J’(0)]log5 

Hence it appeals that 

r nc>^)-n^ dx=\Fi'x>)-Fm log^ 

J 0 ^ 


X 


( 1 ) 
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Similarly, if we mtcgiate over the region liounded by 

— ( 30 , x — 0, y = <t, ?/ = />, 

we obtain m the same niannoi 

00 )] lojr;;. . (2) 


f., 


provided F(cry) takes a definite value — co ) at r - — y' 

In cases whole j ?’( 00 )-0 01 F{0) -0 the theoieni takes the 

simpler ioims | oi -A’(/))log^^ 

icspectivcly 


1183 Wo may oxainme these lesults liom anotlau jioint 
of view 

Let Then, putting (n 


and a= and is theiefoie independent of a 

h 


Jo Jo r 

Jo Ja 1/ Jo 

b 

Th.«Jo.. .HO) f-''' 

JO X JA ^ ' 'JK r 


Now, in the second integral, VIZ Iwth lumtH 

I 

become infinite, when h is mdefiiutely mcrejised, but th(‘y an^ 

sepaiated by an infinito intoival Ht'ncc ifc 

a b ah 

cannot be assumed that this intogt al vanishes, and it must bo 
investigated in each case 

If, however, F{bx) tends to take a deiinito finite value F{co ) 
when 05 is increased indefinitely, lot its value lietween the 

limits j and - be called J?’(x)+e, where e is ultimately an 
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infinitesimal, and let and be the greatest and least values of e 

h 

for values of n between ^ and - Thus dx lies between 

0 a jh X 

s 

(f(oo )+ei) log ^ and (2?’(oo )+eg) log 

Ui Of 

and therefore in the limit becomes jP(oo ) log- , and the theorem 
becomes 

r )-^’(0)] log!* 


But supposing F(bx) not to take up a definite limiting 
value such as has been described, it may still happen that 

h 

fa F(bx) J 

^ assumes a definite value — iT, or it may vanish 


In the former case f dx=K—F(0) log? 

J Q X ® 0 

In the latter case T log- 

J Q X CL 


The formula J* dx=F{0) log- known as 

Frullam’s Theoiem According to Dr Wilhamson it was 
communicated by Frullani to Plana in 1821, and subsequently 
published m Mem dd Soc Ital , 1828 
The more general form 


J” )-^(o)]iog^ 

IS due to Prof E B Elliott (EckusationaJ Tvtnaa, 1875) • 


1184 As examples we may take 

1 ^ ^ y (tan""^oo ~ tan~K)) log^— g log ^ 

These two examples are given by Bertiand, but arrived at in a diffeient 
manner 


* Both references are due to Prof Williamson, pages xi and 156| Int C cdc 
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quantities 

^ r cos ar-coabr ^^_^^^b discussed eailiei (Ait 

Jo ^ a 


dt = log which has been discussed eailiei (Ait 


AVXAy 

1185 It Will be observed by reference to the article cited that m 
Ex 4 the second mode of discussion was adopted Ibis was necessaiy, 
for if we attempt to apply Prof Elliott’s extension the debateable value 
coboo appears 

As to the values of cosoo and smoo, which we have in all cases 
avoided, the student may refer to a remark of Todhunter , Int Calc, p 278, 

and may also consult Memoiis XV, XIX, XXXII mVol VIII Cam 

Phil T^ans, there lefened to 

In cases where the evaluation of ^ involves any 

doubt as to the dehniteness of the value of when becomes 

fb F(bx) 

infinite, oi doubt as to the evaluation of the limit 

anothei method of investigation must be adopted 

5 Thus, in the case ^ _ 

r* / l4‘2wcosoM?+?l* ^o^? 

Jo ^^^+2ncos5ii7+ W ^ ’ 

we may write the integral (by Ait 1134) as 

r («• < 1), 

01 f 2|:^^ (»*> 1), 

-2iog^i(-ir‘?, («•<!). 0. 2iog||:(-irST- 

=logjlog(l+»)*, («•<!), or log| log(n-i), («*>1) 

1186 In cases ■where F(<b) and F((i) both vanish, the result is of 

course zero . 

r e"“*sinar-«^sin hx , f. 


But f£!!£2i££zf:^£2i^dr=log| 

Jo X « 

1187 Other fomis of the general result may be obtained by 
tiansfoimation 
Thus, replacing t by 

r F(a^)-F(b^) ^^_i r '“kI' 

Jo nJo V n ^ 

r ■g’(o^^)--P'(^^da;^[;y(oo)-j?'(0)]log^ 

Jo X 
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Oi a^n, putting y= log j;, thefoimuLte 

j‘ gy ={/'(oo ) - Fm log 

f_^ ^M^£(Mg^={jf-(0) - Jf’( _ 00 )} log| 
respectively become 

-^dfOSi^S' 

And, writing 2?(logs)s/(s), 

•ni £'®J^®f-{/(l)-/(0))l«gJ [Etuo™] 

Again, if we write 6=e^, a,=e*', :*;=0 gives y— - oo , A = ao gives 
y = CD , and if ^ (e*) be replaced \iyf(e), we have 

r ES££Lzii^^dy=[F{e‘e\-a, - «]logf. 

J-ta ff’ ^ 

» « £°^[/(o+j/)-/(^+y)](*y=[/(® )-/(- *)]iog| 

= [yi® )-/(-«)](“- ;8) IElliott ] 

1188 Elliott’s Extension to Multiple Integrals 
Professor Elliott has extended the general form of Frullani’s 
Theorem to the case of ceitain Multiple Integrals in two 
papers in Vol VIII of the Proceedings of the London Mathe- 
matical Soozetg, and a supplementary papei on these extensions 
was published by Mr Leudesdorf in Vol IX of the same 
Journal The singular elegance of the lesults ai lived at will 
commend itself to the attention of the advanced student who 
should consult the original papei s We have no space here 
for more than a brief mdication of the method followed 

Adopting the notation used by Mr Leudesdoif, let S{p, q) denote any 
symmetric function of p, q which does not become infinite for any positive 
values of p, q from 0 to oo inclusive Denote 

by [a], jT ^ 8{ax, by [a, 6] 

Let a=e^, c^, c=e’', d—e^ 

Then Elliott’s form of Frullam’s Theorem may be written 
[a]-[6] = [5(oo)-^(0)](a-^) 
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Hence, when a function of x containing a complex constant jp + tgf, but no 
other unreal quantity, can be separated into its leal and imaginary parts as 
I{,s, I>+1})= ^(j:, p, q)+iFt(iii, p, g), 

1192 It has been desirable to consider these lesults in detail, though 
they might be thought obvious Foi in our idea of a limit we have 
had constantly in mind some real quantitative arithmetical or algebraical 
result from which the function under consideration could be made to 
differ by less than any assignable real quantity by making tlie variable 
approach nearer and nearer to its assigned value , and it has not hitherto 
been necessary to considei the case where the function involves unreal 
constants 


1193 It IS well known that the separation of a complex function into 
its real and imaginary parts can be effected in all the oidinaiy cases when 
the function is of algebraic, exponential, logarithmic, circular or hyper- 
bolic or inverse circular oi inverbe hjrpeibolic foira, such as 

(p+ig)”, (^+ 13 )“+**, <«*’+*«', log(y+t 3 ), sin(y+i 2 ), tan-‘( 3 )+tg), etc, 
as well as in any combination of such functions 

Lemma III If JFiz) be any function of z expiessible as a power senes 
with leal coefficients, viz with ladiiis of convergency p, then 

F(p+lg):=2Af^(p+lq)^=IA„r^e«•■^, wheie r=Vp®+g*<p, d^tAir^qfp 
= X4-tr, say, 

where X— 2A„f^co8«0, r=2A,jr**sin and both these senes are 
convergent if be convergent, and then Z+cF is convergent 

We then have 

Tlie separation into real and imaginary parts is then effected by addition 
and subtraction of the equations 

Z+tF=F(p+tg), X-iY=F(p-Lq\ 
giving 2Z = F(p + tg) -1- F(p - tj), 2t7^F{p-{-(.q)-F{p- iq) 

1194 Lemma IV 


When F{Xf 2’+ ^9) can be thus separated into real and unreal parts, as 
F{r, p+t 2 )= Zx(r, p, g)+tZ,(r, p, g), 

Fi and JP 2 , besides containing v, may be regarded as conjugate functions 
of p and q, and therefore 

"Sg* "5g 


and differentiating with regard to a?, 

d f^\ 3 fdFi\ d f^\ _ 3 f(^\ 
’3p\dx) "Sp^dv/ 


dF dF 

^ e -g— and are also conjugate functions of p and q , 
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I e which IS equal to besides imolving involves p aiifl 

g as a function ot p+tgf, and + say 

It might be said that this also is a self evident fact aiisiiig fioiu the 
principle that the piocebs of difteienbiation with legaid to ^ takes no 
cognisance of the paiticulai values of any constants involved But as oui 
experience of this fact is baaed upon the behavioui of functions containing 
only leal constants, it is desiiable at this stage to make this point also 
clear and to establish it explicitly 

"We have then ^ p+iq) of the form p-\‘uq) foi all leal values 
of a, p and g, and we have to identify the foim of this function 
Now the/om of a function is meiely a means of defining the particular 
mawiMT m whuih the several variahles arid constants are involved in its 
construction, and is independent of any paiticulai values assignable to 
those vaiiables and constants 

Suppose then that it has been discoveied in the case of a leal constant 
p that jp) takes the foim/(r,p), a known foiin say, foi all values 

of X and p , then since, when j=0 we also have p) for 

all values of % and p^ we must have jp)s/(i, p ) , th.it is, the foim 
of the function is identified as being the same functional foi in as that 
obtamed in the diffeientiation of p) for a leal value of p 

1196 It IS assumed in what pi ecedes that we ai e dealing with a function 
F{x^p) which IS continuous and finite foi the wdiole of some lango of 
values of x within which v lies, whatevei i eal value p may have, and that 
the differentiation of jP with zegaid to ^ is a possible opeiation , and 
that these suppositions will not be affected if we chango p to p + tq 
Furthei, that and F 2 are continuous and finite functions of 7 foi the 
same range, and that differentiation with legard to 01 ^ ih a possible 
opeiation Under these ciicumstauces we may infei that if 

where is a real constant, we shall also have a lesult of the same foim 
when jp is a complex constant 

If then it be distinctly undei stood that the definition of integration 
used 13 that it is the reversal of ^e operation of differentiation, 1 1 the dis- 
covery of a function F{a, p + ij)* which upon diffeientiation with xogaid 
to X shall give rise to a stated iesult/(r, it will follow under the 

lirnitations stated above, that if Jf(r,p)di: = F(z,p), wheie p is a ie«il 

constant, we shall also have Jf(7,p+lq)d^=F(v,p + lg), wheie p+iq 

is a complex constant, and the integials being indefinite a leal arbitral y 
constant C may be supposed added in the first case, and a complex 
arbitrary constant O^ + iCs in the second 
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1196 As e'tamples of these facts, let us considei 

(1) the differentiation of where and g a.ie here, as always, real 

We have 

^ ^+ia = ^ ^ [^{cos (q l<»g 4 ?) + 1 sin (q log ^r)}] 

[^rP{cos (q log r)}! + 1 ^ [r*’{ain (q log a)}], by Lemma II , 


= cos {q log r) + ^ am {q log i?) J 

+ 1 sin (q log a) + jb^ cos (g log iu) J 


= (p + tg) [cos (g log o') + 1 am (g log a?)] = (p + ig) * 

= (p+ig)ri»+^-^ 

as might be expected from the pnnciple of permanence of form stated 
above 

Hence the rule holds whethei n bo real or complex 

Conversely, j da, , 

t?"~ida?s= — , also holds 

wnetner tne inaex n ue rear or complex 

(2) Consider 

This IS ® [cos (g i log a) + 1 sin {qz log a)] 

= ^ e*** ^ cos (ga? log a) + 1 ^ c** ^ ® sm (qv log a) 

= (p + ig) log a ^ ® [cos (gr log a) + 1 sin (gar log a)] 

= (p+tg)loga 

which IS the ordinary lule for differentiating when n is real 
Hence ^a”®=9iloga a”® whethei n be realoi complex, and conversely 
f a*** 

I a^dv= -T whether n be real or complex 

j nloga ^ 

(3) Consider ^logjr+iff*^?, 

te A logr^ ^ 1 Aloffira:! ^ 

dx log.(p+tg) log.(p+tg) di ^ r log.(p+ig)’ 

which IS again the ordinary rule for ^logo®> viz ^ - 

(4) Consider Atan"^ — ^ 

' dr p+tg 

Let tan“^ — ^=X-tr, and therefore tan~^ =XH-*r 
p + tg ’ p-ig ^ 
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di S/i I </* W’< 

Uut Him 41 

(/>• f </* t i/i* (|>* ♦ <Sf* I 4^ (;>* I i t;>Y» 

tan ‘ ' 

«J /M 4^ < */>'/ 

Ki* I ^*1|(?> \ ^qV t * 1 (j> » <# t ** 
That iH, tha ordiimtv uilc fm thtYtmontutiuj^^ 


a ,1 </ . ,4 u 

tun * , vi/ , tfUi ^ j 


hohln whHhot a Imi h^\ 4»t oomph^x 

U alw) f4>U4»WM UiAt / a Sau ImUlu wlmihta a b« loal 4»i 
, J «■ I r rt tt 

(nimphu 

(5) Humlaily, w** iniKht ufo mi to (iiMtuna th« otlmi Htamlard <ahi‘B 'Hui 
HtmtMit iikuy VM ify thost^ for htimiolf 


1 1 »7 EsBOAtifd Difference in tiie Two Definitions of XntosmtioA 
Now th4i (Nummafion (ioiiiution 4»f tntrguition low's itn im'anin^^ whrn 
ihr intrgnuul Ihhsoim'h iniinitr tn (It uontitnuMm iH'twron oi .it tht* limits 
of intoKiatiou Iwt i <• ho a \ahio of i at which tho intof^iaml iHummon 
inhnito or (iimotitiunous Thru, tf tho luU'giaml Im }of(ai(hul as tho 
(htloioiitml (ootlh K'lit of noiiui fitm tiou of i, aiy y^thori tiiachiKontiimitv 
III tho vahir ckf dq/dt for tho ViUur ( t And to intoi|>iotthoHuinm.itt(»u 
doihntion it has Ikm'ti hooii in ('haptin IX how (’aurhy has gi>rn a wow 

Hummatiou dohnitioii of ( )(/t, m/ Uio hunt of tho Rumniation 

r 

A Jcitf 

wluno i and r; am to hr diminiHhrd iiidotmiUdy in a latio of <s(ikahty» 
obtaining wlui (laurhy (alls tho Pitiui|>at Vahtr of the 
thiH way tho dtt^on/tnmfy nr nundfd It ih appiomhrd tmhdimtelv 
cloHoly fiom opiHwito mdos, hut tho diwontuiuouK rlrmont m omittiHl 

ThuH a groniotiiral iruiAtiitiK m f<iv<m to Uir Hynitml ^ ( )r/iy whith.fxoni 

tho Mumuiaiion dofimtioiii would Im oihrrwiso nioaniii^loHii Uut t rp;at ditiK 
tho inUij^raiid m tho ditfoiontial ((H'fluiont (»f tho function y, tho din 
continuity itself u an m<*ntial rhatatternttr of that funrtwn Honcs) tho 
two (lofmitions do not agiro if siuh jMuiitii us the one utidet (onmdoration 
occui within Um ran((o of integration Hut it has iMien ws n cailicr that 
in tho aYisenco of kuUi tnucos occurring lietwcsui tho huutH of integration^ 
thoto iHagimnont hotwoi'n tho two dohnitions 
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^ In the general theory of Definite Integralb, id of those integials 
between certain specified limits 'whose values may be sometimes found, 
as has been seen in. the last thiee chapters, without any knowledge of the 
function which forms the indefinite integral, the indefinite inte^^l is an 
unknown function of generally not capable of expression in finite terms 
by means of any of the known ordinary Algebraic, Exponential oi 
Loganthmic, Cncular, Hyperbolic or Inverse Functions 

1198 If then /(^, c) be the known or unknov^n function of whoso 
differential coefiBlcieiit with regard to r is F{x^ c), we have 

jf F{x, e)dai=^f{i, c)-/(6, c)=x(«, h, c) say, 

and the two definitions, viz that of inverse differentiation and that of 
summation, agree except in the case where c) assumes an infinite 
Value or becomes discontinuous between the limits x^a and r=6, and 
this will hold when c is changed to any other value, say o', so long as 
such change does not make F(x^ d) become infinite or discontinuous for 
any value of x lying between x^a and or at either limit 

It will follow that whichever defimhon may have been used m obtaining 
a specific result such as 

jT F(r, c)dv=x(a, b, c), 

where c is real, that result will still hold under certain condituma when a 
complex jp+ig is substituted for c, that is, 

jT F{ps,p+iq)dx=x(fl, b,p+iq), 

that IS, piovided that none of the etxyulatione with regard to F and x have 
been mcUcUed by the transformation 

This entails that F{x, c) shall be fnite and contitmous for all values of 
a from x«^h to x^a inclusive 

That F(x^ P+^g) shall be separable into real and imaginary paitssA 
P, P, ff) 

That when this separation has been effected both Fi{x, p, q) and 
Pi ff) sba.ll be finite and continuous functions of x for all values of x 
from a?=-6 to x^a inclusive 

That x(a» b^ is likewise separable into real and imaginary parts 

Xi(a, \ Pi q) and ^ Pt fl) 

That when any convergent infinite senes has been used, or its use in 
any way implied in the establishment of the pnmary result 

/ /’(a?,c)da?=x(a,b, c), 

or in the separation of F{x, p+iq), x(®> JP+ig) into their respective real 
and imaginary parts, the convergency shall remain unaffected by the 
substitution ofp-^iq for the real constant c for all values of x from x—b 
to a?=a mdusive , and further, that when this convergency holds only 
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within definite limits of the values of f and the truth of the peiiuaiienco 
of form of the result can onlj he infezied between such limits 
That the path of the original integration foi values of x from a x>oint 
to a point x=a along the x axis shall not have been altered in any 
waj by the proposed change from a leal constant c to a complex constant 

st^pidahom, we therefore have 

I ft ?)+‘^!i(». ft ?)} ^ ft ?) h ft ?). 

Jb 

•whence Fi(v, ft S) Xi(“i ^ ft 9 ) . ^»(<,P,9)di= xs(a, 6, ft 9) 


1199 If F(_t!, c) and x(»i c) be wth that F(r, c) *') 


all real values of c, and that F(i,c) is developable as a senes of positive 
integral powers of r uniformly and unconditionally conieigoiit between 


specific values of o, for all values of t fiom 6 to 


a, AO that 




IS 


capable of teim by term lutegiation, and is also developable in a like con- 
vergent senes, and if x(a, <*) be also developable in a senes of positive 
integral powers of c convergent for a specihc lange of values of r, the 

coefficients of like powers of c in r)dt and x(c8, 6, c) arc c(j,ual foi 


all values of c for which each senes is convoigent And provided that 
this convergency lemains in both senes when we substitute a complex 

value p+ig for e, the equality of and x(«. b, P+‘9) will 


etill hold good for such values of p and g as do not dwtuib tliat «)ii 
veigency and do not cause F to absume an infinite oi discontinuous value 
for any value of % between h and a 

If it be proposed to conduct the transition fiom o to p+tg by a pie 
hminary change top+g, we have F{t, j)+g)di = x(«, 6 , y+g) , and if 


expansions of F{x^ P+j) and x(«> ^9 P+i) be possible in senes of lutegial 
powers of 5, each uniformly conveigent between specihc limits of the 

coefiicients of like powers of q in the expansions of [* ^*(9, pi-q)di and 

X(®» ^jP+j) will he equal, and thoiofoie, provided the con veigency of 
these senes he maintained when a change fiom q to iq is made in them, 
and provided also that such changes have not caused F to assume an infinite 
or discontinuous value for any \alue of v between and ^s:la, we 
may infer that the transition to the complex p+ij is legitimate 


1200 In the use of the method the piecautions necessazy befoie the 
r^ults obtained can be accepted as iigoiously established, aie soinowhat 
irksome, and this has caused mathematicians to look askanco at the 
process In fact it has become usual to legazd it as a method of 
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suggestion of new integrals to be veiiiied by other methods rather than 
as a mode of mv'estigation For instance, Oe Moigan lemaiks It is a 
matter of some difficulty to say how fax this practice may be earned, it 
being most cei tain that theie is an extensive class of cases in which it is 
allowable, and as extensive a class in which either the tiansfoiination, oi 
neglect of some essential modification incident to the manner of doing it, 
leads to positive eiior It is also ceitam that the line which separates 
the first and second class has not been distinctly drawn ” 

De Morgan, aftei citing several instances of the success of the method, 

/* dv TT 

gives as one of failure, the case of 

By putting y \/— 1 in place of r, he obtains f , f and 

Jo I "T Jo * “y 

remarks concerning this that it is ^‘an equation which we cannot eithex 
affirm oi deny, since the subject of lotegiation in the second side becomes 
infinite between the limits ” 

We may, however, note with reg aid t o this, that it apparently escaped 
Be Morgan that having put y, the lange of values of y ovei 

which the integiation is assumed to be conducted is not a offeal 
values^ as was the case in the integration foi the lange of zeal values of x 

0 oo 

from 0 to « In fact y ranges fioni ^ conesponding to the 

leal range of « fiom 0 to oo, and all the values through which y passes in 
this lange aie imaginanes, so that y never passes through the value 1 at 
all, and therefoie the subject of integration never becomes infinite as De 

k 

Morgan asserts As a mattei of fact, if we write -7=^, foi the uppei limit, 




l+-7i= 

1 . '/-I 1 . 

=2'°s; — 


1 1 ' 

1 1 

V - 1, 


and when ^is oo 


= I ( “ 1) * 5 [cos (2?j - 1) w + 1 sin (271 - 1 ) r] 




where n is an integei 


Hence \/-l J values of — (2n— 1)-, wheie n is 

an integer The value w=0 gives the particular value which we have 


assigned to the left side, viz [ 
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But if m the formula J ^ tan~^ ca, c be replaced by ic, we have 

jY^^=^taiih"^ar Both the nght-hand side and the integrand 

become oo at during the march of a from 0 to oo Therefore, with 

those limits, the change proposed is inadmissible We defei the con 
sideration of the use of a complex variable to the next chaptei And it 
IS to be understood in all the remarks made in course of this discussion, 
that the march of the variable between its limits is not to be intei fered 
with by the substitution of a complex constant for a real one, i e that 
the change of c to p+ig is not supposed to be one which can be bi ought 
about by a change m the Vfjtriable, as is done m the case cited 


Illustrations 

1201 (Ij Takmg wntea=a+t6 

Then [Art 1196(1)], 

t€ Ja!*-^{co8(51ogx)+t8m(61ogjf)}<to 

= cos (6 log x) + w® sin (6 log ar)] (a - tb)/(a^ + 6*) , 

whence, writing 

which are the well-known lesults pioved elsewhere without the use of 
complex values 

(2) In the integral /s 


Then — 


x+qe 


J?+gcosa -tgsing 


and 


x-\-c x+qe^^ «*+2ya;cosa+y* «®+2garcos a+ff® ’ 


2 2 a*+2agcosa+^ V h+^cosa a -)- 9 cos a/ 

Therefore 

ar-t-gcosa ■ 1, ^ + 26gcoBa-hyg 

-'a a^+2qxGOBa+^ 2 ^a^+2aqcoaa+q^ 

and qainadx i h+gcosa ^ _,a-fflfeosa 

Ja x*+2qxco8a+^ ysina ^ jmna 

results which are obviously true otherwise 

The process is valid, for all the conditions laid down in Art 1 198 are 
fulfilled 

(3) In I^r c^cos6a?d»=-j^, write 

feoboth+«, a,acute), 

fiascos* c(6*e‘*4-c*«“““) 
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Equating real and unreal paite, 

/,= «-»«o-eo8 J^Bin (casein “)*'=grrS^sSS^ 

The change fiom a to does not affect the path of integiation with 
legard to ar from 0 to oo » the integrands remain finite and continuous 
thioughout the lauge, and though the uppei limit is infinite both 
integrands are zeto 'v^hen a. is infinite, and the conditions of the validity 
of the process are all satisfied Hence it will be fair to assume the 
results correct They may be readily verified otherwise 

(4) In write a=‘ce^% (a and c , a, acute) 


Then 

Therefore 


r -cV(coa2a+tain2«)^ 

Jo 2c 

jT ^cos(C*A*sin 2a) ef^=^cos a, 

f 


^ ^-cVco« 2agjj^ (c^j^bid 2a) dfl?= ^ sin a 


The new integrands satisfy the conditions under which the transition 
IS permissible 

Putting a=s^, we have FresnePs integrals of Art 1163, viz 


COB c*«*dar= — 7=, 
fo 2c^/2 


ainc^x^dv- 


^/w 


(6) In Is r «-«^dar-— , write a=m<l4-a), (a, +") 
a 

n„ 

Both sides are capable of expansion m powers of a, convergent foi 
values of a which lie between ~1 and +1 And both senes remain 
convergent when we replace a by an unreal quantity with modulus < 1 
Hence, wnting for a, wheie 1, we obtain 

» sin rh]S°^ iT*! 

08<1). 

« _ > (/S< 1) 

[Sbbbbt, Oalc JfU,jp 140 ] 


whence 


L 

L 
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(6) Taking the integial 


Js r *^cosh 2gj? dx=-^ e^* 


we oUeive that coshSga' aad can both be developed in ascending 
powers of j which are both convergent senes, and that if we wnte for 
g, the convergence ^ill not be affected 

Hence, we may safely infer that ^ 

r e'~^^coa2qjedx=^ e 
j— « P 

And as the integrands m these integials are not affected by changing the 
sign of « in either case, either integral may be taken from 0 to oo, and 
the results are still tiue, provided m that case the light hand sides be 
halved 

(7) In Is wnte c=l!e‘^ 

Then 

jT 8“ 2a} di 

e~*®**“'2»oos(o+2a*!*8in2a). 


jT ^ **(**+»*)“"*“bm|jlH^jB>+^5)8in2o}(lr 


=^e-2at*<’<«2»ian(a+2aJ:2sin2a) J 

[Of Cauchy, Uim des 8av iStrangers, i , p 638 ] 
, r V TT _ a* 


(8) Taking Laplace’s integial £e-<^coe2bTdz = -^ e wi 


o=ce^ , then a>=c^* =ic8and e-'‘*®*=e”‘«^=cosc*a*-i8in<5^A^ 

n/” ^ 

Therefore J* (cos ^ sin cos 2 &a dx = 6 ^ j 

r" , x/tt Vw 6A 


whence 


C08C^A®CO8 26j 

bin c^^sm 26^7 sin 


results due to Fouiiei * 


^ TmxU de la CkcUeary p 533 , Giegory, D C7 , p 486 
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1 Show that 


i: 


PROBLEMS 
cos” ^ cob m (b = 


' [CoT-.Li.(us, 1892 ] 

f' JT 

Show also that 1 cos” 9 cos {n - 2? ) ^ = '^^G, 

Jo 

2 Evaluate f wheio 7i is positive and ^ a 

positive integer “ Jo, m-,. 1892] 

3 Prove that - I e® * sin (c sin x) sm 7^^ di——, 

[Math Tripos , 1872 ] 

4 If m be a positive integer, prove that 

tr 

I (3 cos sin (771 + l)*t ^ 

° [COLLP&LS e, 1883 ] 

5 If 71 be positive and less than unity, show that 


«n-l 


TT nir 


pcos7.r , _ 

Jo «>' roO 2 2 [Coixnoi s p, 1888 ] 


6 Show that 


r COB 2 s^P(X>aptP y.>. p(p + ^) Cy + ^-1) 

Jo cos*'^ r \ j 

where p is any negative quantity oi any positive piopei fi action 

[CoLTi Gi s 7, 1888 ] 

7 Establish the lesiilt 

£ cosh (p log t) log (1 + = i -| ) 

[Corn (11. s 8, 1883 ] 

Jo 1 - 2 bin a sin d H- bin -^ 9 [Collium s /5, 1800 ] 


8 Evaluate 


9 Show that the product of the two integrals 


10 


£- 

““-1! 


a^grSn-i (ii and 


r- 


IS 


4 sin 7i.7r 

[Coi lA <JKS a, 1800 ] 


dx, show that 


-fr 


BOO** -])(ie 

[OoiiiFdi'b a, 1800 1 


11 Show that £?^f^rfO-ilog{i(l - *-»«)} 

fCOLTJSOFS, 1802, tic I 
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12 Show that 




a Sin a; 


1 + a cos a; 
13 Piove that 


dx ' 


/ a® a® \ - 

“2(a + j2 + g2+ J if a<l 

[Math Tbipos, 1882] 


I 2v ^TT 2 

cos nc6 log (1 + 2m cos + m^) d6= --- or — 
P n n 


according as w is even oi odd (1 >m>0) 

asm 6 


[K P] 


14 Find the value 


-i; 


sin nS tan-i 


1 - a cos 


dO , 


where - 1 <a<l and n is an integer 
being < 

|o 1 - 2m cos y “ 2m 1 -wwi 


[Oxford II P , 1900 ] 


16 If m, being each less than unity, and sin a;=.»sin (a: + y), 
show that xsinydj/ 


TT . 1 


[8t John's, 1891 ] 


16 Show that 
a*”* 

^0 (aj*»+a*»y 


£ 


^dx = Qa-2»+i)*+2m+i ' oosec w. 


291 


£ 


where m, n and ^ are all positive integers and men, and Q is the 

2w*+l--2n 

coefficient of m the expansion of (1-c) ^ in ascending 

powers of c [CoijiBgbs a, 1887 ] 

17 Prove that 

dx + t\ 

(1 +**)(! - 2a eos * + o*) “ 2(1 - a*) (0<a<l) 

[Colleges y , 1888 ] 

18 Prove that = where a>l 

' ' [St John’s, 1881 ] 

19 Prove that 

r ( e+ooafl •>« V 

Jo ll+2eoo8tf+«*/ “2(l-«») 

aoooiduigas «1 or e>l 


*r 2e*-l 
or ;r 


2 


[R P] 

, afl^dx w sinna 

Jo rr3»c08a+a4=5j;S-S5r’ “ ”0* 

an int^er and w>a>0 (g, , 89 , j 


20 Show that 
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2 1 Show that f =■ - -■ = — cosec if n> 1, and thence show that 
f -L . Jo I ^ 
if n be positive, ^ 

J*^ log X log cosec ^ ^log ® ~ 


22 Expand the definite integral 


[Math Tripos, 1883 J 




Jo (l-«r)v ’ 

in the foim of a senes of ascending powots of ?t, and thence or 
otherwise find the relations which must subsist between a, /f, y and 
the indices a\ of a like integral, in oidei that the two integrals 
may be to each other in a ratio independent of u 

[Smith’s Pri/i, 1876 J 

23 Prove that 


£(13 


sm^rda; tt 

2acosa;+a-2)(l -.2icosa; + i2)“2(l -a&) 


[CoLLtOKS 7, 1893 ] 

24 Point out the fallacy in the following tram of reasoning* 
By putting 035= y, we have 

Show that the value of the latter integral is log^ 

[Trinity CoLLauB, 1882 ] 

25 Deduce from the expansion of log(l +a?) that if j: 1 

=^J^pog(l +2a;cos^ + j-2)]2^^ 

Deduce Euler’s senes 

J 2 22 32 4* — 0 


26 Show that if 7, = I" 
Hence show that J, = tt 


sm?^cot^d^, then /, =/,-i 


A 

27 By differentiating with regard to a, show that 
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Hence deduce 


r dit = (a - 6) r ^ da - f (0) [a log a - 6 log 6 - a + 5] 

h 

on the supposition that 4> is such that i<»-« vanishes 

b 

_ (** COS cbx “ COS hen j V yt V 

Apply this to show that I ^ ax=-^{o - a) 

[Bertband, OcUc Jut , p 225 ] 
28 Prove that if m, n are positive integers whose HOF is », 
and n-rPt and^, q numerically less than unity, then will 

dx _ 1 

0 (1 - 2p cos mx +i)*) (1 - 2^ cos Tw; + 2 *) ” (1 - J?®) (1 - f) 1 

oosraj , IT r>/l~e^-lT 

' e J 


29 Show that 


r — 

Jol + 


SOOS2B 


[Ck>Li<iiOBS 5, 1884 ] 

w 

30 Evaluate sin^iclogtanajd® 

31 Prove that if ti be a positive integer, 

IT » 

(i) cos 2ii^ log (sin ^ , (u) J ^ cos na (cos x)^dx = 

32 Prove that^ n being a positive integer, 

IT 

(i) oos2Ti^logsinddd= 

V 

(ii) I cos27i0{log(2 8in^)Pd0=s7r^n/2w, 

(m) j^{log(3smd)}*dd-jr*/288 + ^v^„»/’'^, 

vhere^„=l+5+g+^+ +^ri + 2^ [Sr Jobs’s, 1891 ] 

33 Evaluate T ., (fe («<!) 

J,(l-ooosai)« ' ' 


[C!ollegbs, 1890 ] 
34 Prove that if ti be a positive integer and Tr/2 >a>0, then 
rda, sin*»-iflj TT 1 3 6 (2n-3) 

■ (S^Ti)) ®®® ® 

[St eToHR’s, 1887 ] 


Jo « (1 -sm2asm*a;)*^”2»^’ 
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IT 

35 Show that 2 J sec x log (1 + sin a cos x) dx = ?ra - 
Hence deduce P 




Jo 1 [Trinity, 1884 ] 

36 Prove that if «<1, 

-a;cos^ dd ^ - 

■ a; cos ^ cos 0 [Collfobs a, 1891 ] 

37 If w + 2 ; = 4, m ® = 2 sin show that 

dd ^ fc\ a ’’"N 

Jo n) 

38 If w and n are positive integers, prove that 

r g.c>si>+l)^-co8(2« + l)a; _ 

I- Ofain/M ' ' 


39 Prove that 


[Oxford II , 1890 1 


It 

i 


{tan’’^(a tan x) - tan-^(S tan a;) } (tan ^ + cot x)dx=-^ log 
where a and h are both positive [Oxford II , 1886 ] 

01. ii. i. f” sill sin aa;, a & « ■« 

40 Show that I ^ dr = 0 if --vj = 0, and 

Jo « a fS * 

a and h be positive 


[Clare, Caius and King’s, 1883 ] 


41 Pro-ve that JlJe “ dxdydz extended over the volume of 

the elhpsoid xya^ + y^Jb^ + z^fc^=-l is equal to iTrabcle, a being equal 
to + + and 7, m, n being direction cosines 

[COTLEOBS, 1886 ] 

42 Show that 

where a and J aie positive quantities [Trinity, 1892 ] 

-o 4 . 1 , X n{^-taii“’^(7itan ^)} Sin 2^d^ ir , 1+r? . 

43 Prove that =— = i-log-r^ifw 

Jo 1 + 2w cos 2^4-71® in 

be less than unity 

Determine also the value of the same integral when n is greater 
than unity [St John’s, 1891 ] 


?a.+»«y+ng 



368 


CJHAPTER XXVin 


44 Prove tliAt, for any value of n, provided a be between 0 and v, 
P dx a 

Jo (1 + fl 


and 




'a5**)(l + 2{B0osa4-fl:‘^) 2 sin a 

(1 +g^)dg V 



Jo Jo 


(1 +a;*‘)(l - 2a;2 cos 2a +•»*) 4 sin a 

[St John’s Coll , 1881 ] 

46 Prove that if c be positive and less than unity, 
j^sin «'"^*’®“^*^cos{cfl;sin2<^(l -ccos<#>)}da;d<#>«27r(;i--^5 

[Math Tripos, 1886 ] 

46 Prove that 

7?^ 

a;(aj* + y*+i?*) ^ ^ ^ r 

+ 12000^"+^* 

^ [St John’s, 1886 ] 

47 Show that 

Jo ^cos<#>)sin^d^d<#> 

r+i 

« 27 r I f{x>/m^+n^’hp^} dx ^ , 

[Poisson] 

48 Prove that if n. be a positive integer, 

p p 8in^”+^a; {sip^’H-gy ~ sin^”+^a;} , ^ ^ 

Jo Jo sin^y-sm^a* ^ 8 

^ [St John’s, 1888 ] 

49 Piove that 

5 ^ 

u) sin2 0)Ysin’*+^ 0 ) d9 dv> 

IS a symmetric function of m and n [Math Tbip , 1896 ] 

50 Prove that 


[Ox n POB , 1902 ] 

61 Prove that 

f". 

62 If M = (aU - a'h)'^ + (ac' - a'c)a !^ + {hd - h'c) y®, prove that 

where E « 4(aJ' - a'6) (W- h'c) - {cal - c'a)*, profided 

4 (5* - oc) (6'» -al(l)> (2i6' -ad- a'e)» [Sr John’s, 1886 ] 
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53 Shotr that 


f*oo poo 

]o Jo 


dzdy-=^ ^ ■ 

ojo %slab-c^ 


cos 


- 


Jab 


if a > 0 and a6 - c® > 0 


[ICS, 1897 ] 


54 Show that 

j*£ycosh2.^ye = 

c aro positive quantities and aZ> -6® > 0 [ICS, 1897 ] 

55 Show that 


ff 7 

J J F(1 - sin 6 cos <\>) sm B dB d<l> = J 


[St John’s, 1891 ] 


66 Prove that 


i:i: 4#>(a®ii® + &®y®) dxdy- 

67 Calculote the \alue of laken thioiighout the ellipse 

JJ »1»2 

’ 

whore ?i and ? > are the distances of the point o’, ij from the foci 

[COLCBGIS tt, 1889 ] 


58 If rssin^^i^sinjJj^ sm3»^0 sm;? 2 n+i^, whore Psn+i 
are any positive integers whose sum is odd, prove that 


Jo ^ 


^ V(W 
0 sin B 


[St John’s, 1892 ] 


59 Show, by means of Landen's Transformation 
tan(fl-^)=“^“jtan^, 


that 


■K iW P’' H 


where aj and fij are respectively the anthmetic and the geometric 
means between a and h 

Point out the value of this lesult m the calculation of the 
numerical ’> lue of the definite integral [Mam Tripos, 1889 ] 
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60 K jp be the length of the perpendicular from the centre of the 
elhpsoid ^+p+^ = l, onan element dS of the surface, prove that 

dan 




61 Sho^that 

Jo ^sin^ 2 



provided % is an integer and i any quantity > ?i - 1 

[Math Trip, 1873] 


62 Prove that 


t.o 

Jov 42 C — a® 


63 Prove that 2 


IT 


+ sm 


[CiiASB, Oaius, Kiiro’s, 1886 ] 
+ V log 2 = 0 


Hence, or otherwise, find the value of 

i+JLJ.+Ll_s + 

22^2 4»^2 4 6*^ 


[Ox I P, 1900] 


64 Ifv, tt' are essentially positive quadratic functions of a; , A, A' 

their discriminants and H the invanant intermediate to A and A', 
prove that p ^ ^ 

[Nansok, E T , 13406] 

65 If = and = 

show that 

{^(»e‘*) + ^(*e-‘«)} {^(e^) + f («-*<)} d6-a^\ 

n <<«0 J 0 

If also show how to express '^OnKCii^ by means 

of a double integral [Smaasbk ] 

66 Prove that 

I . aggg ^ 

1«2« 2»4:» 3'6>’*’ 

= - fi^®®*^cosh cos ^ cos (fi sin 6) cos (^x sin D«-i 

[W H L Russell] 
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67 Show that 


2sinh^ 


/O \ I ^ oiuj 

e^QOB^^xdx^ , 

(a^ + 2^(a^ + 42) + (2^)2} a 


Hence prove that 

- a; ^ X? 

■*■ P + 2* ■*■ (a* + 2*) {a^ + 4*) ■*■ (a* + 2») (a» + 4») (a» + 6*) ■*■ 

iP 

= Icosech^J" ^6«^cosh cos 6) dd 


[W H L Bussell ] 


68 Show that j* e' ^ (e^-GOBz)dx = ij)J^Bmh\ 


69 Establish the results 


[W H L Bussell] 


(a) i'/(«+;)0“>-'»?-l£/(*+|)? 


70 Establish the results 


[Liouvillb ] 


, ^ f* dx _7r 

(1 + **)(!+*") “5 


[Glaishbr» Messenger qf Math , No 70 ] 
71 If J„(x) be BesseFs function, show that 

J ^ ^ 1. /O*. 1 _ i\ 


0 *»-» 


— (2« + l>0>m>-l) 
” ) [Math Trip , 18<)8 ] 
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VECTORS THE COMPLEX VARIABLE 
CONFORMAL REPRESENTATION 

1202 The Operative Symbol t 

Let I be defined as an opeiative symbol which, when applied 
to any straight line of given length, and lying in a given plane, 
has the effect of turning that line in the given plane about one 
ot its extremities through a light angle in the positive direction 
ot rotation, % e according to the customary convention, countei- 
clockwise 

Then, it OP be any length measured along the positive 
direction of the sc-axis, zOP will be an equal line OP^ measured 
along the positive direction of the y-axis 

1 



/■ 

Fig 340 

Now i{iOP)y 01, as we may write it m analogy with algebraic 
custom, z® 0 P,may be mtei preted as the result of doimg to tOP 
what I has done to OP , 'i e OP^ has been itself turned counter- 
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clockwise to a position OPj lymg along the negative direction 
of the o^-axis, the absolute lengths of OP 2 and OP^ being ciich 
equal to OP 

Again, i{i{iOP)}, 'le lOP^ or l^OP has turned OP^ to the 
position OP3 lying along the negative dnoction of the 2/-axis, 
the absolute lengths of OPj and OP being equal 

Finally, i[t{i(iOP)}], lOP^ or i^OP,has turned OP, to the 
onginal position OP 

1203 Interpretation of ^/— 1 

Let us next consider for a moment the symbol ^/ — 1 , 01, as 
it 18 usually called, “the square loot of — 1 ,” an expression 
with which the student has grown familiar in algebia, in the 
solution of quadratic equations, factorisation, etc 

Now all anthmetical quanHt'ies are either positive, zero 01 
negative There are no others Their squares aie all oithei 
positive or zero There is no arithmetical quantity whose 
square is negative But the definition of \/— 1 is that 

or conformmg to the usual notation and language (\/— — 1 , 

and “ the square of ” is — 1 The logical infeience is that 
V—1 is not quantitative 

But it is customary neveitheless to discuss and use sucli 
expressions in algebra as they arise there, and as they obey 
the same fundamental laws of algebia as aie obeyed by 
ordinary arithmetical and algebraical quantities^ viz (1) Uu* 
associative or distributive law, ( 2 ) the commutative law, ( 3 ) the 
index law, so long as they are combined with quantities which 
have magnitude only and no directive piopeity 

Now, according to the usual Cartesian convention of sign to 
denote the relative direction of lines, if OP be legarded m a 
line drawn in the diiection of the positive direction of the sn-axis 
and OPg an equal line in the opposite direction, OP^^ — OP 

Thus L^OP 0 P= (J^fOP 

We may therefore propeily inter pi et as being identical 
with the operator «, and therefore regard J—l, winch im not 
quantitative at all, as being operative and having the piojxu ty 
that it turns any line to which it may be applied thiough a 
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light angle countoi-clot^kwmo about ono (»f its i‘\tnuuiti<*s 
It iH not thoiofoie commutative m ngauls Mi<‘h cspicssions as 
liavo dnoction an well as magnitu(li% / r hurh expM'ssKnis as 
aic known as **veetoiH,” m distinction liom thoM* winch lia\c 
magnitude only, to which the t<‘iin “acalai ” is apjdied 

1204 Defimtion of the Term “ Vector 

The teims **Healai*’ and “veitoi” me du<‘ to Sn W ilhiuii 
Rowan Hamilton 

The dohmtiou o£ a *‘ve(toi’* given by KiOlaud and 'rail 
{Quatemiom, p 6) ih, vectoi is tlu‘ lepu'senl i(i\ e <»f 
tiansfeionce thiough a given distance in a given iluection ** 

In the consideiation oi such opeiativc* Hynibols and vettois 
we letain, as is usual, tho oidmaiy teuns ad<lition, sublinctuni, 
multiplication, division, though the mtinpretation the 
lesults will difici m some lespccts fiom the lesulis of the 
cotiesponding common piocesses as ap|)ln‘d to s< aim jjuaiitil u*s 
If a iigid lamina be displaced without lotafion fiom one 
position to anothei position in iks own plane, ponds d, li (\ 
of the lamina aie tiansiened to new posdions A \ H, i'\ 
such that AA\ CO\ , aie all c<[Unl and pmalbl A 
knowledge of the length and duection oi any one ot them 
would 1)0 enough to fix the second position of the Immna 
lelatively to its onginal position They an» all \«*e(oi (pmu 
titles and e<[Uivalout Tliat is, th(*v aie lepiewndul hy the 
same vcctoi A vectoi is completely <lelined wlum ds iimgiit 
tude and its duection ate known No aeeomd is taken of ds 
position In this lespi'ct a vectoi cldleis fiom a hnce which 
needs fuithor description, vw a spc^cdieation ot tlie point of 
application 

Hence afoice is fully defined by (I) its point of application, 

(2) its i epresi'id uti \ ** ve<‘t « a , 
In the case of the axis ol a couple th(‘ only elements ni*ceH- 
sary foi its descnption aie (1) its magnitude, (ti) ds duection 
Hence the axis ol a couple is a pun^ vtsloi mid mssls no 
fuither descnption, the vectoi being spedfied 
A \ectoi IS tbeiefore lepicsentcd giaphicnlly by di awing 
any straight line in the specific dnection ol the m‘c(oi and of 
the specific length indicated in tho description of tln‘ vector 
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And dU jpa^aUel Unes of the same hngth^ from whenever points thsy 
may he mU equally represent the same mtor 

Thus, the force acting at a definite point, a velocity, an 
acceleration, the axis of a couple are familiar examples of 
vector quantities, whilst speeds, moments, energy, horse- 
power, are scalar quantities 

1205 Laws of Ooxnhmation of the Operator i 
The operator i obeys the “associative or distributive law 
of algebra For if we apply it to the sum of two lines OA, AB 
(Fig 341) which lie in the same direction, say along thea>axis, 
it is immaterial whether we first add the lines together and 
then lotate the sum through a counter-clockwise right angle. 



or whether we first rotate OA through a counter-clockwise 
right angle to OA' and do the same with AS, br •''^ng it to 
the position AS^, and then transfer the result AB^ parallel to 
itself to the new position A'S' Thus 
i(OA+AS)=^OB=OS'=OA'+A'S'=OA'+ASi=iOA-h£AS 

1206 The same is obviously true if the operator t be 
applied to the difference of two lines oi to the algebraic sum 
of any number of hues in the same direction 

1207 Again, if a hne be doubled or trebled or halved, etc , 
and then turned through a right angle counter-clockwise, the 
effect IS the same as if we turn through a right angle first 
and then double, treble or halve, etc, ^ a i(pOA)==pi(OA), p 
being numerical, so that i obeys the commutative rule as regaxds 
numerical, that is scalar, quantities But it is not commutative 
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m 

with lojranl U) th« «ub)<H ol / v \\<* <*ann»kt utito 

lAIf iiH Alit <inv n\nu\ than Wi‘ <an wnt<‘ h)«: t as t lojr 

Kmally, i satisfies (hr imln law of altf**bta Kui t*» turn n 
lm<* n times m Hunv*«sion thiou|i!f!i a n^ht aii^h* in a (»'nnt»*i 
clockwisi^ <ln<*ctinu bim^s it lutio tlu^ same jmsitem a it 
have liad il tuiiusl in the same liinsiion thinu; 4 h a ii^lit 
angles at a sint(l<* ojxnation, 

t I I t to a opeiiitmns Ol 
Thus i sataslieH all the lumlaimnlal la\Ns ol alp'hntte nnu- 
bination.exeeptthat if is imt eoinniut iti\* witli ie;rai*l toan\ 
veeba t|uantitn‘s upon whieli it is opiiaiiM* 

1208 The sjnibol as il« notnui: a line siaitin;' tiom I 
an<l ti‘iminatiii|j at /i, iliawn m a «lehiuti» ibtis'iion, neij In* 

eonsuleiMl as a tianstiienis 
oi a point fiotn a po at ton A 
to a position H, amt nia) In* 
lejirunh <I as a \« etoi , oi in Inet 
it sell as an opeiati\e 
^^hnlu when apphe«l to a unit 
Inns VI/- * Mtmil • that 

unit in tin* *pe(it{efl diieetion 
111 a nuineiteal Mtio ot thi* 
absolute hm^th of J/Oit unit V 
Wiien ( IS applied to J//, ilnie ii luithm tin loialioii 
thiou^di a (loek-\Mse ii^ht anj;le t*» the pout ion A/l 

II A/i hi* itsell unity* tinui l/i' < (I) i, ‘iay, and < iimN 
itaelt be i<*(>;ar<led aa a \eetoi 

I2()‘) Vector Addition 

The |irmi(*ial idisi of a \eetoi hem*; that it ii an op# latoj 
whieh has the efle( t ol tinnHlerimij a [sunt tliiou^*tJ^ p\en 
<liHUn(e in a ^iven diieetion, we imdiu’htand flint *'\ntnt 
/*(*)’* iiKsuiH tliat the jioint /* m to \h> tiansfeiied fioin /* to 
Q Ihioii^jjh a distaiK e lepiesented hy the len^tli ol in th» 
(Inection Hpeeitusl liy the ibieetion in whnh the line l\> is 
(hawn Irom P Thm heini; ho, it followa that 
veetoi PQ I vector QP 0, 

loi tlien‘ IS no elian^e m the position ol P win n tin whole 
opeiation lias hism completed 


B' 


A B 
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But vector JPQ+vector QiJ=vector PR, where the second 
tiansference {Q to R) is not made necebsanly in the same 
direction as the fiist (viz P to Q) And we must understand 
by the sign of equality m such a relation as this, that it 
stands for the words are together eqmvalent to ” 



Vectors are therefore added by drawing a line from the 
initial position of the point to which the vectors are applied 
to its final position when it has been subjected successively 
to the transference indicated by each vector The length and 
direction of this line or of any equal and parallel hne fully 
represent the lesultant vector 

It IS clearly obvious that the order of the several trans- 
ferences of the point is immaterial 


1210 Vector Subtraction 

If OP and OQ repiesent two vectors, complete the parallelo- 
gram OPRQ and join OR (See Fig 344 ) 

Then vector OP + vector OQ 

=vector OP-f vector PR 
=vector OR 
It f ollo>\ s that 

vector 0P= vector OP— vector OQ 
=vector OB— vector PR 
=vectoi OB+ vector BP 
And the result of subtiaction may 
therefore be obtained in the same way as that of addition, but 
drawing the subtractive vectors in the opposite direction to 
that in which they are drawn for addition 



Fig 844 
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Thus, if there be several vectois, OP, OQ, etc , 
vector OP 4- vector OQ— vector OP— vectoi OAS+veci^oi OT 

= vector OP +vectoi PQ'+voctoi toi /W 

+vcctoi ST'=vcctoi OT\ 

where PQ\ Q'R, RS\ ST aio diawn Ksspoctivoly and 

parallel to OQ, PO, SO, OP, and in the flame soiiso 345 ) 



T' 

Fig M 


1211 Let us express the vector OP in teinm oi tli(‘ ( \u t<sian 
coordinates x, y oi P referred to a pan of loctiin^ulai co- 
ordinate axes through 0 

Let OA be unit length on the oj-axiH Tlnm il / unitfl ol 
length be laid oft on the a-axis (Oitf), we may logaid hh an 
operator (this time ameienuineiical multipliei) which tiansIciH 
a point from 0 (0, 0) to M (a?, 0) 

Similarly y regarded as an opciatoi would itanslt‘i 0 t«> a 
pomt on the x axis y units of length (^ON') distant iiom 0, 



and ly would lie the v(*otoi which 
would tiaiifliei a point fiom 0 an 
equal distance along th<‘ //-aMK to 
N, wheie 0N=0N' 

Thus, li z 1 opi esimt the complete 
opeiation x+a/ (Fig 34()), 
2;=u+£y=:vectoi OM4-\ectoi ON 
— vectoi OA/4 vectoi A/P 


Fig 34b 


= vector OP, 
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wheie P IS the corner opposite to 0 of the rectangle, with OM, 
ON as adjacent sides, the cooidinates of P being the numerical 
values of x and y 

1212 If the lineal magnitude of OP be i units of length and 
dthe angular displacement of OP from Ojs, we liave 

aj+/j/=r(cos 0 + z sin d), oi, as we may wiite it, 

This expiession therefore, viz is a vectonal opeiative 
symbol which has the effect of increasing the unit length OA 
in the latio r 1 and then rotating it counter-clockwise through 
an angle 9 radians 

Thus r(cos 6+^ sin d) in itself has no quantitative meaning 
It IS an operator 

1213 The Analytical View of Vector Addition la as follows 

If, in Fig 3t4, 

4?i=a;i+iyiSvectoi OP and OQ, 

then say, and 

are the Cartesian coordinates of the fourth angular point JR of 
the parallelogram diawn with OP, OQ with adjacent aides 

Thus ^J= 2 ;^-f- 02 ~vectol OP, 

and the rule can be extended to any number of vectors 

z,==x,+ty, 

If Z be the resultant vector of the addition, 

<2^== ^1+2^2 +^8+ +^n=2'r-|-£Sy, 

where 'Lx=x^+X 2 -\- +x^, ^^=^ 1 + 1 / 2 + •+2/n 



0 p 

Fig 347 

Clearly the direction of the vectoi Z passes through O, the 
centre of mean position of the se^eial points Pp Pg, 
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, whos« cooMlixmioH an* (jp ?/,), ( r.„ v*'. p//iK «*<< * hiuJ 
it« length iH 71 tunes the clmtaneeui the cM‘iilie <»1 inenn jiusitHm 
from 0, where n ih the uuhiImm of \e<l(»is a(l<le<l 
Evaetly m Uu* wune way 

y.h 

j. I 1 <<//i fh 

1214 Inwiitingi / t <i/,\\heiej ami y aie the (iMa<luMteH 
of a pomt /*, we n^ganl z as a \<e(oi \\hi<*li tiaiufi r* a pnint 
liom the ongiu 0 to P along (hi* lu»e OP 



I-tK 3IH 


Wo may (Sjually n»gar(l z an iepn*Henting a lain*! of the 
point on the r?/ plane, and it is then lefi^rnsj to iisa eomplex 
vaiiahle And in thw aeiise eveiy piant in tlie plane iim\ Ih* 
lopieHonied by a eomplex vaxiahle, and eiaixeimly to e\eiy 
complex vaiiable tluTo ih a <oues|H>nding |H»int **n the i »/ 
plane 

Wlieii the point P movi*H in tin* plane, triimng a eontmnoiia 
path upon tin* plane, the t elation l«*tw<‘en r and y m nm 
tinuous, and Lh(* vaiiation m the eomplex Muiahle w 
contmuoUH 

1215 Modulus, Amplitude 

Tho lelhus 7, 0 lepienent the oidinaiy pohu e<Ma»iinntei of 
the poml P{r, y\ and r \ 0 Un »(y/-r) 

n/oj* [ f iH ealle<l tln^ ukmIuIuh of the (omplex /, and written 
1 2 ; I 01 mod z 

tiitr^iylj) iH called the amphtudi or aigunn^nt of . and 
wntton amp z oi aig s 

The iKwitive Hign ih alwayn legaided an aftixed tc» the 
nioduluHA/«* 1 y\ which is thendote a Htngle valued function 
of tho r<»al variables z and y, whilat tan * (y/ 1 ) ih a many valued 
function 
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The expiession cos 0 +/ sin 6 does not change its value when 
any even multiple of x, say 2 \t, is added to d, \ being an 
integer, so we may regaid the amplitude as 2 \Tr +9 or 
2\x-l-tan“^(y/a5), where in this latter form we are to be under- 
stood to mean by tan“i(y/aj) the smallest |)ositi\e value of the 
angle whose tangent is ylx, usually called the “principal value ” 

1216 Argand Diagram 

When any lelation is assigned between y and x, the Cartesian 
graph of this relation is called the Argand diagram of the 
variation of z, and is the path of the extremity of the \ectoi 
OPy whose changes are delSned by the given relation 

1217 Vector Multiphcation Denioivre’s rheoremi 

We use the term multiplication for want of a better term 
and by analogy with algebraic multiplication But what we 
are about to discuss is the effect of the operation of one vector 
operator upon another vector operator 

Let the operators be and r^‘^,the original subject of the 
first operation being a line of unit length lying along the as-axis 

The first operation 1 
increases OA (a unit line on 
the oj-axis) in the ratio 1, and 
turns the resulting line through y/ 

an angle into a direction / 

indicated in the hguie by OP^ 

The second operation 

acting upon OPg does to OP^ ^ + 

what does to unity, viz 34^ 

it mcreases OP^ m the latio of 

rg 1 and rotates the increased OP^, which has thus become 
rg OPj, through a further angle dg* ^ position OPg 

Thus rge‘®* [rje'^^{iy]=OP^ 

The absolute length of OPg is angle aOPg is 

d^+dg But the operator which would mcrease 04 . (= 1 ) to a 
length r^Tg and turn it through an angle d^+dg is 

So that r2e‘®»[ri6‘^(l)] is identical with which 

18 analogous to the ordinal y rule of multiplication in algebra 
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F urfcher, it is obvious that the order of the two operations 
upon unity is immaterial, so that the operations are commuta- 
tive with regard to each other It will be observed that m 
the multiplicatioii of two vectors the modulus of the product 
IS the product of their moduli, and that the amplitude of their 
product is the sum of the amphtudes of the original vectors 
Again we may write the result as 

f2(cosd24-i Bin fl2)ri(cos £ sin 

which accords with what we get by the ordinary process of 
multiplication of f^(G08 6 ^+ismd{) by sindj) 

If and fg be both taken umty, we obtain 
(cos 02+i sin ffg) (cos d^+ 1 sm di)sco8(d2+ di)+i sin (dg+^i)! 
which means that to rotate a hne of unit length through an 
angle and then to rotate the result through a further angle 
$2 is identical with rotatmg the original line through a single 
and this can obviously he generalised for any 
number of angles Thus 

(cos^i+i 8 m 0 i)(eo 89 a-f £ sin0j)(cosd8+£ sindg) (cos^n+i smd„) 
“COS sin (0i+da"l” “b^n) > 

and if we make the angles 9 i, 9a, 9^, , 9„ each =*9, we get 

Demoivi e*s Theorem for a positive integral index, viz 
(cos 9+1 sin 9 )*^=co 8 '?i 9 +£ sin n9, 
and the geometncal meaning of that theorem is thus shown 


1218 We may proceed to consider Demoivre’s Theorem for 
fractional and negative mdices from the same point of view 
When 71 IS not a positive integer but say, where and 

g are both positive integers, ^cos^9+£Sin~ 9^ is an operator 

which rotates a Ime of length unity through g successive 


angles, each “ ^ counter-clockwise, and therefore through 

an anglers counter-clockwise, which is therefore the same as 
if we rotated a line of unit length through p successive anglesi 
each equal 6 , and therefore the operators 



isin 


Q / 


and (cos0+/8m0)»’ 
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are identical in their turning effect We may therefore, 
consistently with the algebraic notation foi indices, write 


cos^ d-{-i sin^d=(cos 0+£ sm 6^ > 

® ^ ? 

it being supposed that (cos d+£ sin represents an opeiatoi 
which, when repeated q times, gives the opeiatoi 


(cosd+£ sin Oy 


Agam, since cosines and sines are not altoied if an integial 
multiple of 27 r be added to then angle, and since to lotate a 
line through 2^ is merely to bring it back into its oiiginal 
position, it will be seen that cos (d+2X7r)+£ sin (0+2X^) is an 
operator which has the same effect as cos 0 -j- £ sin 0 

Hence the operator cos | (d+2X?r)+i sm ^ (0+2Xw), having 
the same effect as [cos (d+2X^)+£ sin (d+2A7r)]fl', is the same 


as(cosfl+£Sind)« 

Also, the various angles ^ (0+2Xw) for diffeient values of X, 


VIZ 0, 1, 2, , g'— 1, are such that no two differ by an integial 
multiple of 2t, and therefore that no two have the same sine 
and the same cosine There are theiefore q operatois, viz 


coa-d+£Sin- 0, 

2 2 

cos^(d+2'jr)+£ sm^ (d+27r), 

- 9 

cos|{e+2(g— l)ir}+/sin2{S + 2(q'— 3)7r}, 

any of which, after q of its own operations, will have the same 
effect as (cosd+£ sin Oy, and there are no more Foi li X—q, 

cos^ (0+ 237r)+£ sm ^(0+ 2g7r)=cos ^ 0 + £ sm 0, 

which is the first of the above operators over again, and so on 
X=g+1, X=g+2, etc, give the second, thud, etc, oporatoiH 
over agam, so that other values of X merely repeat oiu' oi 
other of the operators already obtained 
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It 18 customary in the proof of Demoivre’s Theorem to state 

this result m the form that (eos0+£Sin0)ff has q values and 
no more, these values being the above-mentioned expressions 
To complete the ordinary results of Demoivre*s Theorem we 
still have to show that the operator (cos &+/ sin 0)" is the same 
as cos lO+i sm nd, where n is negative Let 7 i=—m 
Then (cos fl+ism0)"*“ is an opeiative symbol of inverse 
nature Call its effect, when apphed to unity, X 
Then l=(cos0-f isind)«»X, which, by what has preceded, is 
the same as (cosm0-|-i8mmd)Z, where tti is positive and 
either mtegral or fractional 

Now, to turn a Ime through a counter-clockwise angle md, 
and then to turn the result clockwise through the same angle, 
restores it to its ongmal position, so that 

[cos (-md ) + 1 sm (— m d)] [cos md -|- 1 sm me]X=X 
Hence 

[cos (-m0)+j sm (-m0)]( l)=Z =(eos O+t sm 
^e (cos d+t sm d)“(l)=[cos (— m) sm (— m)0](l) 

= (cos nd+t sm tiB) ( I ) 

Hence it follows that the operators 

(cosd+tsmd)» and cosw^+ism'n^ 
are idmtical when n, is a negative mteger or a negative fraction, 
as weU as when it is a positive mteger or a positive fraction, 
and therefore their identity has been established for any 
commensurable value of to 


1219 Teetor Division 

let «i = ri(eos(9i+xsmd,), s, = ri,(cosd*-|-, sin0,) 

Thm we have to consider the effect of the operator zJz, 
^t Zy-z^^ and let s, s rj(cos 0 *+ 1 sm 0,) 
ihen Zisr*r,{cos (d,+d 3 )+,sm (S.+d.)}, 

“d *i-r,(cosdj+.sind,), * 

whence r,=r 3 r 3 , and r,=r,/r,. 

Hence {cos ( 01 - 03 )+, am (d^-d^)}, 

%e the “quotient” is a single vector whose modulus is the 
quofaent of the mod^i of the ongmal vectors, and the amplituL 
of the quotient is the difference of their amplitudes ^ 
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1220 Oeometncal Meamng 

Geometrically we may represent the result thus 

Suppose OPj to be the original vectors and Con- 



fig 350 


struct a tiiangle OAR similar to mth OA=l lying 

along the o^axis ® 

rnr OR op.. A A 

OA^^OP, and AOR^P,OPj^=:d^^ff^ 

Hmce the vector OR has tor modulus rj/r^ and foi amplitude 

%e the vector OR represents the “quotient” of the 
vectois OPj, OP^ 

Hence, sumuung up, it appears that addition, subtraction, 
multiplication, oi division of vectors always leads to a single 
vector as the result of the operation 


1221 Laws of Oombmation of Vectors 

^om what has been established for the addition, subtraction, 
multiplication and division of vector 
quantities, we ha\e then the following yf' 

rules as to the moduli and amplitudes /'j 

of the results of these operations y' j 

(1) The modulus of the sum, or differ- y' Jp 

ence, of two vectors is not greater iKan ' 

the sum of the moduh of the original yyy^ 
vectors For if OP„ P^P, represent 
two vectors to he added, their vector O 


sum IS represented by OP^ and the 

absolute lengths of these hues are the several moduh of the 
vectors they represent 
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Hence we have mod mod OPi+ mod P 1 P 2 

And similarly in the case of subtraction, or of the case when 
more than two vectois are combined into one by the process 
of addition or subtraction 

We may also see this fact analytically, thus The modulus of 
2/)(cos 9+1 sin 9) is cos 0)®+ (2/o sm and this is :^> 2/) 

For if it were, we should have 

2p®+22pi^2 cos(0j^ dg) ^ 2/)®-|-22piP2> 

i e ^PiPi (®i ^ 2 ) ^ ^PiPi 9 

and as all the pa are essentially positive and the cosines •< 1 , 

this would be impossible This includes the case when some 

of the vectors are subtracted, for in any such case w— 0 may 

be supposed wiitten instead of 9 and the result treated as 

additive 

(2) The modulus of a pioduct of complexes 

is obviously P1P2PS Pn* ^he product of the moduli, and 

the amplitude is di+ 02 +^ 3 + 

amplitudes 

(3) The modulus of a quotient, viz le is 

P2®‘ * P2 Pi 

%e the quotient of the moduli, and the amplitude is 9^—9^, 
te the difference of the amplitudes 

1222 Revision of Deflmtions 

In dealing with the functionality of a complex variable 
z^x+tyj it will be necessary to revise our ideas of continuity, 
of the nature of the dependence of one function upon another 
and of the assumption as to the existence of a limit as used m 
the formation of a Differential Coefiicient 

Thioughout the author’s treatise on the Differential Calculus 
and up to the present point in this account of the Integral 
Calculus, there have been but few references to a function of 
a complex vanable 

1223 Functionality The idea of functionality has been 

that when one real quantity y depends upon another real 
quantity x, or upon a system of real quantities in 

such a manner as to assume a definite value when a definite 
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value IS given to a?, oi when a definite ^stem of values is 
given to the system of variables • > the quantity y 

IS then said to be a function of a?, or ot the system a?i, 0 : 2 , aSg, 
etc , as the case may be 

1224 Oontmuity 

Our idea of the continuity of a function /(x) of a real 
independent variable x between any two assigned values of x, 
viz aj=a, the smaller, and x=b, the greater, has so far been 
that if as be made to change from x=a to a5=b, passing at least 
once through all leal intermediate values between x=a and 
aj=&, whether these intermediate values when exipressed by 
means oi the ordinary system of numeration be represented by 
mtegers, fractions or incommensurable numbers, the function in 
question does not, as x passes through any intermediate value, 
suddenly change its value And in such case its Cartesian 
graph has been regarded as capable of description by the 
motion of a material particle tiavelling along it from the point 
{a, f{a)} to the point {fc,/(6)} without moving off the curve 

But such continuity does not also imply continuity as legards 
the slope of the tangent to the graph, or of continuity in 
tlie rate of bend of the cuive at intermediate points 

1225 From a purely analytical point of view we may 
regard a function /(a;) as being continuous at a point x=Xq, if 
ijohen any mjinitmmal change %8 made %nx the ccmegnent chcmge 
%% f[x) %s Itself cdso an infinUesmyd,, and of at least as h%gh an 
order 

1226 We may put this condition into still another form, 
which will be more helpful in enunciating a condition for the 
continuity of a single-valued function of a ecmplex variable 
later, viz that for any assignable positive inhnitesimal e, 
however small, which may be chosen beforehand, it may be 
possible to choose another infinitesimal S of no higher order of 
smallness than €, so that if x—XQ<iS, then vnll f(x) < e 

1227 Toexamme the geometiical meaning ot this condition, 
imagine tw^o lines AB^ CD drawn parallel to the ir-axis at an 
arbitrary infinitesimal distance c apart, and let these lines cut 
the graph of the function y=/(a?) at points P, Q respectively 
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Let the cooidinates of P and Q be oCq, /(Xq) and XQ+Sff{xQ+6) 
respectively Let be a point on the graph between P and Q, 
the coordinates of Pj being x, f{x) Let P^N, QM be drawn 
at right angles to AB Then PjS/’=a;— Xo, PM=Sy MQ=€y 
NPi=J(x)—f{xQ) Then if, however small MQ be taken, NP^^ 
IS <MQ for all positions of N from P to M, where PAI 
IS of no higher a degree of smallness than QM, there cannot 
be a break in the curve at the point P 



If this be so for all points Xq between x=Xiand a5==X2, f{x) 
will be continuous for all values ot x between these limits 
The figure is diawn for the case/(x) > /{x^) 

1228 Defimtion of Functionality of a Complex Variable 
The nature and representation ot an independent complex 
variable having been explained, we may proceed as in the 
case of a real variable to explain what is meant by the term 
Function as used m the case ot complex variables When 
one complex variable w is connected with another complex 
variable z m such a manner that for each value that may be 
assigned toz,w will itself take up a definite value, or a system 
of defimte values, which can be derived fiom the value of z 
by some combination of the fundamental arithmetical rules, 
then w will be said to be a function of z, and will be denoted 
by an equation of the form w=f{z) or f{w, z)=0 Here z 
stends for x+cy, and a; ^ aie themselves supposed to be real 
and may be regarded as the Cartesian coordinates of some 
arbitrary point referred to a given pair of rectangular axes in 
the 0 -plane 
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If one value of x and one value of y give use always to 
one value of w and no more, then w is said to be a single- 
valued or umform function oiz, le oixi-iy Such functions 
as ws + (7, where -n is a positive integex, sin z, 

cos«, tanjj, e^amZj etc, are single- valued functions 
But if several values of w result fiom one value of x and 
one value of y, then w is said to be a many-valued or mulHple- 
valued function of z 

E 

Thus vo^az^ is a g-valuod function, foi there aie g sepaiate 
roots of z^ (p and g aie supposed positive integeis pinne 
to each othei) So also tos tai\~‘^z, c^tan”^^, aio 

multiple-valued functions of z, as also wslogz, for w may be 
wiitten \og{ze^'^^^)=2i\Tr+\ogz, wheie X is any integei 

1229 Continuity of a Single-Valued or Uniform Function of z 
Suppose that the point z ranges over a definite legion F on 

the 2 r-plane, and that z^ is a definite point in this region Let 
w be any single- valued function of z, which takes the value Wq 
when z assumes the value z^^ Then li, for any positive 
infinitesimal c of however high an order which may bo 
arbitrarily chosen, another small positive infinitesimal ^ be 
assignable, such that if 1 2 ;— 2^1 < we also have \ v)—w^\<ie , 
then IS a continuous function of z at z^Zq, and if this be 
true for all points Zq which he m the definite region F on 
the 2 f-plane, w is said to be continuous for all such points, 
%e throughout the region 

1230 Geometrical Illustration 

Illustrating tins geometrically, let P and Fq be the two 
points z and z^ in the 2 ^-plane, and let Q and bo the two 
corresponding points m the io-plane Lot F and F' be the 
coi responding regions on the two pianos for which we aio 
to discuss the continuity of the function Diaw a small circle 
with radius f and centie and anothei small circle with 
radius e and centie Qq Then, if ^ can be so chosen that when 
P lies within the f-circle, Q lies wzthm the 6-ciicle for all 
points P within the ^-circle, when e is aibitiaiily chosen 
smaller than anything that can bo conceived bclorehand^ 
however small, then w is said to be a continuous function 
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of 2 at the point a*, and tor all points ao which he within the 

region T for which the same is true 

If then, for eve.y small change in the modulus of either 
of two variables, there be a small change of at least the same 




order of smallness in the modulus of the othei, the second of 
these vaiiahles is a continuous function ot the first 

1231 Positive Integral Powers of a Complex are contmuous 
It follows from the definition of continuity above that all 
positive integial powers of a are continuous Consider for 
instance 

Then it and Zq be corresponding points and 

w — 2 ’*— + 3 />% + P * 

Hence 

mod /o)(niod z^^) 

-1-3 (mod p®)(mod 0 Q) + (mod p^) 

Now if we take (mod p) small enough, say we can make 
the whole of the right-hand side less than any quantity 
assignable beforehand, however small 
Hence f can be chosen so that when 

(mod p) < f, mod {w-Wq) < e, 
any assignable quantity, however small, and therefoie -u; is a 
continuous function of is? foi all values of 2 m the 2 ;-plane 
Similarly we may show that any othei positive integral 
power of z is continuous for all values of z 
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1232 OontmTUty of a Finite Senes 

If w, w\ v/\ be a set of one-valued functions of a 
complex vaiiable z, finite in number, and each continuous for 
values of z lying within a given contour on the je-plane, then 
their sum 'Zw will be continuous foi values of z lying in 
that region 

For if Wq, Wq\ be the values of w, v/, w'\ respec- 
ti\ely, corresponding to 25==«o> ^7 hypothesis possible to 

deteimine the positive quantities , so that for a 

given assigned small positive quantity e, 

when mod (z—z^ < we have mod (w—Wq) < e, 
when mod {z’-z^) < f', we have mod (w'—w^) < e, etc , 
and if ^ say, be the smallest ot the quantities f f ", , then 

it IS possible to find ^ so that when 

mod (z— Zq) < we have 2 mod (w - Wq) < ne, 
where n is the number of functions , and therefore, since the 
modulus of a sum is not gi eater than the sum of the moduli, 
mod (2tc;--2t(;oX'We for all values of we, however small 
Hence 2^^; is a continuous function of z 

1233 As a case of this result any integral polynomial 
function of z, 

+a„, 

18 a continuous function of 0 , n being a positive integer 

1234 Discontmmty 

To examine the continuity of the fuTictwn ic;==— ^ in the 
region near z=a and elsewhere 

This function becomes 00 when z=a, and therefoie it is 
impossible to assign an infinitesimal ^ such that when 

mod (2-rt)<f, mod 

IS less than any assignable quantity e, and the function is 
discontinuous at z—a 

But at any other point in the 2 ;-plane the function is 
contmuous 

For if z—z^+h, where ZQ=l^a, 

mod ( — i-4 ^^)=mod w"A:t 
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which can bo ma<1o as Kinnll as wo hko by HuHicK^nUy 
(liminiHlimg mod A, by Hutficiontly dinmnshin^ mod (z 

1235 Conformal UKORwaRNTATioN 
Ijt‘i UH couMidoi iho tsjuatum -f{^) 

Wo have z x 1 ty, and if f{z) 1h' sopaiattsl into its hmI and 
unioal paits, say Ji(x,y) 1 wo may wiib^ w m tho 

foim n hiV, whoio 

/i(a?»y) and i) f.(x,y) 

If wo Hupoiiiu})()S(^ a lolaiioii y F(x) Ix'twoon x and //, wo 
ahall have, by olinunaiion of x b(d.woou tho ciiiiaiions, 
w fA^.F(x)}. n Mx,F(x)}, 
a 1 osulianfc relation of the foi lu r 

And to repioHont ihia to tho oyo wo Khali locpnu^ iw^o wots 
of 1 octangular axoH, not noooHHanly m tlio Hanu^ planc^ Call 
those planoH tho ss-plano and tho lu-plaxu' 




Then whon a point P{x, y) iiavoiHos tho giaph oi y F(x\ 
III the 2;-plano tho con 0BjK)n<hng point will ti<ivoiHe 

tho giaph of 0 in tho ?o-j)lano 

When no Huch iclation m y F{x) iH mipin iinposod con- 
necting th<i vaUioH ol X ami f/, ihoio will bo no lolation 
botwoen the coordmatoH u and v oi tho oonoHpoiuling })oint 
in tho u;-plano 

li theio be inoie than one valm» ol w foi a mnglo value of 
then each value ol w is Haul to coimtituto a “bianoh” of w 
Foi instance, m thii csjuatiou w?” z tho futw txon ?/> is many- 
valued, and IS said to have n bianohos (See Ait 1258 ) 

Such a lopiosontition by nu‘anH oi tho »-plano and tho 
?<;-plano of the asHOciatiKl z and lo-loci is goner ally spokon of 
aK a “contoim” or “ con f omul” lopiesontation of tln^Ho loci, 
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and it will be remembered that, u and v being conjugate 
functions of x and y, the curves const and const cut 
each other orthogonally (Diff Calc, Art 195) 

1236 Two Important Gases 

There are two very well known cases of conformal representation in 
Elementary Conic Sections 

1 If w= a cos s tF say (see Alt 590), 

-F + 1 T= a cos ( r + ty) = a (cos a cosh y - 1 sin j? sinh y), 

Jtr = a cos a cosh y, F= — asinaysinhy , 

A® , F® , f ^ 

cosh^y sinh^y ~~ ^ o^co^^o^sirKr”^ ^ 

And for 2 ;-loci of the foim y= constant we have confocal ellipses in the 
10 -plane, whilst for loci of the form constant in the s-plane we have 
confocal hyperbolae in the i^-plane , and the ordinary property of ortho- 
gonalism of these two families of conics manifestly follows 

2 The other case IS w=atAnz, 

IS i7-f-i?y=tan-^^i^ and i?-ty=tan”^^^’^^, 

a a 


whence 


2r=tan-J 


2aA' 


2y=tauh’"^ 


2a F 

a®+jra+F®* 


te a^- JT®- F^=2ajrcot2ji? and a^+A2+ F®*2aFcoth2?/, 

le (A'+acot2j7)2-|-F®=a®cosec^2a7 

and JT* + ( F- a coth 2y)* = a* cosech- 2?/, 

so that foi the s-loci const and y= const the w loci are a pair of 

families of coaxial circles, the two families of course being oithogonal to 

each othei 

Othci examples will be discussed in due course 


1237 Case of Non-Existence of a Lmut 

In the definition of a differential coeflBcient of a function 

of a real vanable as it was presupposed 

that such a limit existed, and this supposition was sufficient 
for the time 

It IS possible, however, for a function to exist for which tlie 

expression in question, viz approach 

any determinate limit, finite or infinite, when h is indefinitely 
diminished, although such a function may be continuous 
For inst&nce, let us considex the case of a function of x in 
which the infinitesimally close ordinates of the graph termi- 
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iuiU‘ ai iKHiits /\, Pf, l\, . such as shown in tho fipiHs 

A * A. 

iUi^ oonsocutuo an^^los P,PJ\, PJ\Pj^, **lr, Im»hi^ 

alt<*niatoly <* anti t, ami iho natun* t»l iln^ fum*tn»n 
Hiu‘h ilmi aacli of (1 h‘ oloim‘n(s nl (la* ^ittph hatwaan tlmsa 
oan apim Uu‘nisf‘lM*s divultsl up inht 
an infmito numlxu oi jautioiu hfi\m^ tin* saim* lasMihaitt} , 

/ 

/ 

/ 

/ 



i*)g 

Uh'' <hHiancaH lH‘lw«s*n tlm imw hulslividiu^ nnhuatts hiini; 
mfmitoHmmlH of a lu^hai ot<h*i Ihnn th»‘ inimilasimal tlis 
tano<‘s lM‘lfWai*n tin* firsl- wt, and so on with luitlioi Mih 
diviHions It wnll ha ahsu that tin* tlnis^tnm ol tla^ Ima 
wluah wa phsma to (all thi* tanj^anl at any j>oint P will 
dajHUid upon tin* oidai oi <lu» iiduu(t*snual t lo anass oi tlia 
ordinates, and may (»i nm> not ha\<*a Innitui;; pimtion 

WoiomtraHH' Example 

An aMimph* is pvan 1*V Waiaistiass, y\/, tin* aasa ol 

# 

ni' 

whara a ih an odd positna inta^ai\ h posiina amt ^ I and 

1 , whiah. aimt.unaais at ♦‘\ar\ pond, Aua fta 

(liffmntuil cocffinvnt Jtitrmnmhtv n( auif /noaf Saa Hatkn»‘SH 
and M<nlay, Thvon/ of Funrtwns,]* .dl, »u Kiusyth of 

Fuoctiom, pp \*V\ lJU). wdiaia tiia atudant will find tha ansa 
ihs(niHS(‘d at length 

I i.'fO Difforentlation of a Function of a Oomplox Vanablc 
It liaH Ixsui Haiuk that in (»idat to d* tina a (lunplax \anahla 
z{ X I o/K iha values ol r and // must both Ih* Napnratalj 


K 
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assigned They are independent of each other Any law 
connecting them may be arbitrarily assigned But so long 
as such law is unassigned z depend upon a doubly infinite 
system of values But when x and y have once been assigned, 
then z becomes known That is, to a definite value of z 
coriesponds a definite point whose Cartesian coordinates are 
05, y on the x-y plane, and this point it is usual to designate 
as the point z 

Conversely to any value specified for jk, a definite specifica- 
tion of X and y is implied When z changes its value to z\ 
and in consequence x and y change to x' and y\ say, the value 
of ^ does not depend in any way upon the manner in which 
the point 05, y has travelled to the point x\ y\ no relation 
having been assigned to hold between x and y Hence the 
vector of'— 25 IS mdependent of any particular law which may 
be arbitrarily assigned, connectmg 05 and y If w be any 
smgle-valued function of z, defined as in Art 1228, and ex- 
pressed as w^f(z), then when z becomes 2 f', w becomes w', 
where w'—f(z') Thus /(js), and is independent 

of any paiticular path by which z' is made to approach z on 
the x-y plane 

Suppose the points 21 ' and z to be mfinitesimally near points 
on the of-plane, and let z! be written z+8z, and v/ be written 
w+8w Then 8v)=f{z+Sz)—f{z) 

We shall define when 8z is made inde- 

oz 

finitely small, as the differential coefficient of f{z) or w with 
regard to z, provided such limit exists independent of the way vn 
which the povnt z+8z is made to approach the pomt z mdsfimtely 
dosely, that is, independent of any particular path which may 
be assigned to pass through the points cc, y and as-j-^a;, y+8y 

dw 

We shall denote this limit by ^ or f\z) 

It follows that ^ is independent of ^ by definition 

1240 Before assuming the functional relation w=^f{z), but 
assummg that u and v are functions of x and y, and that 
w = u+iv and z = x-\-iy, we might enquire what relation, if 
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any, must subsist between « and v in order that Lt ^ should 
be independent of 

Proceeding from this point of view, we have 

Su> dw d(«+tt>) Ua,dx+Uvdy+t(Vadx-{-Vtdy) 

dx+tdy 

(u„+iVig)dx+t(—iUy+Vf)dy 

~ dx+idy ’ 

dy 

and in order that this should be independent of we 
must have 

whence 

So that M and v must be conjugate functions of x and y 
satisfjung the Laplacian equation whose general 

solution is ^==jFi(a5+£y)+J2(®-“^y)» -^2 a^e wbi- 

trary functional forms It appears therefore that in putting 

«^— /(«)> u+LV==^f(x+iy), 

the property of independence of ^ and ^ is implied , and 


further, that 


or —lUy+Vy, %e 


Uy+lVy 

i 


J(z+Sz) 

Sz 

provided such Ivm/iit he exieteni, that the function f{£) is con- 
tinuous at all points within a small circle on the x y plane, 
of which z IS the centre, and whose radius is not less than the 
modulus of Sz Also it is presumed that either is a 
single-valued function of z, or if not so, that in passing from 
the point z+Sz to the point z, we adhere to the same branch 

of t(7 


Also it IS understood m dehning as Lt^^o 


i 


For example, m the case v^==z, so that U)^4z or — >/?, it is to 
be understood that we keep to the same sign in both cases, viz 
w^Jz and or«^=— is/« and uj-\- Sw= — \/z+dz, 

and that the gradation of values from ^/z to iJz-\~Sz is a 
contiiiuous gradation 
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1241 The Standard Foims 

It will be found that the ordinary " standard forms of 
differentiation still hold good when the independent variable % 
IS a complex That is, we still have 

Also the rules for the diffeientiation of a product or a 
quotient still hold good, viz the same for complex variables 
as for real ones 

And m due course it will be shown that Taylor's expansion 
of f{z+h) also holds 

1242 Oeometncal Meaning of Differentiation 

Let OP, OQ represent the vectors z and z-f-Sz on the z-plano, 
and O'P', OQ' the corresponding vectors w and w-j-Sw, as 
detenmned from the equation w=f{z) on the i«;-plano 



Fig 366 


Then PQ and P'Q respectively represent the vectors Sz 
and 6v3 

Then what we seaich for and represent by the symbol 

^ V T 

being the hmit of the ratio of the two vectors 

^Qf> PQ, when PQ is indefinitely diminished This is there- 
fore Itself a vector quantity, and if the tangents to the z-path 
and the w-path make respectively angles ^ and yj,' with the 

axes 0® and O'!!, the modulus of this vector is Lt I and 
the amplitude is \fr'—ylr (Art 1220} I"**! ’ 
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1243 Zeros, Infimties, Singulanties of a Function 
When and a value of z, say 2 = a, gives w a zero 

value, 0 =a is said to be a " root ” of w=0t or a “ zero ” of the 
function w 

When z=a gives an infinite value to w, z=a is called an 
INFINITY of the function 


The equations /(i3)=0,j^=0 therefore respectively give 

the ZEROS and the infinities of the function f(z) 

A single- valued or uniform function /(z) which possesses a 
differential coeflScient, and which is finite and continuous for 
all values of z for points within and upon the boundary of a 
definite region F of the plane of x-y is said to be “synectic’’ 
for that region 


124i4 If an infinity of the function be such that at all points 
m the immediate neighbourhood of the infinity the reciprocal of 

the function, viz is synectic, the point m question is said 

to be a ‘‘ POLE ” of the function 
The infinities of a function, whether poles or otherwise, are 
generally referred to as the ‘‘singularities” of the function 
A smgularity is classed as “accidental” or “essential” 

according as has or has not a determinate zero value at 

the point in question, %nd^e'nd€nt of the •path by wh%ch the 
pomt z made to approach the asevgried position Thus, 

ws- has an accidentaZ singularity, viz a pole, at z=^0y for 
z 

its reciprocal, viz z(^x+iy), becomes zero when x and y 
become zero independently of any relation which might be 
superimposed between x and y But w^e^hsa an essential 
smgulanty at z=0, for if z approaches a zero value by a path 
along the positive part of the cc-axis, the reciprocal of the 

function, VIZ approaches the value that is ^ or 


zero, but if the appioach be along the negative portion of 

the aj-axis, ^ approaches the value ^ e or e*, ^ a, oo , 

e * 6 "" 
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1245 The term Synectic is due to Oaucet The terms 
Holomorphic or Integral are also used to denote the 
possession by a function of the same properties The former 
term is due to Briot and Bouquet, the latter to Halphen 
These teims are applied to describe such functions m 
distinction from functions which the same authors respectively 
term “meromorphic” or “fractional,” and which are charac- 
terised by the possession of singularities at a point or at 
points within the contour, viz poles or essential smgularities 

Thus sin z, cos z, exp z, are synectic or holomorphic functions 

of z for all points of the z-plane, whilst cot z, etc, are 

meromorphic at certain regions of the plane by virtue of the 
existence of the pole at z=a in the first case, or of the poles 
at the zeros of sin z in the second case 

At points of the region V of the z-plane, for which w takes 
a single definite value as z approaches such a point independent 
of the path of approach, the function is said to behave 
“ regularly,” and such points are said to be " ordinary ” or 
“regular” points 

1246 For details as to the tests foi the nature of 
singulanties and other matters of this nature, we have no 
space, and must refer the student to Forsyth, Theory of 
F'umcUons, pages 16, 17, 53, 66, etc 

1247 Isogonal Property of a Conformal Representation 

Suppose that the point P, (z), in the z-plane corresponds to 

the point P', (ty), in the w-plane, and that Qj, Q 2 * (^i ^ 2 )* 


^1 



^ iU“ plane ^ ^ z-plane 

Fig 367 


are adjacent points to z in the z-plane, whilst Q/, 

{w^ and are the correspondmg points in the i^-plane, 



390 


CHAPTEB TTCITC 


then, since the value of ^ is to be independent of the 
direction of the differential element dz, we must have 




z—z. 


z—z. 


when the vectors z -z^ are mfimtesimally small 


Hence 


z—z. 


w—w^ 

Let the moduh and amplitudes of z—z^, z^—z^^ w-Wy 
w-w^ be respectively {p^, 6^), (yo*. 0g), {p^, d{), (yo/, 6^) 

Then in the limit 


whence — 0/ -0o'==0i— 02> 

P2 Pi Pi P2 

P'Q{ JP'Q^^PQ, PQ^ and Q,'pQ,'=^Q^PQ, 

Hence, in any such representation, infinitesimal triangles, 
and therefore any other dements^ preserve their similarity, 
and angles are unaltered in such a transformation But the 
moduli of z and w vary with the position of P, and therefore 
the ratio of such infinitesimal elements is not pieserved as a 
constant in general throughout any finite regions in the two 
planes 


1248 It IS also to be noted that it has been assumed that 
the ratios (w^w^l{z--z^, not become zero 

or infimte withm an infimtesimal distance of the points P, P' 
considered That is to say, that the theoiem is not to be 


applied at pomts for which 


dAJO 

dz 


IS zero or mfinite 


1249 For the reasons given above a conformal representation 
IS saad to be Isogonal If, for instance, any two z-paths cut 
at an angle a the corresponding a£;-paths also cut at tlie same 
angle a To orthogonal curves on the z-plane correspond 
orthogonal curves on the io-plane, and as a particular case 
straight hues parallel to the axes on the one plane correspond 
to curves which cut at right angles on the other plane To 
two curves which touch one another in the one plane 
correspond curves which touch on the other plane, but 
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as straight lines do not in general csorrespond to straight 
lines in the conformal representation, linear tangents do not 
become linear tangents, but curvihnear tangents 

1250 Ratio of Elements of Area 

Again, the ratio of the infinitesimal areas PQxQi is 

that of the squares of the moduli of d/u) and dz, %e li 
z—x+iy and w—u-\‘LV^f(x+iy\ 
the it;-element of area _ dw^ _ \ du+ 1 dv 
the 0 -element of area dz\^ | dx-{- 1 dy p 

\Ug,dx-^Uydy+i{Vxdx+v^dy)\^ _ (Ua,dx+Uydyf+(v„dx+Vydy)^ 

\dx+Ld/y\^ dx^+dy^ 

and since and Uy=— this ratio becomes 

or or or v^+Vy^ or u^Vy—UyVa, 

where J is the Jacobian ot u, v with regard to 

\x, y) 

as, y Or again, it may be written as 

'i'e f{x+iy)f{x-iy) 

Thus the ratio of the corresponding elements at u, v and at 

X, y IS that of J 1 

^ \aj, yJ 

It follows of course at once that the mverse ratio is 



and therefore that as is otherwise well known (fiyff 

Calc, Art 540) 

We may, it desirable to use a polar form for the moduli of 
dz and dw, write \dz\^^d8^ or and for 

\dw\^=Ua^ + Vg? or Uy^+Vy^, 

we may write 

1251 Connection of the Gnrvatiixes 

The curvatures of the companion w and z cuives may be 
connected as follows 

Let p and p be the radii of curvature at corresponding 
points P, P 



392 


CHAPTER TTHT 


Then \ dz\ and Ic^l are the lengths of the corresponding 
infimtesimal arcs 

Let and i/r' be the coiresponding angles which the two 
tangents make respectively with the x and u axes, 9 and & 
the polar angular coordinates of the points and 4 / the 
angles between the tangents at P and P' and their respective 
polai radii r, / 

Then yjr'=d'+ip', 

whilst d=amp z and d'3=amp w are the respective amplitudes 



Then, since w^f(z), we have 
and drV®'+ 4 r'e‘®' d0'=/(re‘®)(dre‘®+4re‘® cW) 

Put = say, R and © being the modulus and 

amphtude of f e © s amp /' (z) 

Then, smce d^=d8'cos^', rW=cfe' sin etc, we have 

that IS \dw\ = \dz \ , 

whence 

\dAJu\=R\dz\ or \f{s5)dz\ and 'i/r=0=amp /(a;), 
whence amp f{z ) , 

and since ^ obtain 

l:^_i^=daTnp/» 

lf(!^_i^=damp/'(*) (A) 

P P 

In many cases of conformal representation, the 2 ?-curve is 
taken as one of simple nature, usually a well-known curve. 
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and the w curve is often one ‘whicli is of more or less 
complicated natnie, and the labour of applying the ordinary 
formulae to obtain p in such cases, may generally be a^xnied 
by the use oj tkis connection between the cu/rvcWuree 

1252 Dlnstxations 

£z 1 Taking where a is real and positiye, we have 

whence ar'-r®, 6' -2$ 

Here 

amp /(«)s=aiap dampf(g)=dd, 


|<fe|=-\/ 33 + 7 W, I/'(*)<fe|=|-[ 1 * 1 =- 1 * 1 , 

I I Ctf 

To verify in the simplest case, take the z curve as r=a , then 


35 =°’ 


2 11 

-/ = l€ P=CL 

p a a* f' 


which IS obviously correct For if f*30, r' = ~»a, and the w curve is 

also a arcle of ladius a hut described twice as fast as the s>circle, since 
and therefoie is traced twice over for one tracing of the ^^ircle 


Ex 2 Consider 4-\/?+5^ a and 6 being both real We have 


=N/a^+6fe*^= \/aM^2?5rcoB7+W®^ aH-ftr ooa e ^ 
le r'*=:a* + 2a®6j cos^+5®»^ and tan2d'=6vsiD ^/(o^-fhrcos d) 

Also dio^f{z) dz^h dzl2»Ja^-{-be=^, e-*®' cfe, 

|flK8|=Vd^4r“d6^, anip/'(a)= - 

and dd' — {a*6 sin ^ dr + (c* cos d + hr)dQ)l2i , 

whence 

W~\ {«’6Bin(9g+6r(ai'coBff+6»)}/2/'*>\/(^J^ , (1) 

which will be the general formula connecting the curvatures of the z and ^ 
carves in any transformation by means of w^^JaF^hz 
For instance, take the s-curve to be the circle r= c Then the iz curve is 
a Cassmian oval For Bsa^+bce^ ^ te 

«'*cos2^=a* + iccos Bin 26'= bo am 6, 

and r^*-2a*r^cos2^'+a*=5®c® [see , Art 458], 

that IS, if ;S^, iT be the foci and P any point on the curve, jSP HP^bc 
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Putting f =p=£C, ^<=0, in Equation (1), and substituting for cosd, 


.r'® cos 20'— 


,'i_a4+62ca 
4c7'* ’ 


i € p' =25 <t'®/( 3» '*+<**- 6*0®), for the Cassmian 
If a®=t6o, vre have the case of Bernoulli’s Lemniscate, and p'=s2a*/39' 
In the case just considered, it will be seen that since 
(ti7-a)(ii7+a)=6«, 

we have mod (fi;-a)mod (to+a)=6mod t , 

and theiefore that if mod z be constant, i e if the z curve be chosen as 
above to be a circle of radius c and centre at the origin, the coi respond 
ing w curve has the property that the product of its bi-focal radii jSP, 
HP 18 constant, the coordinates of the foci df, H being (a, 0) and ( - a, 0), 
and therefoie it is one of the class of the Cassmian ovals rir%=^hc This 
result IS therefore obvious as the immediate interpretation of the w z 
equation without leference to the polar form 



w - piane 


Fig 359 


z - p/ane 


Since m the 21-curve the loci r=const =c, 0=con8t =2a, form a pair of 
loci cutting oithogonally, the corresponding curves on the t«-plane cut 
orthogonally 

The cuives corresponding to r= const have been seen to be Cassinians 
The curves corresponding to 0= 2a are rectangular hyperbolae 
For smce f’*e*‘®'-a*=6re‘*=6rc*“’, 

1^*008 20' -a®=6r cos 2a, J^sin 20'=6r sin 2a, 
that 18, r'^sin 2(0' - a)-ha*8in 2a=0 

These hyperbolae for a parameter a are therefore the orthogonal 
trajectones of the Gassmians rirs= const 
Further, it may be remarked that in considenng the transformation 
we have really considered any transformation of the form 

Av^-hBw-\~C^z , for by putting have 

Av^-^+0=i, 

which 18 of the form tt7*-a*=62 
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Hence the results for Av^-\‘Bw-{-0=z are the same as those considered, 
with a mere transformation of the position of the axes 

1253 OoTvatiire , the Form for Oartesiaiis 
We may put the curvature formula of Art 1251 into 
another form more particularly useful for a Cartesian 2 -locus 


For 


whence 


v>=f(z)=f(x+iy), dw=f(z)dz, 
cL 


(B) 


1254 Thus, if the 2 i-locus is a straight line for instance, say y:=mr+c, 
P=aO| and p'-- 


and 

£amp /-(«) 


1255 Hlustrative Examples 

(1) Foi example, %nihecnaew—a cosz considered m Art 1236, foi which 
X =a cos J7 coshy, F= — asinr smhy, so that gives the ellipse 

X^ . , 

o^eosh^c a^sinh^c * 
f(z)=acoaz, 

f(z)= -osmz= -a(sinrcoshy+tcos'i?smhy), 

\f W I ” OL\lzxn.^x cosh^ y + cos^ x smh^y = a Vcosh 2y — cos 2a;/\/2 , 
amp /' («) = tan*"^ (cot x tanh y), 

, sm 2r ^ - sinh 2y 

and in oni caae for y=o, -we have p=oa, ^=0, m=iO, and the radius 

of cuivatnre of the denved cuive is 

a (cosh 2c- cos 2r)^ , X 

i-z 5 where cosj^— z—, 

V2 8inh26 ’ a cosh c’ 

which may be leadily verified directly foi the ellipse 


(2) (A) In the cast (a real), we have 






r'=- 


&=n9 


Hence to any «-locus X(r, 0)=O coriesponda a w locus 
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In thiH caH<s Hin(« 0* nO, a * line thurtigli lli« niiKin ((uiespoiids to a 
w \\iw tliiough tho ouKHi, Aiul in < onhO<|ueiH t* m thiH (aso </> <//, » e the 
anglfH whieh the tangents niako with then latlu vistoioH aio e«iual 

lienee to an tMjuiangulai B|nial iii the z plane and with polo 'it the 
oiigin <on«H)[MmdB anothoi and eipial tM|Uiamrnhu spual ni the w plane 
w ith itH pole At the new oi igin 

(B) Moieovti, Bimo 0 ^ wheino 

\dw\ l^zl ^ y, damp z, 

/> /» 

winch iH what tho emvatine toimida of Ait Uhl letlmes to, Him* 


f(z) and amp /(z) (n l)(^ amp m amj» z 

(0) In thiH gioup of iCMultH, if we taUo the zlioiis at the stiaight 
linen OH a, wo have 

TT .. ir U 
‘/* 7» vj ^ *4 « ’ 

whieh givoH the well known piopeity »»f «dl < uiven of the foim 
r *• (I »><oH^ 



PiK aM) 


which imlude as paiiuidai (anea Iho l’.ua1)ola (w 2), the H»»tanguUi 
nypoihola(rt i), Benioulli’H litmiuwate (» \)» lhet\udioitle(rt 2K 

tho SUaight Lino (a 1) ami tho (hide {n 1) 

(I>) To any cuivo r«*’< anpO coiioH|Hmda the imvi 

o**<oH^^, aUmqOy whete ^ n 

Heme to r"*^ coiienpomlM it i own t"* pedal < nive, hn 

fc 

tho petlal m got h} Hulmtitutmg foi the piesent indi \ ami limit iple i»f II 


n I 
k 



whuh giveH tho iatit> n 


fot 


n 1 
k » 


% c 


n 1 
hi 


fot 


n I 
k * 


1 fill the imlueH and multiple of 0 «ih iisimud 
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(E) Onasi-lnverfliou 

The conformal representation of "where k is real, is very 

important 

u xj 

Wo have at once — -as— e"*® , whence n'r—k^ and 6'^ -9 

r 

Hence, if the same axes be taken for the z and w curves, we have a 
combination of inversion and reflexion in the a axis This process is 
known as Quasi Inversion The name is due to Cayley 

Now, reflexion with regaid to a straight line makes no diflerence in 
the nature of a cuive Hence the usual rules of inversion apply, viz 
a straight line which does not pass through the origin inverts into a 
circle through the oiigm If the btraight line pass through the oiigin 
it inverts into a straight line through the oiigin To a circle through 
the ongin corresponds a straight line not through the origin To a circle 
which does not pass through the origin corresponds another circle which 
doei^ not pass through the origin To a parabola with focus at the origin 
corresponds a Cardioide with pole at the origin To a conic with focus 
at the origin corresponds a Linia^on with pole at the oiigin, and so on 

Hence when the z curve is given, the to curve is at once known and 
can be constructed by the reflexion of the curve traced by a Peaucellier 
cell linkage arrangement as explained in Diff Cdio , Art 232 


a2+& 


(F) The Homographic Belation 

Consider next the conformal representation of 

This IS the general linear transformation It is known as a “Homo- 
graphic ” relation between to and z 
Obviously otws-l-dw - ost - & = 0, 

{ ,d\ h ad he-ad 

or W- 


Now this transformation is unaltered by changes in a, c, d, which 
preserve the ratios In fact, theie are only three constants, namely the 
ratios abed There is therefore no loss of generality in taking 
ie-ad^l 

This being done, let which merely shifts the 

origins of to and z, retaining axes parallel to their onginal directions , 

for if ?=a + ijS, say, and --=y-|-45, the new oiigins will be the points 
6 0 ^ 

(o, jS) and (y, S) respectively , we then have *e another quasi- 

inversion connection between the z and to loci 

(O) Obviously, if when z is itself connected with a third 

variable t by another homographic relation then upon substi- 

U rs-rs 

tutmg for z, to is of the form whether the variables and constants 

involved be real or complex 
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That IS, if to be homographic with regard to * and z be homograpbic 
with regard to t, then to is homogiaphic with regard to t, and so on for 
any number of variables 

The relation may obviously be thrown iirto the form 

A+e+!:H.i=o, 

wz to z 

where A, /*, v are constants This relation is of much use in the theoiy 
of geometiical optics, in various forms, the quantity A being theie 
usually zero 

The equation may be wiitten further in the form 

lo-A (a-Ac)z+(5-A£Q _.g:^ 
ii; 4‘A (a+Ac)g+(6+ A(J) z+/i* 

And if we use bi-focal coordinates in each system, viz (jB, R) and 
(r, O, the two foci on the two planes being A, -A in the to-plane and 
72 r 

/X, -/i in the z plane, then ^=1*1 p, so that when z describes a circle in 

the g-plane, viz. r /= constant, w will describe a circle in the to-plane, 
viz B S' = constant, a result which has been already stated 

The ease ^ s case of the above quasi-mversion 

We have |^*'| - j =|z[, and if the z-locus is the fixed circle |zl= constant, 
the to-locu3 IS a fixed circle 


(H) Cmsidef Tiext ihe cmformtd repreaemiat^ 
ui=Aif-+Bz^-\‘Cz*'\’ , 

where A, B, (7, and a, y, are aU real positive gmntihes 



Putting, as in previous cases, z=re‘^, w=r^t^=X-{-iT, 
A» • cos cos cos y ^+ 

r=A»*ama^ +J3^^sin j8^+(7t‘*^smy0+ 
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If we take the j!-cur\e to be a circle of radius unity, then for the 
to curve X = 2L4 cos a^, 7" = 2L4 sin aS^ and this locus can be constructed as 
tlie locus of a point earned on one of a set of hinged rods OP, PQ^ QPt 
of lengths A, P, 0, etc , the earned point being considered as the end of 
the last rod and one end of the fiiat rod fixed at a point O, the whole 
system moving m a plane and the several rods lotafcing with angular 
velocities in the ratio a jS y etc , , in fact, what is usually known *is 

an epic^dic tiain of linkages 

(I) Oenstder the case of two terms 

Let be a point attached to a circle of centre P and radius h, which 
rolls without sliding upon the outside of the ciicumfeience of a fixed 



Fig 362 


circle of centre 0 and radius a, and let PQ=sp^ and 6^^ the angles 
which OP and PQ have turned thiough since A*, the eztiemity of the 
radius which passes thiough Q of the moving circle, was in contact with the 
fixed oil ole at A Let PX' be parallel to AO Then the angle X'PA^ 
(narked in the figure as > tt) is 6% 

Then, for pure rolling, 

or (a+6)ft=6^a 

Xietdi=a^, 6%^ pdf and take 

b A I a j j d-a . 
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Then the coordinates of Q are 

cosa^+BcosjS^, Y=A&ina&-]rBsiiipd 

So w=sAs^*’^\‘BzP gives m this case a tiochoidal locus for w conesponding 
to the arcular locus for s, the trochoid being tiaced by the motion of a 

point at distance p (= - J5) from the centre of a circle of radius 6 

rolling upon a fixed circle of radius a ^ If p=&, an epicycloid 

IS traced by the it»-point, supposing h to be positive 
In the case a=b^p we have 

A=Sta, B^-a, and ^8=2®. 


SO that the to-z lelation is 

And m this case the epitrochoidal curve ib a cardioide 

It 18 unnecessary to particularise the value of a which is the latio of 


the rates of angular description of the circle tiaced by P and the unit circle 
traced by the *-point If we take a=l for simplicity, then )S=2, and we 


have 




The correspondence of the s-curve and the w curve is shown in the 
adjoining figure, where corresponding points on the two loci aie indicated 
by the same letter, unaccented foi the s-curve, accented for the w curve 



Fig m 


In the figure the vf plane is supposed, for convenience, to be superposed 
upon the «-pUne 
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(J) If 6 be negative and /o=6= -h\ we have a hypocycloid tiaced, and 

A 1 f 1 f Q ~ Ck Ot O ^ "fit 

A=a-h ^ i5=6, “"jg“=^'Z35» a, 

_o-6 ^ 

giving 



gives W! 




And the paiticulai case m which y= 

And |«|=1 by hypothesis, so 
Hence 10 = a cos a^, which is then a leal quantity 
And as iff=ic+iVj we have M=«co8a^, v=0, le the diameter of the 
hzed circle is tiaced by the ? 0 -point, as is well known 
(K) Foi a tbiee-cusped hypocycloid, 


I. “ 
/>=&=— 3, 


A 

^=3’ 


5=3, 


d 

“a' 


jSs= -2a 


And the lo-z relation is « 0 =^aa®'+ Jew”®*, and so on for other cases 
It should be noted also that the order of the terms As®, is imma- 
teiwl , that is, we might regard w as given by w=*i?s^+As“ 

And then the same epicycloid or hypocycloid, 01 epitiochoid or hypo- 
tiochoid, as the case may be, can be traced in anotW way, viz by the 

loUmg of a circle of radius ^ B upon a fixed ciicle of radius ^“^ B 
a a 

(L) The case ^^log whete a, a' afe reed constants 


This case gives ^e‘®'=log (■j«‘^)=log ^+i(d+ 2 A. 7 r) , 

whence log-=->cos 0'=—,, ^+ 2 X 7 r=— ,sin 

a a a a, a 

So th«it to a ciicle r= const on the s plane corresponds a straight line 

parallel to the y-axis on the i«?-plane , and to a straight line through the 

origin, const, on the «-plane corresponds a family of straight lines 

parallel to the «>axis on the t^-plane 
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Coiiesponding to the Aiphimedean Spiral r=a0 on the « plane, we 
haie, on the ir plane, a family of logarithmic cui vee, vi/ 

HI* X 

— 2A7r= -fio" 
tt a 

Coiiesponding to the Equiangular Spiral r=zae^^^P on the i? plane, we 
ha^ e, on the v? plane, the family 

\iz a family of paiallel stiaight lines 

Asafuitherexainpleoftheuseof thecurvaturefonuulaof Ait 1251 , viz 

\f'(z)dz\ l&l . 

j^=rfarap /'(*), 

let ue apply it in the lat>t case 

We hav e f'(i) dz=a'^ and amp f{z)=-e, 

a'l-l 

P p 

In the paiticular case wheie the t curve is the equiangular spiial, 

Z 


* « r 

flffi — (cot dz (cot J3+i) d$ 


and 


'^1 
z I 


dS I _T I T 

Thus the formula reduces to p=»coseo;8, which is the well known 
result for an equiangular epiTdl wen Known 

1256 Biaaches and Btancl Points 

nt t! f * ““Ibple-ralnrf taction, where each yelne 

o£ the ntapendent ye^ble » lead, to more th« one vine oi 
ta depe.dm,t yetmble m. the »ye„d ytae. of to 

be blanches of the function Thus if tha emiDf 
w and s be f’fw j c equation connecting 

0 ana - be z)=0. and if upon solution for to we find 

«'i-/i(a). 't«a=/,{z), w,=/8(«), etc, 

r.:: ““ - - 

wT 7 T' " P'“'. of the 

p-‘ - ^d to he . -brj^";,:!.” ‘T"! ^7-,^ 
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connects two and only two branch points is called a branch 
line or cross line 

1257 The simplest example is the case when = z Here 
10 IS a two- valued function The function has “ branches 

At the points z=0 and z = oo there are “branch points. 
The positive direction of the a-axis which joins ;s= 0 to 0 = oo 
IS a branch line 

1258 To examine the behaviour of and W 2 
immediate neighbourhood of the branch point at a5==0, put 

and travel round the point along a small circle of 
radius r, r remains constant, 6 increases by 27 r 

'W^=+Jr^ becomes 

tOgsr— becomes — 

Hence in passing once round the branch point 2 J= 0 , and 
therefore crossing the branch line, each branch changes into 
the other 

1269 Similarly for the case where is a positive 

integer 

Here to is a g-valued function of 2 , and we have 

^cos sill X =1, 2, 3, or q 

Let the q roots of unity be called a, g* g®, . 

Then the branches of the function may he written 
1111 
Wg — a®z«, Wg=a^ssi, 

1 

where by we mean any definite root of z^ the same to be 
taken throughout 

The points 2^=0 and 2 f=oo are branch points, and the 
positive portion of the x-Sbx.is is a branch line 

In passmg once round a small circle of ladius r encircling 
a branch point, say that at 2 = 0 , Wg changes from being 
i 1 

a*(re'^y to bemg , that is to 

1 1 

G*o « (re‘®)« or a»+^(re‘®)S 
therefore changes to 
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Thus the system of branches changes from 

and a second encircling of this small contour will cause the 
further change to and so on So that 

when « has travelled q times round the branch point at J3==0, 
the ongmal order will have been restored 

Similarly also for the case vfi=zP, where p and q are positive 
integers prime to each other, 

1260 Revetting to the case to*=flK8, where a is positive and real, put 
Then +N/ar6*®, ~ •J curtl^ —Jai , 

0 n 

»i-Var, ^1=2 > 

We show sepatate uf-planes for the separate blanches (Fig 365 ) 
Take as the z curve the circle r=a 




Fig 365 

Here, as 1\ (z), nioveb round the ciicumfeience ABCD of the circle 
r=a, the points Pj, (wi)> A. (wj), lespectively describe two semi- 
circles shown in the accompanying figure, viz the upper half circle AyByCy 
foi Wy and the lower half cuole for Wj P traverses its 

path a second time, P^ proceeds to desczibe the lower half circle of 
VIZ OiDyAy, whilst Pg desciibes the upper half ^2 

1261 Sheets, Biemann's SuifSoce 

In order to avoid the inconvenience of the same value of z 
indicating two or more values of w, the following device is 
dopted 

Tmagme the x-y plane upon which the point z travels to 
jplit into as many parallel sheets as there are values of w 
vhich any one value of z gives nse Let these sheets still 

*ry with them the tracings of the ongmal axes, and let them 
be separated from each other by mfinitesimal distances e, the 



RIEMANNTS SURFACES 


406 


ying m a line perpendicular to the several planes 
axes remaining parallel, and let the same point z 
ed upon each plane Let the several planes be 
sd as No 1, No 2, No 3, etc , and be associated with 
al functions w=w^, etc, to which the 

z gives rise, so that when z travels on plane No 1, 
h of IS traced on the t(;-plane, when z travels on 
> 2 the graph of is traced on the ^(;-plane, and so on 
way each value of z with its particularising plane 
le only to one value of w, so that w may now be 
pon as a single-valued function of z, and z requires 
escnption not only the values of x and y, but also 
ber or label of its particularising plane 
t will be inferred from the examples considered that 
in its travel upon the original ar-y plane m continuous 
crosses a branch line AB in that plane theie is a 
n the branch of the function, to say In order 
lent the continuous motion of z in our new system of 
om plane (1) to plane (2) it will be necessary to suppose 
tence of a plane bridge extending from A to JS, and 
.mg at these points and leading from plane (1) on which 
to plane (2) on which A'^ S' he where A\ R aie the 
itions of Af B on plane (2), so that in passing fiom z^ 
e (1) to 02 on plane (2) the point z passes down the 
>f infinitesimal length fiom the one plane to the other 
changing its value in so passing 



in the case when theie are only two branch points and 
iUch line, we shall consider the seveial 0 -sheeis to be 
B else connected Thus, as z passes over this bridge 
ane (1) to plane (2), changes to Aftei tiavelling 
> (2) the point z must again cross the budge to get back 
original position z^y for there is no othei connection 
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botwooii tlu' plaiU'H (2) ntui < 1 ) The extMumnii <*t / Imiu plane 
(1) to plane (2) and lm<»k aj^iun iimj U* nnlnvted to an t‘\< 
looking endwiHt^ al(»ng the hianeh hm* ftotn li to .t. a«t in tie* 
diagram No. ?i67, the hndge Inang n pie u*nte<i in dupli<*Hte as 
VQtn loi eonvenienee 


<»'*’ p 

Z •♦I 

ttl? 

ThuH» in the <Nwe of w** \\e have tie* tha'^iaiii »*t tie 

eliuugt' mdieated in Kig JhkS 




I Ik 


r/im# flfitii 


Itk t.h»> of tt’/i the n<>ln’ I mil i of i‘hnji{'i- 1 ii‘. . 

tho branch hin* ih milicnti-il jh Ki^; (inkuij', fm i s.iuijtlf 
q- .'») 



I III .Dl’l 


The whole Hynletn of shoHs ihuo I'lmnfi Icil b\ mi-oi ,,f „ 
hii%* (.lmm}(h the Iminch lm» w tln-ii lefjiud. li »« iittuuie; n 
contmuouH mnfiwe, ami m known a’, a lie innnn' . Sni f,ki*i 

1202 Hnout;h han hern hjmiJ In iniinate one nndtoii of 
icproHenliition by unana ol whnh Ibe eon*iiiii<iiiliiiii oi a 
multiple valued fund ion . may bi* tejjatdeil a-i ndiieni Im Mu* 
coiiHideration of a Hinkle miIhmI fiiiiuion And iJn* will 
Huffice for our purimsea in thii biwik The whoh flo->.i.\ of 
Branch polnla, Ihanch linea and Hieniaiin'-i tepii,. nialion 
would occupy far I mu e Hj Hire than mat our deipo .ai, and we 
muHtrofei thcHtudentlo lieatme.t on the 'rbniij of Kum t iohm. 
ftj Koiayth, '/'/irm.i/ nf FunrtumH, Cliapfn \V , or II.ukiie.'<i 
and Moiley, Theory of Fumlioos, Chapter \1, wloto ibia 
very mtereHtmjjf matter will !«• found fully dmiteneil 
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1263 Any Algebraic Equation of the degree has n roots, n 
being a positive integer 

Let +j9„=0, whero z and 

the several coeflBcients may be real or complex and is a 
positive integer 

WTiilst z travels over the whole of the 0 -plane it is obvious 
that w will travel ovei at any rate some part of the ii;-plane 




Pig 370 

Let 0 and 0' be the two origins Then we shall show that 
w must reach 0' m its tiavels over the tt;-plane For, if there 
were any finite limit of the nearness of approach of w to O', 
let p be that limit Let Zq be the value of z for which w 
arrives at its limiting value, Wq say, which must he somewhere 
on the circumference of a circle of radius p in the 'i(;-plane and 
having 0' for its centre 

Consider the vector z=iZQ-\-h 

Then ty = ( 2 ^ 0 + A)”+Pi(«o+^)"“HP2(2^o+^)”''*+ +Pn> 
which, by multiplying out the several terms and arrangmg in 
powers of A, we may write as 

w=F{z,)+hF'(z^)+f, F'(z,)+ 

where F{Zf^)f F(Zq\ etc , are the several coeflBcients occurring, 
and are functions of Zq alone, finite so long as z^ is finite 
Then obviously Wq=F(zq), and therefore 

w-Wo=hF'{z,)+^^F'’(z,)+ say 

Then, provided F'{zq) does not vanish, we can, by making k 
suflBciently small, make the ratio f hF'(z^ less than any 
assignable quantity 



40 H 


fllAmK \Xl\ 


Anti I'vt'ii if Muiihli. «‘t wi II «s 


n«wMo) 

h 

HO that ^ |A**'*(*o) ***’"'^ ^^***** \U*»*h *iiMs nut niUu^Ii \\i* 

can m tha Hanic way, hy takin^j h suth* noiilv mail, nitlv* tin 

imauulcr <»f tin* Honos layoiul tim tonii ^ **1 !♦* *♦’ *hi » 

ictm a ratio Iohh than any uHHi^tmhh^ t{ii«ti»t)t\ . nn<l th« if Imn 
ultuuatrly, wht‘n h is in<lotmit«*Iy small 




i^n 

I 


or 



»)> 


as tilu* cast‘ may he 

Now lt*i fh«' jKunt ) h travel in n Mimll tiu I»» muiel ^ 
itiH centre Iiuloinj; this the nni]ilitu<le of A is »nei» a * ♦! I*v 
ami that of h' hy !2nr. r Imoiij^ a |»osi|ive inffjfMi, whil f that 
of A’'(:0) or is tinalteied 

Theieioie the ainphtmie of <e im^ieasis li\ *Jw 1*1 h\ 
2r7r, ami the |M)m( m some uirve alnml 0 ^ \v*»,fh 

retunw into it Hell aftei oueoi r complete eiieuit 4 a** »l» enl« 

amnall cnele about Hence it mm'l pemtisti at ha t Moei> 

into Urn em'le of ladniH p m ita tinvel ahotii Aial flo ^ 
contradielH the hypotlicHm that then* \i an inh imi linot tn 
tin* clohiUieHs ol appioaeh td w to O 

Then* muHt therefore he at least one \alu» nl i> 

for which in couicideH with tlie on|,pn (> and msh* 1 l\ 1 

vaninh. 

Hem^e z muHt 1 m* a fneloi of A'(*) 

Ihvidinj{oufc 5 :j lioin we get an expn *- a».n «.i df,»ni 
- 1 in jK)>veiH of z to which the name pto(*eiK can h» appliMl 
And, proceeding m thin way, it in clear that /*( ) it*u ,* 
have n zt*roe 

And, if Cj, C|, Im» the vahie.i of ; |<ii wlmdi \ 

vamHheH,wegeim d (: :,)(: .,){^ {, «het»d 

IS independent of c, hut may he a c oinplcs constant 


ThUH 

and 


mo(] 1/1 
amp w 


inmi A If nn«i ( ^ 

r*-! 

r<^i% 

i y »»«!'• (- •%) 
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1264 Nii 2 n.l)er of roots withm a given Contour 
We are now in a position to assign the number of roots of 
w^O which he within a given contour in the to-plane 
When z travels in a closed cuive once round the amph- 
tude of the vector z—Zq is increased by 2w, and if the closed 
curve encircles Zq r times before returning to the starting 
point, the amplitude of the vectoi is increased by 2rv 



Fig 371 


When z travels round a closed contour which does not 
enclose )3 q the amphtude of z—z^ increases by a certain amount, 
and then decreases again till it assumes its original value 
when the whole circuit of the contour has been traversed, so 
that there is no change in the amplitude 



Fig 872 


If the z-cmtour ptmee though Zq at a point of continuous curvature of the 
contoui instead of sunouiiding it, theie is a change of tr in the amplitude 
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of If be 8itva,ted at a node of the z curve, then, when z desciibea 

a loop starting from the node by one of the brancheb which pa«»aes through 
zo and returning to the node bj anothei branch, the change in the ampli- 
tude of z-zo IB < 1 , where a is the angle between the diiections of the two 
tangents at the node between which the loop lies 

Remembenng that if 

w-=^A{z-z^(z-z^)[z-z^ {z-z^) 

we have amp tt;=amp ii+amp, (2?— 2?i)+ +amp 

it obviously follows that if z is made to travel round any 
contour which encloses any r of the u zeros of w, viz Zg, 
Z3, z„, and no more, and does not pass through any of them, 

and if the contour be such as to encircle them each once only, 
the change of the amplitude m w will be 2 rir If, however, 
it passes through one of the other zeros at a point of con- 
tinuous curvature of the contour besides encircling the 7 zeros 
considered before, there will be a change of amplitude to the 
extent of (2r+l)7r Conversely, if as z passes along the 
perimeter of any region 8 it be observed that the change of 
amplitude is 2nr, we infer either that there are r zeros of w 
within that region or r— ^ zeros within and 2p upon the 
boundary, and that, if the change of amplitude be (2r-l-l)7rj 
there will be r zeros withm and one upon the boundary or 
7 — 2p zeros within and ^4-1 iipon the boundary, so that m 
the one case there are 7 roots within or upon the boundary, 
and in the othei there are 7*+l roots within or upon the 
boundary, and the number upon the boundary is even in the 
first case, odd m the second, and if the change of amplitude be 
an odd multiple of tt there must be at least one zero of w on 
the boundary of the contour 

1265 Dlostrative Examples 

1 Consider the equation 

_ 2 z 3 _ ^ 4. 10 = 0 

Take a contour bounded by a circular arc, centre at the oiigin, and of 
infinite radius R and the positive directions of the x and y-azes, viz the 
quadrant OAB 

Then (1) as z travels along the x axis, y»0 and the amplitude of z, and 
theiefore also of w is zero, in moving from 0 to A 
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(2) As z travels along the quadrantal arc AB of the infinite circle, 
w = 22^ - 2 ^ ^ + 2 ultimately, 

and as 6 changes from 0 to ^ the increase of amplitude is 4 ?=2?r 

2 A 



(3) As z travels fiom «=oo at R down the y-axis to 0, 0, and 

a=i.ys=if, &ay,and w— r*4-2if^+H+2tf+10=p(cos <#>+tsin<^),say, wheie 


so that tan lemains positive as r decreases from oo to zero, vanishmg at 
both limits To find wheie it attains its maximum value, we have by 
diffeientiation j f«+2r‘-29r*-10 

and the equation to find the stationary values of tan is 


r« + 2r*-29f®-10=0, (<?) 

which being a cubic foi r® must have one value of r* real Moreover, as 
f*= 00 makes the left-hand member positive, and r*=0 makes it negative, 
a real value of f® must lie between 0 and infinity , and furthei, Descartes’ 
rule of signs shows that there cannot be more than one leal positive loot 
Let that root be r®=a2, and let the remaining roots, both real or both 
imaginary, be and 7* 

Then^sec**^^ (t*+r^+10)* 

If both and 7® be real negative quantities, and 7® are both 


positive 

If j8* and 7® be unreal, the product (*®-j8®)(r®-7^) cannot change 
sign as r changes through real values from co to zero, and this product 
IS ultimately r* when r is infinite Hence in eithei case 
18 positive 
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AIho r iH dfcr«a$%ng I Imk 

fiNHu f BUtr a, w« hav« ( )*% tan </> m mu h 

and fiomr a to r t»» ( f )'•» thou fi»H‘ tan </»»* dn 

Hot at f B <iiu}»hludn </> ih 

n<w» <1* 1I1CUW40M to Momo \atuo ^^r itid Hn t ind tloii 

jetunm to its valuo SJn 

Thcio w only <mo unit of iho («(|tmtion in tin tu o ♦juidumf 

If wt* take tin* iiut t^o qtmdiant i an oiti lontmn ^t* t iliuioo <•( 
amplitude 0 1 tir 1 0 hir 

Hence theie ate two and only two iiHiti in the tint two qiudtaiil< 
That IS, tlieic ih oiin toot in the Heumd 4}U4dt«uit 
Kiimlaxly tliexe is one in the thud quadi iiit and one in tin fonih 

(juudxant As a iiuttcr of fact, th« font nnit « tie 1 >> 1 iml 

2i s/ I, aH may he Heen by fat toiiMuiK the otqpnal < qtiAtnoi a < 

(.-* 1 t SJ)( ^ I r*h 

and the locahtiCM of thm* itHitn ate Hhowii in Kq)* i> t 



Kik m 


2 Clonmder next the eqiiatuui 

le X* (UM 10** I IH^ » l*» tt 
Take the name contoiu an in the la it earn* 

(1) Along the i axiit fioin 0 t*» A ^ i, amt then tt no (titn>'*< in *h« 
amplitude, which xemaum /eso 

(-i) Along the mhmte tireleie Mulfimati Iv iV/'* and t I im i i a ‘h 1140 

of amplitude Ox^ Zir in |>n«Hitig fiom A to H 

(•i) Down the v axm from H to 0, ir, 

Hence w f* (hr* ♦ ti»r« » ‘»V ls»rnu 

/>(coH «/» 1 1 fitn </»), tt«i\ 
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mi. 6f»-24f3+18f 6(r8-.l)(f*-3r) 

Then tan 10“(H-l)(r*-15f^+10) 

This indicates a peculiarity at r— dbl, te , and it will appeal 

fiom ws 2;*-62 i*+ +10 that s^+l is a factoi and two of the roots aie 

«= ±i 

To exclude these roots we diaw two bmall semicircles of radius r' with 
centres (0, +1) m the first and fourth quadiants as shown in the 
figure, thus amending ourcontoui , (oi we might, having dibcovered these 
roots, divide 2^+1 out of the expression for to and stait again) 

Hence, except at the point (0, +1), we have 


whence 


1 f*+6r*+15ra+30 

F-i5r»+-10> ' 


(«) 

W 



so that ^ IS negative for all positive values of r, and therefore as r 

decreases along the y-axis ^ increases, with the exception of in the 
immediate neighbourhood of the point wheie f=;l , and tan<^ vanishes 
both at r= J2= oo and at r*=0 as well as at r=\/3 
To consider what happens in the neighbourhood of f=l, about which 
the small semiciicle is drawn, put z=i+r'e^^ Then to first poweis of r', 
w s ( - 1 + 6tf - 6(i + ) + 16(1 - 4tr'e‘®') - 24( - 1 - 3/^ 

+ 25( - l + 2tr's‘®)- 18(r+r'e‘®') + 10=8(3 - Or'e^^ 

and the variable portion of the amplitude diminishes from to 
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tl' r .w f (Im* >i*u»iuti« <’Fl) fiMiii <' tit /) iilliti 

z 

th«i th<* %»lut 4*t th«* .uiiplituili t ihwv him* t dit' itMit. 

if* } 7 r*it wh«*n* tan i/t 0 to »/» Li at r \ t, kM ui •/> m » mui umI 
for tln‘ Houitnnh r/7) to «/» *i?f it / it i Mirt 

iKHorno mo, tlii' I»» 1 4»i ff in l‘i* in^* louiul th»* loul* » o »> n * 

Homo tli<‘ iban^t*' ‘^***1*^***“^** *‘**‘***^ *^** 'ibob lonfoot 
0 from to at, !t;7 iioiu t to /t, u fnou /flu % t 

TT fi<»m fMo 4*M I pt i*»untl tin ..«nmn*b - nnt*lf77** 

t#' mail, tboibani'oof .miphtmlo t, i*},Mbob imto it* mIm * m 
two lootH in tbo til It ipiadiant, Im aib tin it>Mt i on tin 1 lodti 
!u thosuno wav, it < ui bt tbtivvn that tlnir i imiilnt i «»>' i o<*) 
twootboii m tbo t«M)itli ipiattiatit, ioit nom tn tin ooioi omI *u *d 
Ah H mattoi of iatt, tbotxpn •aoft wtion Infoit.iiit )m ton 
( M Ij^ ' * 4 VH \ * »t, 

ami tim loota nio i i, | ami at o iinln iti ilbv i(of m tin mom! i„{ 
t 4 1 , . fotif tb 4pi nbant m tin It • n» o* i !h 

«. *** i I, f t f iiti f 1 4if tin I till) 111 If j 

Jl (‘onsnloi if t 1 t» 

Takinf( tbo M<uno lontoui at iHtoiy* 

(1) Atouf; tbo f axut i,<imltbMoi noibitnortt »inpli*n(^ n, o 
m w 

(2) Along t bo ail <il tbo mimitiMitflf , inlmi A* tv, 

U (4n » wIhImA*! V4*n hipn, 

ami th«‘ I bango of nniphtmlo i * ( tn t t I ) r 

(2) Along tbi\v axiH put n , tinii 

ir I iM I m IV, 

ami taiH/» ^ ? * 

,,(A/. tl ?<««») I (In t ‘h*"*’ t y ♦ I. 4 

(1 .-M,. ,< .n..,. • 

wbloh It |H»Hittv<4 tot all vitbim ot , Hoiin^ a* f i« ib |y m*ia 

)U4 « tiavuN from // to ilown th*\( aait , «/« 1 1 u) Miibr tfAMin*, iml fho 
iH from {in t l)ir tbr**ugb (.»« f l)w ' at I, »v»n ir t mh;* # . 

to ( 2/1 t l)rr n at That i*i, tin total iliang« of itnpbttnbi mi ju mm 
louiiti thiH tontiMii iH wbuh muIm lb»» •"tiitrmr of , tut* ii> 
tlm in at ipiathantr 

(4) If wo t.Ovu tbo tnat two ipimlt inlnai MUifnni wilb mi lutiaitf r«i,M 
inoulai boumlarv, tb(M bangf* of vmplitnib 

(H (l» 1 i»)ii I tt tia i ‘’j*» 

Homo thoio ari‘ 2a t I timtH m tlio lint itmt fH*»**ml i(Ui|iinit ^ 
(/< \ 1) KKitH in tin lOMornl (juailrant 
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(5) Consider next the behavioui in the fourth quadrant 
For the vaiiation of z down the y axis, put z— -w, 
tr+l=p7cos <^'4- ^siiKji'), saj, 

which IS essentially negative , and » is 
mci easing, theiefoie is deci easing, and 
^'=0 at 0, and again at B\ where f =oo, 
and theie is a loss of tt in the amplitude 
In ti aver sing B'A there is, as before, 
an increase of ]^n+l)rr in the amplitude, 
whilst m tiaveising A 0 theze is no change 
This gives a change of whicli indicates the existence of n loots in 
the fourth quadiaut Similarly there aie a + 1 loots in the third 
Hence the localities ate 

n loots in the first and in the fouith quadiants , 
n+1 loots in the second and in the third 



Fig 376 


EXAMPLES 


1 Find the moduli and amplitudes of 

(^ + lyY, log {x + ty), ( \ + ty)'H 

sin ( t + «y), cos {x + ty), sec (^ + ty), tan-i {x + ty) 

2 If ar=a; + iy, show that 

log|c*| = j;log|o|-yamp c, \ 
tan amp c« = y logjrj + aamp c f 


3 How are sin z, log tan”^ z defined when z 
Show that jf z^x + iy, 

dbinz dlogz 1 d 

dz 


d^ 

dz * 


--ooaz, 




=aj+ty 


tan-^5i= 


l+5f^ 


4 Discuss the locality of the roots of the equations 

(i) ws^i^-2s® + 42r+12*=0, 

(ii) w=z^ + 2z^-Az + l2^0 , 

(m) iosaf4 + 6af®-l-16;8i® + 20ar+12 = 0, 

(iv) ws5;^-6s® + 162;3-20;sf+12 = 0, 
stating m each case how many roots lie in each quadiant 
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5 Find how many roots he in each quadrant in the following cases 

(i) + (ii) + I =0, 

(ill) + (iv) w=«fi^^+z + \ = 0 , 

(V) «;3«*"+l+;8f2_j.lsa0, (vi) , 

€ Discuss the localities of the roots of the equations 

(i) «;3^;« + 2s* + 7^f* + 102f® + 142;2 + 8af + 8 = 0, 

(ii) wssfi-6ii!* + 5z^-30z^ + 4z-24: =0 

7 Examine the nature of the conformal representation of the 
equation = 1 + « for the cases 

(i) when z moves on the ciicle mod z-c, 

(ii) when z moves on the straight line y=l+x , 

(ill) when z moves on the straight line y = c 

8 Find the radius of curvature of the hyperbola 

sec^ c-y^ cosec® c — 

by a consideration of the conformal representation of the equation 
w^acos taking for the z path the straight line x-c 

9 Supposing ahv — sfi, and a to be real, show that if z traces 
the curve (a;® +-y®)® = a®(a;®-3a:iy®), then w traces a circle at three 
times the angular rate Deduce a foimula for the ladius of cui vatuio 
of the above ;^locus, and venfy your result dnectly 

10 Taking the equation w + 1 =( 2 r-i- 1)®, show that the tt?-path 
corresponding to mod z=l is a cardioide 

1 1 Examine the t^^-locus in the case w = cosh log z, when the z locus 
IS mod z=^l 

12 Taking the relation ui^ — 3w^z, show, by putting = < + 

that if t descnbes the circle mod t^k ‘ 

(1) the z point descnbes an ellipse , 

(2) the three w pomts corresponding to any value of i® descnbe 

a confocal ellipse and form the angular points of a maximum inscribed 
tnangle [Haekness and Moelfy, Theory of FmUwvs, p 39 ] 

1 3 Discuss the conformal representations arising from the equation 

w=log^f, 

and show that the curvature at any point of the t(^-locu8 is pro- 
1 ds 

portional to the value of - ^ at the corresponding point of the 

a? locus, being the angle between the tangent and the radius ?, 
and ds an element of arc of the ^^-locus 
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14 Suppose to be any rational function of z{^x-{-vy\ and that 
w IS put into the form p-hiq where p and q are leal Suppose that 
as z travels in the positive direction round any contour T in the 
Xry plane, passes through the value 0 and changes its sign h times 
from + to - and I times from ~ to + Show that the number 
of roots of = 0 which he within the contour is it being 

further supposed that the contour is such as not to though any 
point for which both p and q vanish, and that when repeated 
imaginary roots oi occur they are counted as many times 

over as they occur 

[Cauchy (See T0DHU^TBR, Theory of Equations, Art 308 )] 


15 If be the longitude and A the latitude of a place on the 
surface of a sphere and ^sgd-^A 

(i) Show that the coordinates of a point A'',, F, of the steieo- 
graphic projection of <#>, A are 

X,=ae-»(ios<k^^ jr,+ tr,=a«‘<*+‘*) 

(u) If be the coordinates of the same point in a Mercator 

projection defined as 

J[<tn Fjft = aOf 


express X, and F, in terms of Xm and Ym 

(ill) Considenng the equation wla = e^h (a real), show that w is 
the stereographio projection of a point on the sphere, whose Mercatoi 
projection is z 

(iv) Show that the magnification in the stereographic projection 
X (1 + 8111 A)“\ and in the Mercator projection oc sec A 

(v) Examine the steioogiaphio and Mercator piojections of 

(a) the meridians , (h) the paiallels of latitude , (c) a rhumb line 

16 If f = (^ +i j/)\ pi o\ e that the systems of cui ves 7 "cos n ^ = a", 
r" sin 710 = 5", in the piano f-?; correspond to straight lines parallel 
to the axes in the piano z-y, and find the value of the integral 

for the rectangular space included between any foui of 
them, dA denoting an element of area [St JoHN’b, 1890 ] 


17 In the relation w^csinz, show that the curve which cor- 
responds to a lectangle ±^/2, ±k on the s-plane is an ellipse 
with two nairow camds extending fiom the extremities of the major 
axis to the nearer foci, and that the inteiiois of the respective 
regions conespond [Pobsyth, Th of F 604 ] 
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18 Writing Z^X-\-lY^ where X and Y are real, and taking 
-^==Biiic, deteiinine a simply connected region of the plane of z 
which IS transformed conformally into the half plane l'’’>0 

[Math Tbif , 1913 ] 

19 For the equation n/Z + tan (Jir Va + ty), show that we 

have as corresponding areas the area within the ciicle Z^+ F2 = l, 
and that within the parabola - 4(1 _ a;) Examine also the nature 
of the correspondence as regards 

(i) the points on the circumference of the circle, (ii) tliose on the 
diameter F- 0 [Math Tbep , 1887 ] 

20 If 0=sm2JF=sm2i(Z+tF), show that the lines Z= const, 

F= const correspond to a system of confoeal conics, and that the 
ratio of the areas of the triangles z^^ z^, and Z^ is proportional 

to the product of the distances z^ (or z^ or z^) from the common foci 
of the system, the points Z 2 , Z^ being the vertices of an infini- 
tesimal tnangle 111 the F plane and z^, z^, z^ the vertices of the 
corresponding tnangle on the ;^plane [Ox n P , 1913 1 

21 Show that f=(2 4-a)2/(«-a)2 gives one conformal representa- 
tion of the semi-circular area -1-^2= ^2^ yWO on the plane of 
af = a; + ly, upon the upper half 77 ^ 0 of the plane f = ^ + *y Explain 
how to modify the formula so that x^h, y^O become ^ = 0, 17 «0, 
and x^Xq, y^y^ become f = 0, 77=1 (A^^a^ 

[Math Teip II , 1919 ] 
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INTEGRATION CAUCHY'S THEOREM ON CONTOUR 
INTEGRATION TAYLOR’S THEOREM 

1266 Definition of Integration for a Function of a Complex 
VanaMe 

Let/(2;) be any single- valued function ot 2, and let any path 
of % on the 2-plane be selected which does not pass through a 
point which makes /(2) infinite, and along which the change 
in /(a;) is continuous 



Let 2o, 22> «fi» ^nrhi (=^) ^ infinitesimally close array 

of points on this path fiom an initial point Pq, {Zq), to another 
pomt P, (z) 

Then the limit (provided a limit exists) ot the sum when 
n IS infinite of the senes 

(*1-2!o)/(«o) + (28-*i)/(*i) + (*J— **)/(**)+ +(*-*«)/W. 

when the moduli 

K-*ol. \^-h\> 

419 
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are each indefinitely decreased, so that the successive elements 
of the 2 -path are all infinitesimally small, is called the integral 
oif(z)dz for the selected path, and is denoted by 



1267 Obviously, the last term of the series, having an 
infinitesimal modulus, the senes may, if desired, be supposed to 
stop at the term (25n“”^n-i)/(2n-i)» ^ iR the case of a function 
of a real variable (Aits 11 and 12) 

1268 This definition clearly includes that of functions of 
a real vanable (Art 11) as a particular case, the “selected 
path” for the variation of x in that case lying upon the 
a;-axis 

1269 General Properties of an Integral 

Properties of the integral, corresponding to tliose of Articles 
322, etc , for a real vanable, may be established Let Wr ^f{Zr) 
Then, in the first place, it is immatenal whether we consider 
the limit, when ms x , of 

(Zl-Zo)«’o+(*i!-*l)«’i+(2s-22)«’2+ +(2«+l-2»)w» S (4), 

or of 

(z,-Zo)Wl+(22-2i)«'8+(23-22)W8+ + (2«+l-2») ^n+i = (B) 

Foi tte difference of these expressions, viz (B)—(A), is 

(2l-28)K-Wo) + (2j-2i)K-Wi)+ +(2»+l-2„)(W«.i-W„), 

in which the number oi terms is »+l, which is ultimately 
infinite, but an infinity “of the first order,” if we regard 

— r-r- as an infimtesimal of the first order 
w-|-l 

Let the greatest of the moduli of the several terms be 

|2r-2r_i| X |w,-W,_i|, 

which IS finite, as the path of z has been chosen so as not to 
pass through a point for which w becomes infinite. Then, since 
the z-points are taken infinitely close to each other, and the 
function w is continuous for vanations of z along the path, 
|z,— z,_i| IS an infinitesimal of at least the first order, and 
|w,— w,_i| IS also an mfinitesimal of at least the first order 
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Hence the difference of the (A) and (B) senes cannot exceed 
the value of the product of 

(an infinity of the first order) X (an infinitesimal of the first 
order) X (an infinitesimal of the first ordei), 
tea finite quantity multiplied by an infinitesimal, and must 
therefore vanish in the limit 

1270 It follows that if w=f(z)y 

rz fz f=n+l n+1 

Wdzsl f{z)dz='^ (2f-ar-l)/(*r-l)=S(*'-~*r-l)/(2r) 

Jto JZq r^l 1 

= (2r-i-»r)/(2,) = ^ 

1271 Again, since the sum of the senes 

(2l-«o)/(Zo) + (Z 2 -ai)/(Zl) + ( 2 a- 2 !)/(* 2 )+ + (2'-*»)/(2») 

may be divided into any number of portions which together 
make up the whole senes, we have 

f* f(z) dz+ ‘^2+ [*/(*) + f, f /(*) <*2. 

J*o J»»* •'2’o 

where values of z at any points taken 

m Older upon the selected path from Zq to z 

1272 Again, consider 

Provided we follow the same is-path of integiation in both 
cases, and that both / and JP aie finite and continuous between 
the points Zq and z on this path, 

[* f(z)dz=Lt'^{Zr+i-Zr)f{Zr), 

Jzo 0 

f F {z) dz = Lt 2 (^r+l ^r) ^ i^r) 

Jzo 0 

Hence 

f f(z)dz±\‘‘ F(z)dz=Lt'i^{Zr+i-Zr)if{Zr)±F{z,)] 

^to Jzo 0 

= r [/(»)±- p ’(*)]<^^2 

Jzo 

And tlie same is true if theie be any finite numbei of 
functions 

Also, somewhat more generally, if XAkfi(z) stand foi 
-^1 fi (^) + -^ 2/2 (^) + 
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for a finite number of functions, where A^, , are all 

mdependent of z, then 


I 2Aifi(z)dz=sj^ A]i.fi;(z)dz, 


so long as the same 2 ;-path is followed in each integration, and 
the conditions as to being finite and continuous from Zq to z 
are satisfied by each of the functions 

The coefiScients Aj. may be any whatever, provided they are 
not functions of 2 , and the number of terms in the summation 
19 finite 

And further, in these results each function has been sup- 
posed smgle- valued, or if not, that the same branch is adhered 
to throughout the integration in each case 


1273 So long as the path of mtegration from Zq to z is 
finite, and passes through no critical points of f(z), ^ e points 
for which /(z) becomes mfinite, and is a continuous path so 

far as variations of /(z) are concerned, the integral | /(z) dz 
must be finite 

For this integral is, by definition, 

and, by supposition, none of the expressions /(^o), f(Zj), /{z^) 
have an infinite modulus 

If mod f(Zr)^K, say, be the gieatest of their moduli, the 

modulus of the integral I f{z) dz, which is 
Jab 

:|> 2 mod (2,+i— iSr) mod /(z^), 

is Lt KH mod (^r+i— Zr), 

and Lt'L mod 2 y)=the arc of the selected path from 

Zq to z, =j 8, say, which, by supposition, is finite 
Hence the modulus of the integral is not greater than K S, 

and IS therefore finite Hence the integral itself, f f{z) dz, is 
finite 


1274 When the number of functions f^{z), f^iz), fn(z) 

IS infinite, the functions being each single valued, or if multiple 
valued, the same bianch being adhered to throughout the 
integration, the same theorem as that of Art 1272 is tiue foi 
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their sum, provided that the sum foms a senes which is 
unifoimly and unconditionally convex gent,* and provided the 
5 ;-path of the integiations lies entiiely within the circle of con- 
vergence and IS finite, foi if we wiite ^ 3 , for 

these functions, let f(z)= where 

IS the remamdei after n terms , and let the senes 

be uniformly and unconditionally convergent tor all points 
within the i egion bounded by a circle of radius p, then, when 
n IS indefinitely increased, |22„| vanishes 

But [y (^) “ S “<■] dz, 

and it \R'\ be the greatest value of |R„| along the path of 
integration, which is finite, and which lies within and does not 
cut the ciicle of convex gence, then 

\dz\, 

X the length of the path of integration 
X a finite quantity, 

and |ff| 19 zero, by supposition, when n is made infinite, 
i^lf =0, and theiefoie \ R^dz^^O, 

whence | f{z)dz=^^^Urdz, 

where the patli of integiation is the same foi each teim ot the 
senes and the conditions of the senes are as stated 

1275 Cauchy’s Theorem 

It was shown in Chaptei XV that il ^ and yfr be any two 
functions ot x and y which are single valued, finite, and con- 
tmuous at all points oi, y which he within oi upon a given 
closed contour F ot the a~y plane, tlien 



* A knowledge of the genual theoiy of mfiiiito 8 Uks and tests foi con 
veigenoy will bo assumed hue The nccthsaiy mtorniation will he found an 
Professor Hobson’s A Chapter XIV , oi an tlie on 

iherheory of FunLtu>nSf by Haiknoss and Moihy, Chaptoi III 
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the surface integral being taken over the area bounded by the 
contour and the line integral being taken round the peiimetei, 
the direction of the integration being such that in travelling 
along the arc in the direction of increase of s, the area bounded 
by the contour is always on the left-hand side 

Consider the function w=^f{z)=^f(:c+Ly)^u+LV, say 
Then u and v being conjugate functions of x and y {Diff 
Calc , Art 190), we have 

'du_^ 01 ; • , 0W 'bv 

Now, from the above theorem, we have, by two applications, 

J(« fo-r d2,)=- (fo (%=0 

and ^(vdx-\-udy)= jj(^— 

Hence [ f{z) dz == [ (u-h iv) d {x +Ly) 


= |(u dx-^v dy ) + 1 J(t; dx+u dy) 

= 0 , 


and the assumption in this theorem is that f{z) is synectic 
within and upon the boundary of F along which the integra- 
tion IS conducted That is, that f{z) is a single-valued, con- 
tinuous function which has no infinities, whethei pole or 
essential singularity, within or upon the boundary of the 
contour This extremely important theorem is due to Cauchy 
{Comptes Bendus de V Acad des Sciences, 1846) 

1276 Defonuatron of a Path 

When ii; isa synectic function for a definite legion F of the 
0 -plane, let AGB, ADB be two 0 -paths which lie entirely within 
that legion Then it follows from Cauchy's theorem that 

w dz (along ADB)+^ w dz (along BGA) = 0, 


as there are no singularities in the region between the two paths 
Hence \wdz{s\oiigABB)=\ wdz{a\oiigAGB) 


Hence, as far as the value of the integral is concerned, either 
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path from J. to B is deformable vato the other without alter- 
ing the value of ^wdz along it When one of these paths is 
the straight line AB itself, the other path is said to be “ re- 



concilable with** a stiaight-lme path of integration, and it 
will appeal that such deformation of the path from A io B 
can be carried to any extent, provided that this defoimation 
does not carry any part of the path of integration outside the 
boundary of the region F on the x-y plane, for which the 
function f{z) is synectic 

1277 Differentiation of this Integral 

Wnting f for z and taking /(f) as synectic throughout the 
singly connected region F of the 2 ;-plane, and starting from 
any selected point viz A in Fig 378, and travelling along 
any path to z, viz the point B, both terminals and path lying 
entirely within the boundary of F, we see that the mtegial 

I /(f) df 18 independent of the path of approach of f to the 

terminal z Let F{z) stand for this integral Then it follows 
that F(z) IS a stngle-valued function of z, and it has been 
shown to be finite in Art 1273 Let z+^z be another point 
within the region F infinitesimally close to z Then I{z+&z), 

which IS I /(f) df , IS also independent of the path of approach 

of f to z-f iz We may therefore select the same path as before 
from Zq as far as the point z, together with any additional 
elementary path from z to z+ Jz lying within the region F, and 
along this /(f) remains finite and continuous by supposition 
The difference between /(f) and /(z) for any point of this 
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elementary path is therefore infinitesimal, and therefore we 

may write I {/(2f)+e}<52f, where the modulus of e 

IS infinitesimally small, ultimately vanishing with that of Sz 
Wherefore F{z-\-Sz)—F(z)={f(z)+€}8z, and therefore the 
moduli of F{z+8z)—F{z) and 8z aie of the same order of 
smallness Hence F(z) is conUnuom at the point z,%e at any 

point within the region T Also limiting 

value independent of the direction of approach of z+8z to Zy 
VIZ f{z)y when \8z\ is made indefinitely small That is F(z) 
possesses a differentml coefficient F(z) is therefore a synectic 
function of z for all points within the region P 

1278 Definition of Integration regarded as a Solution of the 
Differential Equation 

It now appears that the mtegral 1 f(^)d^ defined in Art 

Jzq 

1266 as the limit of a summation from a definite starting 
point jSq to a definite terminal point z along any selected path, 
both path and terminals lying within the region P, and the 
terminals being not within an infinitesimal distance of its 
boundary, throughout which region f{z) is synectic, is a 

solution of the differential equatron ^=zf(z)y whatever the 

starting point z^ may be And supposing Zg to have been 
specifically selected, we may write the general solution of 

this equation as 2/=C^+ j where G is the integral from 

any arbitrary point of the region P along any path lying 
within P to the selected point Zg In. fact, we might regard 

the notation y=G+[ f(^)d^ as only another way of wiitmg 
J^o 

the differential equation, but one which emphasizes the interro- 
gative character of the investigation it is proposed to conduct 

1279 Extension of Former Defimtions of Integration Be- 
moval of Liimtations 

So long then as P is a singly connected region m the 
z-plane in which /(z) has no singularities, whether poles. 
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essential singularities or branch-points and the path of 
the integration hes entirely within the contour of T and the 
terminals do not li© within an infinitesiinal distance of the 
boundary, the identity of the summation definition with that of 

a solution of the differential equation is established 

Seeing that we have a inode of consideiing any multiple- 
valued function of z as reduced to that of a single-valued 
function by means of a representation on a Rieinann’s Surface, 
and under the understanding specified as to the nature of the 
function, the path of the integration and the emstence of a 
differential coefficient, we may now remove the limitations 
of the definition of integration as specified in Art 17, Yol I , 
as to the reality of the variable, and of the function, and the 
stipulated condition as to the single-valued character of the 
functions dealt with We may theiefore regard the functions 
which have been subsequently ticated as subjects of integra- 
tion, as functions of a complex variable with such alterations 
in the several definitions of those functions as may be required 
in individual cases to give them intelligible meanings in 
consonance with such as they possess when functions of a real 
variable 

The proofs of geneial propositions as to integration given in 
Chaptei IX (Art B21 onwaids), which were there established 
under the understanding as to reality of the variable and 
single-valuedness of the function, aie now supeiseded for the 
wider conception of the nature of the variable and the function 
by the general propositions of Aits 1269 to 1274 

1280 Loops 

As the propel ty presupposed tor the function w may cease to 
hold and the function become meionioiphic at certain points of 
the plane by virtue of the existence of Poles, Branch Pomts 
or othei singularities, it is necessary to considei, in case the 
specific region T should include such points, what paths there 
are in this legion whicli are deformable into a straight-line 
path from any one point 0, which may he considered the 
oiigin, to any other point of the region Also we shall have 

to consider how the integial I wdzi^ affected when the path 

Jo 
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from 0 to IS not one which can be deformed into the straight 
path OP without passing through one of these singular points 
Imagine an infinitely extensible and contractible inelastic 
thread attached at the points 0 and P to the plane and lying 



in the plane Imagine a pin stuck 
perpendicularly into the plane at 
a point A It will be obvious that 
the thread might pass on either side 
the pin, 01 it might loop round it 
one or more times as in the paths 
m the diagram OXP, OSP (which 
is straight), OYP or OZP In the 
case OXP the thread path can be 
defoimed into the straight path 
OSP without moving the pin from 
the point A But neither of the 
paths OFP, OZP can be so deformed 
whilst the thread lies in the plane 


without removmg the pm The path OXP is said to be 
“ reconcilable with ” a straight-line path But the paths OYP, 


OZP are not so reconcilable 


1281 The path OYP is “ reconcilable with ” a loop round A 
consisting of a straight line OP, a portion BOD of a small 
circle with centie at A, a straight line PO' paiallel and equal 
to OB, and O'P, and the thread OYP may be deformed into 
this “loop and line" without crossing the pin at A 

The ladius of the small circle may be regarded as any 
infifhtesimal and the breadth of the canal BO an infinitesimal 
of higher order than the radius of the ciicle, so that the 
angle BAD is evanescent, the circle BCD may then be 
regarded as complete and the banks of the canal OB, O'P as 
comcident Thus B coincides with P and O' with 0, and the 
figure will be as shown in diagiam. No 381 The portion ot 
the deformation consisting ot the small arcle and the two banks 
of the narrow canal staitmg from 0 and terminating at 0 
after passing once lound the point A is technically known as 

a “ Loop," and the mtegral [w dz taken round the circuit 
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OBCDO will be called (-4), and if be the integral along OP 
the whole integral for the path will be (A)+Ui the suftx in 
such cases denoting the number of loops that have been 
travel sed before starting upon the portion ot the path 
indicated by the letter to which the suffix is attached 


P 



If 4 be an ordinary point of the plane the region within 
the small circle is syneotic, as also along the canal, and (A)=0 
The value of w on the return journey JDO is the same as that 
of tp on the outwaid path OS, and the integrations are of 
opposite sign and cancel , and 
the mtegral round the small 
circle separately vanishes 

No “ loop ” passes twice 
round the same point A 
without first returning to the 
starting point The canal 
of the loop 18 usually but 
not necessanly taken straight 
(see Fig 399, Art 1294) 

1282 If the thread ini- 
tially lies as m the path Z 
of Fig 379, passing round the pm twice before arriving at 
P, a deformation is possible into two loops -t- a straight path 
OP, as shown m Fig 382, the points 0, O', 0" being ultimately 
coincident The value of the integration round this path we 
shall denote by 7 s (AA)+U 2 or (A^)+U 2 
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If the thread passes round the pm n times before reaching 
P, the thread-path will in the same way be reconcilable 
with n i4-loops + a linear path, and the value of the mtegial 

Jtc efo along it will be denoted by I s {A^)+ 

In the case of a 8mgle-\ alued function the suffixes used 
are of no account But in the case of a multiple-valued 
function the return value after tiaversing a loop is not the 
same function as that with which we start encircling the 
loop Hence it is necessary to keep count throughout of the 
number of loops passed before starting upon the next in older 

1283 Next suppose there are two pins stuck perpendicu- 
larly into the plane at A and at B There are many varieties 
of thread paths along which the thread may he from 0 to P 


P 



Fig 383 Fig 384 

(1) It may be defoimable without crossing a pm (as OXP) 
into the straight line OP 

(2) It may, if m position such as OYP, be deformable as 
before into an -4-loop -j- a straight-hne path OP I = (4)-h Pi 

(3) It may, if in a position such as OZP, be deformable 
into several -4-loops -f a straight-line path OP J==(4")-|-Pn 
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(4) It may, if in such a position as OTF, be detoiinable into 
a B loop or into seveial B-loops + a stiaight-lmo path OF 


(5) It may be that the thread path sunounds both pins several 
times, and then the system is deformable into a sot of ^-loops 
and a set of JS-loops together with a stiaight path OP, in 
which case B may be enciicled as 
many times as -4, making each time 
a double circuit, or theie may be 
more surroundings of one pin than 
of the othei 

The notation for the integials will explain itself 


I^{AB)^U, 
or {ABY+XJ^, 
{ABY-^^A ^)+ IJ 
01 {ABY 4- (-B1) +■ q • 


1284 A loop round A and then round B will be called 
a ‘double loop” This 
term is often confined 
to the case when 0 lies 
between the points in 
question 

A double loop is de- 
formable as shown m 
Figs 385, 386, and 

7=(A5)+I7a S86 

In the same way, if there be several pins A, B, 0, JD, say four, 
any thread path such as OXF may be deformed into four loops 
and a straight path, and the integration will be represented by 

7=(4)+(BJ+(02)+(D3)+F^ (Figs 387, 388), 




or if the thread encircles a pair of pms as in Fig 380, the 
deformation and its integration will be ropiesentod by 

J= M)+(Bi) + (CJ+ (2),)+ 
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<’HAl*rKU \\\ 


If tho till oad thn‘<‘ pins AH^\ m )\/ I U 

the dofoimatiou and Iho \m 1I tndn 

I --(A) I (Bt) I (^'0 I i Mr ♦ . (/^ / 

and similaily in any othc'i mw 



Fig ;W7 Ji-r 

It will appeal m jL^i^iunui thou flmt nu^ <hi«ad piOi *n u h 
dofoimed into a HyHtoui oi loitps j a | irh 

howevoi many pniH Uu»u* may In* 

P 



1285 Method of Excltuioxi of Folee 

When a polo oxists withm a (•i.ntiim T at « jK.ujf .r nitd 
not within an infinititHiinal (liHtium' (»i Oic tHUuxlatv’, if may 



EXCLUSIOir OF POLES 


433 


be excluded from tlie mtegiation by the aitifice of altenng 
the boundaiy, as indicated in Fig 392, bv the introduction of 
a loop so as to exclude the pole fiom the new contoui F' 


P 




A small ciicle EFQ- is drawn with centre at the pole 0 (viz 
z==a), and two adjacent points of it EO aie connected with 
two adjacent points Dll oL the original contour forming a 
narrow canal We then legard the boundary of the contour 
F' as the cuive ABODEFOHA, and iiitogiato round the 
amended contoui 



The breadth of the channel JDEGff may be taken as zeio 
throughout its length, and it may be taken as straight, so 
that the portions of the integration of a single- valued function 
along DM and OH cancel each other, and it leaves us with 



434 


CHAPTEK XXX 


the theoiem that J f{^)dz, round the outer boundaiy in the 
sanse of the aiiow at A, ’\-^j‘{z)dz round EFQ m the sense 

of the arrow at F, vanislips, it being supposed that f{z) 
possesses no singularities other than that at 2 = a, which he 

within the region F That is, the \alue of j*/(«)tfc, taken 
round the outei boundary in the positive sense, le leaving 
the region always to the left-hand, is equal to ^f{z)dzy taken 

round the inner boundary in the same sense relatively to 
the region bounded by and lying within the inner contour, 
as indicated in Fig 393 


1286 The Integral 

iz—a 

Suppose then that wheie has no factors— a. 


SO that there is a pole of f{z) at 2= a, at which /(«) becomes 
infinite, and that the point a is not within an infinitesimal 
distance of the nearest point of the boundaiy 

To consider the ^alue of \f(z)dz, taken round a small 


circular contoui with centie z=a and small radius p, which 
will not cut the boundary, put 


dz 


Then and if p be infinitesimally small ve may 


put <f>(z)=<l>{a) 

Hence dQ=2irL<l>[a) 

This then is the value of the integral conducted round the 
small circle, which is therefoie, by the previous article, the value 
of the integration round the outer boundary of the contour 

Thus taken round the outer boundary of the 

contour F, = 27 r/ 0 (a) 

Supposing, howe\ er, that the point a lies upon the contour 
along which it is proposed to conduct the integration, at a 
point of the contour at which the curvature is finite and 
continuous, it may still be excluded by travelling round it 
along an infinitesimally small semicircle with centre at a and 
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jying within the bounded region, cutting the contour at 
P and Q Then after putting, as before, 2 ==a 4 -pe‘^ the limits 
for d will now be fiom — e to —(e+w), where — e is the value 
of 6 at commencing the small semicircular path at P, and 
— (c+x) IS the value when the contour is lecommenced at Q 
We then have 

7 /taken lound the whole contour\,f"<*+^) . „ 

Wcept the mhmtesimal aic 

thatH, Pnn Val of cfe=7r«^(a) 


C <l> (z) < 1 iz 

1287 The Integral 1 \ i -— \ — ? 

J (s-rtr) 

Similaily, if theie be several polas of f{z) lying within the 
contour F and none of them within an infinitesimal distance 
of the boundary 

Suppose 2=01, 2=02, to be those poles 

I** "'■*'» “ »' '**«'“ *■ 

say, in 2, and possesses no factois 2—^1, or 2— a,. 

By the lules of partial fractions, we have a result of 
the form 

/(2)=jffn-r2f”"'*‘+ + '^K^Z’\‘K^ 

I ^0(^:2) L- 

ni K-<0 2-0/ 

where the factor a,— is omitted from the denominator 
and n is supposed not less than or if bo less than 7 the 
integral polynomial part is absent 

The first part of tins expiession, down to /tfo* constitutors a 
function of 2 with no poles within the contour F, and therefore 
its integral taken round the boundaiy of F contributes nothing 
to the whole integral We may construct a loop for each of 
the mfimties and pioceed as m the cose of a single infinity 

The term in\olviiig taken round a small circular 

contour with centre a„ contributes to tlie mtogial 
^(«») . . 2wi 

this small circle being taken ol so small a ladius as to exclude 
all the other polos and not to cut the boundary 
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Hence the whole integral taken round the contour, viz 
J/(z)cJz, being equal to the sum of the integrals round the 
small circles which surround the several infinities, 




Fig 394 


the factor a,— a, being omitted, =2-7^2 where the 

value of Xj may be reproduced as ^ 

Tf + 

U2)(ai+^— 03) + 

and similarly for Xj, Xj, etc , or by the ordinary rules of 
partial fractions 

The efiect of pole-clusters within a contour will be discussed 
m Art 1317 


1288 Effect of a Branch Fomt 

If the function w be multiple- valued, say two- valued, but each 
branch being continuous and finite and possessing a differential 
coeflBicient at all pomts of a certain region F of the z-plane, 

Cauchy’s theorem as to the integral of dz from a point A to a, 

pomt B of this region along a path which does not pass beyond 
the boundary of F is still true, provided that the paths from A 
to B belong to the same branch of w , and as long as the paths 
AGB, ADB of Fig 378 are both finite paths of the variation 
of lying entirely in the legion F, or both finite paths of the 
variation of the theorem stated is still true, viz that 

^w^dz along ACB=^Wydz along ADB 
and 1^2 dz along ACB=^Wz dz along ADB 
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When, however, the 2 !-path encircles a branch point in one of 
these paths from A io B, the functions and Wj inteichango 

values, and the integrals of \w6bc along two such paths may 
differ ^ 

1289 For matance, in the case of the two valued function w defined 
by the equation we have two branches 

and there is a branch point at -1, and, as will be seen later, one also 
at 00 

To examine this case, put «= -l+re‘^ and let z travel lound a small 
circle of radius r with centie at «=» - 1, and let us stnt with the branch 

ttfi— 



Fig 895 


Then, in encircling the point -1, ^ increases to ^+ 27 r and e*® becomes 

e‘(«+2ir) 

Hence w has changed fiom to % e to and has 

become — •J re*®, % e w% 

Now, any path from 0 to P will be reconcilable with (1) a number of 
loops round - 1, (2) a straight-line path, and the integral will be 

Now, (1) in case of a path such as OXP, which is reconcilable with the 
stiaight line OP (Fig 395), we have 

(2) In case of a single encu clement of the branch point 
(-4) tci w, dz, 

"^here represents the value of the integration round the infinitesimal 

circle, and this= j and vanishes when r is indefinitely 

small ° 
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The third integial Wtds^ Widz^ for Wa=5 -Wi , 

(A)=2j^ vfidz 

We thus arrive back at 0 vrith the value w^wa, and with this value 
must continue along the line OP 

Thus, Ui»j^Wtdz——Uo, 

where Ui is the contiibution of the path OP after one encii clement of A 
The whole integral is therefore 

1=2^ Widz-Uo 

(3) If there be two circuits of the loop befoie reaching P, we have 

I=>(A)+(Aj)-hU2=J^ w^dz+j^zPidz+j^Wadz 

which IS evidently Btto, and we note that (^i)= - (A) 

(4) It will thus appear that if there be n circuits round the branch point, 

The value of the integral ^1 + ^ r is 

Hence the values of the integral for the diffeient paths aie 

(1) direct path, Uq, 

(2) one loop + direct path, - ^ , 

(3) two loops 4- direct path, Uq , 

(4) three loops + direct path, -l-tro , 
and so on, alternating in value 

Hence, if ^/l+ 2 d 2 , and z is thence regarded as a function of i«, 

say zs<l>(u), we have J-ii®), indicating that two values 

of the argument lead to one and the same value of z 


1290 In the case of any branch point at a point z=a of a 
function w=f(z—a), which is such that -a)i 2 | is 

zero, as in the case considered in Art 1289, the contribution 
due to the circular portion of the loop is zero, being 

Jo 

and vanishing witli r, since vanishes, and the 

only contribution from the loop is that due to the two banks 
of the canal portion of the loop 
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If the function w be two-valued, it has been seen that in 
passing round the branch point tOj and intei change values, 
and the contribution of the loop is 


/=j Widz+^ Widz-fJ* w^dz, 
cc 

I. 


and in the case considered, viz 



w.dz=0, 

whilst W 2 dz=j w^dz and 1=2^ w^dz=={A) 

1291 Moie generally, if the function be n-valued, such as 

so that to=r»[cos (0+2X7r)+< sm (0+2Xx)]", 

1 

where X=0, 1, 2, n— 1, each branch w;,= aV"c", where a=one 
of the roots of unity, changes into 

i ^ 

and there is a cyclical interchange of the value of w as we 
pass lound successive branch points, so that ^ 2 = 0 ^ 1 , 
and so on, and a"=l (See Ait 1269) 


So in this case, 
becomes 


r=| w^dz+^ 
r=(l-a)f w^c 

Jo 


Wodz 


1292 To return to the case of a two-valued function, if 
after a description of the -4-loop, staiting from the oiigin 
with value we pass along a second loop round another 

branch point jB, we stait off along the second loop with the 
value W 2 and return with the value and foi the two loops 



^-J 

[ Wjde-fJ 
r» 1 

f Widz-t-f 

'0 J a 

r f® 


Wjjdz-l-l 

'0 



=2[ w^dz—'ll w^dz 
Jo 

=(4)-(B), say, 
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and this we shall call (AB) for shortness, so that 
(JB)=(A)-(B) 

Similarly (4£0)=(^)— (S)-f-(0), 

(ABOD)=(A)-(BH(C)-(I>), 
and so on 

It also appears that in a double looping of the same branch 
point A, we have 

(AA)=(A)-(A)=0 

In a triple looping of A, 

(AAA)=(A)-(A)HA)=(A) 

These peculiaiities are indicated in the notation 

(^»»+i)=(4) 

So we have 

(AS)==(A)-^(B), (BA)=(B)^(A), (AB)+(BA)=0, 
(ABC)=(A)~(B)+(C)^(AB)H0)=(AB)+(C)--(A)^^^ 

=^(AB)+(CA)+(AX 

(A^B0)^(AABC)=^(A)-(A)+(B)--(0)==:(BC)=(A0)+(^^^^ 
(^W)=(^)-(^)+(4)-(B)+(0)=(-4B)+(a) 01 (A)-(BC) 

or (A)+(0B) 

For a double looping of any pair, 

(ABAB)=(A)-^(B)+(^)-(B)==2(A)-2(B) 

For w-encirclings of A and B we may write 
(AB)^=n(A-B) 

Again, (5)=(S)-(i4)+(A)=(B4)+(4), 

(BaB)=(B)-(C)+(2))=(5)-(C)+(2))-(A)+(^) 

=(BC)+(Z)A)+(A) 

1293 It appears then that to integrate round any com- 
bination of these branch points, the whole can be expressed 
linearly in terms of integration round any one loop, say the 
-4-loop, together with an integration lound a combination of 
double loops round pairs of others, and each such looping 
of two branch points is expressible as the difference of the 
integrals which accrue fiom integrating lound each of the 
separate branch points of the pan And fuither, that for a 
two-valued function the value of the function on final arrival 
at 0, and before starting on the straight part of the path 
from 0 to P, depends upon how many times the path has 
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suirounded a branch pointy and the final integration along the 
straight path adds ^ number ot circlmgs has 

been effected, and —Uq if the number be odd 
Thus, if 0 be the origin, and there be branch points at 
A, By 0, D, By Fy ff, Ey a path in which B, (7, Ay B, B, B, Ay H 
are successively looped before returning to 0, and then passing 
to P, will give the integral of a two-branched function 

and integration for a path for the loops lound B, C, A, Z), E 
will give 

and these may be respectively wiitten 

(BG)+(m+(m+uB)+vo, 

(BC) + (AD) + (BA) + (A) — Vq 

NoWy if theie be n critical points A, By 0, Z), , there are 

—^2 ~ differences (we omit the brackets for short), 

A-By A-Cy A^Dy A Sy , 

B-0, B-B, B-B, , 

C-B, 0-Ey , 

B-B, , 

and only n— 1 of them are independent, say 

A-By B-Gy C-Dy JD^Ey y 

for any otliei, such as B— B, may be expressed as 
(i3-(7)+(a-B)+(B-B) 

Hence the value of dz taken along any path from 0 to P 
must take one or other of the following forms 

\ (AB)-\-fi (B(7)+i/ ((7B)-|- -|-ic(BP)+^o> 
or V (AB) + ju."' (BC) -1- y (GD) + H- k (JEW) •+ (A ) — , 

where \, /x, v, , W fx, Vy , are integers, positive or negative 

1294 If there be no bianch point at^ infinity, and if w 
remains finite and continuous for all other points of the 2 :-plane, 
an infinite circle, with centre at the origin, will contain all the 
brancli points, and can be deformed into a system of loops, 
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each passing round a branch point once, as in Fig 398 , or m 
case they lie in a straight line, as in Fig 399 , and the region 



between this circle and the loop system being synectic, we have 
taken round the infinite ciicle, =(24)— (S)+(C7)— (D)+ 
and lound the infinite ciicle will be a definite quantity 
which, m such cases as 


ii^= 


or 


1 


(2!-ai)(25-a,)(z-a3)(2;-aJ(2;-a5)(2;-ae)' 

will vanish For, taking the first of these, and putting 

(5=00), j=idd. 

|w(fe=Ji(fo=j^ ^,=0, when5=», 
and similarly in the second expression 




Fig 399 





Thus m such cases there is a relation amongst these differ- 
ences, VIZ (4)-(-B)+(0)-(D)-|- =0 

In the case of four branch points, the independent differences 
will reduce from three, {(4)-(JJ), (B)-(C), (C)-(D)}, to two, 

say (^)-(5). (B)-(0) 
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And the forms possible for the value of the integration 
along paths fiom 0 to P will be comprised in 
Z=X (S( 7 )+«oi 


; , Blanch Points at 


1295 Representation for Large Values of : 

Infinity 

To represent the nature of the function for values of « at an 
infinite distance from the origin, take a third variable such 
that 2;2f'=l, and lepiesent the travels of / on a plane of its 
own Then, for points z on the 2;-plane which are at great 
distance from the origin 0 , the points z' on the ^I'-plane are 
near the new origin 0 ' on the s; -plane 
Taking the function 

1 

‘ ■s/(2-a.i)(2-a*)(z-cg 

which IS a branch of a two-valued function, let us find the 
branch points 

Let 0 be the ongin on the 2r-plane A^, A^, A„, the several 

points «=:ai, z—a^, z=^a^, , and let P be the pomt z 

Let z^a^+rje^^^=a2i‘'i 2e‘®^=a8+ 

1 


Then 




Let P describe a small circle round any one of the points, 
say Oj Then, after the completion of this circle, r^, - 

and 02, 02, have resumed then original \alues, but 0 ^ has 
become 0 ^+ 2 Tr 

Hence the function has become or w^, and 

therefore there is a change of branch at A^^ Similarly at 
A^, ilj, Now consider the case when z=:oo 

Using the other representation we have, writing 
02=^, etc, 


w,= 






and we have to consider the behaviour of this function for 
values of z' near the origin 0 ' on the 2;'-plane 
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Putting 7^— ref*, we have ultimately, when r is very small, 

n 

w^rh ® , and when z' is made to describe a small circle of 
radius r about the »'-ongin O', d' has changed by 2x, and the 
function becomes multiplied by a e by 

(cos nw + 1 sin nw) or cos ntr 

Henco) if n be even, remains unchanged, but if ti be odd 
u\ changes into — i e there is a change from branch to 
branch 

1296« Thus, m the cases 

A 1 

io=-p==== and — - 

there are respectively two and four bianch points, viz z—a^ 
and z—a^ in the first, and z=a^, z=^a^ in the 

second, but none at oo 
But in the cases 


- p and ir — 

V(z- a^) ( 2 ?— Oj) (z— ag) v (2^—02) (2^— c^s) 

theie are branch points at a^, in the first, and at 
<h* second, and m both these cases there is 

also a branch point at 00 

In the latter cases the loop system, when represented on 
the / -plane, will be as discussed previously, the origin being 
also a branch point But if represented by loops on the 
z-plane, we have (takmg the case of three factors) aj, a^, a^, 00 
as branch points at A, B, G, D respectively, the latter at infinity, 
and, as in Art 1294, there are apparently three independent 
pairs of differences, which we may take as (AD), (BD), (CD) 

But writing y}={(z—a^)(z-’a^(z—a^)y^, we have 


(AI))=2[ wdz, (B2))=2[ wdz, (0 jD )=2 f wdz, 

Jai Ja% J Oj 

and we shall show that (BD)=(AD)+{CD), which reduces the 
three apparently independent pairs to two really independent 


ones Yor^wdz taken round any finite contour in the finite 

part of the z-plane, which does not mdude A, B ot C and 
cannot include D, vanishes , and such a contour is deformable 
into an infinite contour, such as indicated m Fig 400, with 
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loops excluding the branch points Therefore ^wdz round this 

deformed contoui also vanishes Foi convenience this detor- 
mation may be taken as a ciicle of 
infinite radius centied at the oiigin, 
with four loops excluding the branch 
points, the canals of A, B, G being of 
infinite length and that of D fimte 
The contribution to the integral 

^vjdz which accrues from these 

loops amounts to (-4) - (5)+ (0) - (D), 

%e to (4D)-(S2))+(CZ>) The re- 
mainder of the contour, which 
consists of infibaite circular arcs, 
along each of which the same 
branch of w is adhered to, and which 
each extend from the canal of one loop to the canal of the 
next, contributes nothing to the integral For taking any of 
these arcs, say from 0=a to 0=i8, where and a<jS< 27 r, 

we have J w dz=^i J zw d6, and thei efore 

mod ^wdz^moA J zwd9>^ mod (zu))dQ 

But mod (zw) tends continually to a limit zero as mod z is in- 
definitely increased, and if K be its greatest value for pomts 

on the arc from 0=a to 0—^, | mod (zw)d6 is positive and 

and therefore also tends to a zero limit Hence 
the whole integial for the deformed contour is that due to 
the four loops only, viz (AD)-‘{BD)+(GD)f which therefoie 
vanishes It follows that the only possible values of the integral 



^ 

J* ‘J{z-a^{z-at)(z—ag) 


are of one or other of the forms 


p (AD) +g(S2))+f (CD)+«o, 
or f\AD)+^(BD)-\-7'(0D)-\-(A)-u„ 

where jt, q, etc, are integers, and that by virtue of the relation 
{BD)=(AD)+(CD) these further reduce to 

X(^)4 -m( 02 ))+Mo or \'(AD)+f/iCD)M^)-Uo. 
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where X, / 4 , X', aie integeis, and is the value of J wdz by 

any straight-hne path from 2 to c 5 o , which does not pass tlirough 
A, B, or G 


1297 From these considerations it will follow that, if a 
quantity z be defined as <p{u)f and given by 

[* —j — r wdzj say, 

the possible forms of the result being limited to 

u=\(AB)+u^, or u=X(AB)+(A)—Uo, 
and the same point z being attained for either of these values 
of u, we must ha\e, when we regard z as being expressed in 
terms of «, z^<^(u)=<^[X(AS)+Uo], 

O' =^[X(45)+(^)-«o] 

^ must therefore be aperiodic function such that an addition 
of (AB), te {A)—{B), to the argument any number of times 
makes no difference, and also that, it (A) be added to any 
number of sets of mtegials lound double loops (AB), the same 
will be true if the sign of be changed 
In the cases 

f" f* dz 

J» '^(^—Oi)(z—a 2 )(z—ag) J on/(*— « i) (z —a,) (»—«,) («— O 4 ) 

since 

O' y(^jB)+^(BC)-i-(A)-Uo 

in both cases, for A, B. 0 are any thiee of the foui branch 
points, we have 

^( 1 *)=^[X (AB)+^ {BC)+u^l 
or 

and a double periodicity of g=(/,(u) is established 
1298 Penod Parallelograms 

A geometrical illustration of this double periodicity may be 

LetJ>(z) be a doubly periodic function of a single complex 
variable z with independent periods «, w', viz 

«> = a 4- 1^, «'= a'+ lyg'j 
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SO that 0 (sf) = 0 (a;-J- w) = ^ {z+ 2w) = 

=(ji{z-\~ (o') = 0 (s'^- = 

=(j}[z+(o-{‘(o)= =0(sf+pa)+5ft)')= , 

where and o aie any integeis, positive or negative 
Ref ei red to any set of lectangular axes in the 0-plane, the 
points (0, 0), (a, /3), (a+a\ jS'), (a, /S') aie the four coiners 

of a parallelogram (Fig 401) 



The adjacent sides of this parallelogiam make angles 

tan-^-> tan-^^' 
a a 

with the a-axis It is called a period parallelogram 
The four points, pa + tq/S, (jp+l)a+i(gH-l)/8, 

(pa-t-a')+«(^|'^+^0j 

Will equally foim the angular points of a paiallelogram of the 
same size and shape as before The whole z-plane may be 
legarded as mapped out into a network of such equal paralleb- 
grams by giving to p and q all integral values As z travels 
over the region bounded by any one of these parallelograms, 
t/>(z) ranges through all the values it is capable of assuming 
If z travels into other parallelograms on the z-plane the values 
of 0(0) are merely repetitions of the values it attained at 
corresponding points within the first parallelogram Thus 
points similarly situated with regard to any elementary 
parallelogram of the network give the same value of 0(0) 
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1299 If <l>(z) 1)0 Synectic throii^ut T, so also axo its 
DiffereiLtial Coefficients 

We shall next show that when <l>(z) is synectie within and 
upon the boundary of a given region bounded by a closed 
finite contour F, all its diflferential coefficients are synectic 
within that region 

We have seen that if a be a point within the region and 
not within an infinitesimal distance of the boundary, 



taken round the boundary of F, where z—a is not a zero of 

^(js) 

Let z=<i-{-Sa be an adjacent point to z=a within the 
contour and not infinitesimally near its boundary 

Then 


taken round the boundary of F, and therefore 


^(a4.5a)-^(a)=^ j^(2) ds 

Now, hy division, 


1 1 da (da)^ 

z—a—Sa z—a^(z—af'^{z—ay{z—(i—Sa) 

Therefore 

round the boundary, and the definition of a differential 
coefficient is that it is the limit, if theie be one, of 

when I da I is made indefinitely small Sence we may put 
^ (a+ <Sa) — ^ (a) = { (a) H- e } da, 

where € is something whose modulus ultimately vanishes with 
\Sa\ 

We may therefore write 


or 
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and theiefoie the moduli of the two sides of this equation are 
equal And since the modulus of the sum of two complex 
quantities is less than the sum of their moduli, and the 
modulus of the product is the product of the moduli, we have 

mod [light-hand side] < mod e+— mod 

Let K be the greatest of the moduli of the values of the 
integrand as we travel round the boundary, which is a fimte 
quantity since <p{z) is finite and ^—a, z—a—Sa are not 
infinitesimally small Then the modulus of the integral in this 
expression is less than K x Perimeter of Contour, which is a 
finite quantity, the perimeter being supposed of finite length , 

xnod 

< mod e+7j— mod Sa X Perimeter of Contour 


Hence dimimshing mod Sa indefinitely, 

mod[^'(a)-^J^d*]=0 

Therefore 

the integration being m all cases taken lound the boundary 
of the contour 

In the same way we may prove 




etc 


Foi if z=:a+Sa be a point within the contour and not 
within an infimtesimal distance of the boundary, we have 

, 0'(a-f (5»)— 0'(a)_ 1 f ./.vP 1 1 

Sa 2xiJ^^*)L(«-a-aa)* (z-a)* 

where mod 6 vanishes with mod Sa, 

2' f m 



45() 


cnviwu 


It ftpiw'iirs 

(I) llmt ^ niijtioar (<uu»*l tiltnn<it< I> 

*t» f 

by 1<*SM fimn any roiin ivnlil** i{tiaiihty liom ^ </ 

wlmii »»i«l <Tf/ IS mad<* ttMliiiiiiiish nal«Miiuti*i\ wifliMitt i*(»i 
(‘ixa to tho way *» whu’h tin* itali^fiiiil** jipitjisirh mJ thi' j t iia 
it I in tt* (ho jwunt ti IS <snMliiotoil ihiiff i" » liiiati^i* 

of 0 wluoh /aw'iosrtos rr ilifft'n niitt! untih /r ht 

(II) sinoo </,(o) hikI 0{ff I <?*#) nio l»v MijijMMitioii noil^ 

thi* oxproMsion ^ is also iU»[jh xalm*!, il o 

liM hunt, MO i/t\tt) ih Hunjlt* mlittti 

(;i) i/t*(it) \Hjhuti\ for iIm iM|ui\nhnt 

that tha into^rata) m (unto lor iill {Hunt o{Mitt tio naif out 
wnoo (Ih* point tt is not at an intifutoaiont fnau tia’ 

hournlary, an<l tlio homalnry it «4J is of tnofi* l«io»fh 
Hupposition, 

(4) loi any positivo inliinfostiMiil olian^p* in m th«ii n a 

I o* f 

||f(,MJ..) l/.J/'j, I«1 


of ill«> MUtm oillot AM |||'(I III Ill*l|l*l> iftin} l< Mil 

fhiuovs 

II(‘II(’»* <ft'{ll) Ini'* II n<t ffll irili 1,1 ll,(> iMMIlt I» l"l 

Hnii/h' riiliii'd, w fhtitf ntui ii I’lmtninnui If i< tliciitutf 
Hyiii'cUc «t miy {Hiiiif ti wiUuii flu* s|H-o,<ii.| D-fsiKti (<•! nimh 
(/t(fi) iH Hyni'itii* 


Alwi 



tliii iiit«‘j?p«lui» iir,Kwih,i);{, nil iM-fm'i*. rirtiiiil flu- Imtiitiimy 
Ami till' iirj^uiiifiit iiiHy imw In* ,vifli tlm n .iilf fi* 

iwIaIiIihIi f}i(> Hiu'ci>H'«i\<* <•(|llatl<•l»t. 




S' f 

2t<J(; <0 





-/>{ I 


i/ 


all of which ruiK'bioiiN un* Hym'i'fic in (hi* ii'jfiiui fm whii'li 
0(0) IN hynccfic 
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1300 Taylor’s and Maclaurm’s Theorem 
We may now proceed to establish Tayloi’s Theorem for the 
expansion of /(a+Zd) Let f{z) be any function of z which is 
synectic within and upon a given y 
circle 0 with centie at z^a and -s. 

radius p, and suppose z=^a not 
to be a zeio of f[z) Let a+fc be / A 

anothei point within this eontoiii f ^ j 

and not within an infinitesimal \ I 

distance of the boundaiy y 

Then ^ ^ 

\ 7 A— ^ f /(^) O X 




Fig 402 


the integration being conducted lound the boundaiy 
Now, by division, 

^ 1 1 '< I I 

z—a—h z—a (0— a)*^ (z— a)* 

, A” ■ 1 

(0—0.)"+^ 3?— a— A * 

/(a+/i,)=^f/(2) [5i:7j+^r^+(7i:^+ 

, /i” , 1 

"^(z— z—a—kj ^ 

=/(a)+/i/(a)+^/"(«)+ 


J^n+1 I* 

where taken loundthe oiicle, 

and putting 2;=ad-/)6*®, we have 

27r p"j3?— a— A 

Let the greatest value of bo iT, which is finite 

since \f(z) I is finite at all points wiiliin the cucle, and the point 
0 =a+ A IS not within an infinitesimal distance of the boundary 


dz taken lound the ciicle, 
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rjfr 

Kde, 

Jo 

K, 

and I A I < /o, so this may be made less than any assignable 
quantity, however small, by increasing n indefinitely 

Hence the convergency within the circle of radius p is 
established, and the- usual form of Taylor’s theorem still 
holds for a complex, viz 

A® 

/(a+A)=/(a)+A/(c«')+^/^^(<^)+ ^ 

for all pomts within a circle of centre a and radius >■ \(<i+h)\, 
provided /(z) is synectic for all points within this region 
If the ongm be at the pomt z=a, %e a=0, we have the 
same result as for Maclaunn’s theorem for a real variable, viz 

/(A)=/(0)+A/(0)+^/"(0)+ . 

with the same limitations as before 


/)» 

|R.I>|^|” 1^1 


1301 DeAnite IntegialB obtamed by Oontour Integration 
Cauchy’s Theorem of Art 1275 is of great use in establish- 
ing m a ngorous manner many results m definite integrals 
and in furnishing new results In such investigations the 
form of tt; as a function of z is at our choice, and the particular 
contour of integration is also at our choice 


Gonndsr the integration of round any closed contour^ a being 

supposed read ® 


B 



Fig 403 


It follows from Aits 1275 and 1286, 
that the result of this integiation is 

(1) 27rt, (2) TTi or (3) 0, 
according as 

(1) the contour encloses the pomt 

(2) the contour passes through Kesa 

with continuous curvature at 
the point , 

(3) the contour is such that hes 

outside it 


Take as contoui a circle of radius R (drawn as > a m the figure) and 
centred at the origin 
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Pat t’sJlef*, theni*=*ffe‘*d9 , 


ide 


27ri, TTt or 0, as 




or < a , 


lo ’ ^ or 0 in the thiee cases , 

, rSir sin ^ jn rt 

a-^d I p, - ^ -s tt; — ’idB=0 

Jo -Saccos 

in an^ of the cases, results which inaj be readily renfied by direct 
integration 


^ifae 

1302 CoTUider the iTUegiOivcn of — , •uthene h te teal md positive, 
round a contour hounded hy (1) an mpnxie eemcvrde JBCD^ centre at the 
ongm of the m-y aaes^ tadiue R {=co\ ( 2 ) a email eemuucle EFA^ centre 
Qt the origin and tadtuar^ concaie m the same direction cu the formes^ and 
(3) the tuDo inteioepted portione of the x-aais^ viz DE and AB 
to has a pole at the origin The small semicircle excludes this pole 
Examine the behaviour of the function when z is infinite 

^dJUue <5-*««n«{coa(>&/2co8^)+4 exnihRcouS)} 


Let «=i2e‘® Then to= 


Re^ 




and therefore vanishes in the limit when R is increased indefinitely, 
HO long as 81110 IS not negative, that is from d«Oto 0*=r inclusive 
There is no pole m the region described, and to is synectic throughout 


the region 


The total integral jiodz taken round this perimetei theiefoie 


vanishes To estimate this we considei 
the integrations 

(1) from 9 to R (=300) along the ^-axis , 

(2) from 0=0 to 0=ir round the gieat 

semicircle JBCD , 

(3) from — to - r along the a? axis , 

(4) from 0=7r to 0=0 round the small 

semicircle EFA 



(1) Along A5, 3^=0 and dz^dx^ and the corresponding contiibution 

roPgitee 

to the whole integral is J — dx 

(2) Along BCD, iZ= constant, z=Re^^, ~ = ici0, and the contribution 
to the whole is 

|**<fc=jr l«-“““»{CO 8 (i^C 08 fi)+t»in(PaCOBfl)}d^, 

which ultimately vanishes when R increases indefinitely Therefoie 
there is no contiibution from this part of the integration 
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^ ^ ® negative we write —x 

= -/ ? (fo;, 

Jt X 

which IS the contribution for this portion DE of the integration 

(4) Round the small semicircle the contribution is J and? 

being infinitesimally small this becomes — f — tti 

TT 

Sence, summing up, 

r-o ^tkx roo^—‘ikx 

I —dx + 0- dx-TTL — Oi 

Jr X Jr X * 

t e in the limit when r is indefinitely dimmished, 

p ^ _ e-.fe» p sm i* - w 

k being supposed positive, which u in accord with the lesult of Art 993 

^ toAfirtf h u a real poutvoe quantity and ana 
cofYijplex^ VIZ a+t/S, tn which 13 is pontive 
We take as contoui the x axis, an infinite semicircle whose centre is 
3 8** origin and radius R (=ao), and an 

infinitesimal circle of ladius r, and centre 
yT at the real point (a, which, since /S is 

/ p pX positive, lies within the gieat semicircle 

/ O \ There is a pole at «=a, which is excluded 

t ^ ^ I by the small circle Examine the behaviour 

C O A 

406 of w =~ — , when z is infinite Put 

z—a 

TJi® and therefore, as in 

the last case, ultimately vanishes when R is indefinitely mci eased, 
provided d lies between 0 and ir inclusive 
There is no pole in the region between the two circles, and v> is synectic 

throughout it , and jwdz^O when taken round the boundaries in opposite 
directions ^ 

(1) Along the a;-axis z—x^ and we have as the pait contributed by 
integrating fiom (7toA,ie -oo tooo, 

r — „dx=>r <«-«+*/3)(g08fa+»8mAi!) j^ 

00® — a — tyS J— oo (x--ay+j 3 ^ 


/■“ {(x - a) cos he - 0 am Jix} ^ /*'" 

' j— 


x-a) Binhe+ficoahe ^ 


(®-a)2+jS^ 
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(I) Round the infinite seinioiitle, we ha\*^ a . 

*hnh, hjMitue of the ultimately /tio fwtoi ^ ^ 

B I eing abtioliiteh infinite and mn 6 |^»Mti\e 

Round the intinite&imal circle DBF, put2-ti-»> e** 

Ihe integration loiind the peiimetci must gi»t i mI 

to tne general result of Art 128C, te =-ijrt»c« sjla-w*i. , th] , 

a^ j fiz)dz round the outer boundary ABCOA i** *tiUil ' 

DBF in the same seiibe, we have bv eunating it il an 1 irj- ^ 

/ ' (a;-a)c*wiljr-/isinix , , , , 

which uuv l>e written 


f c<w fl*+tan”^ \ 

J— X N(af-tt;- + p-* 


«in + taij”^ ) 
o y/{x-ayVli- 


dx= 2‘Te'^^^Ui^la 


13(4 Ih t/te ttiae ic^ere /:f=U, te?*/#e jr 'A* f tf f * * 

7 a 'It and a semicireulai arc DBF, (»t tiliij*» r anl mti i* 
replaces the complete small circle iTCtoie 3 

i i#»iMd» 1 ed Vw 

lo i iinsidei the effect of this, we integr tte v 

fl) from C to i>, (2) round DBF, / 

(3) from F to A, (4) round ABC f ^ 

F“ "".s . - ■->— y -g; 

te when r h mhmtesiinally small, viz the Princii>al Van e * t 


For (2), putting r=o+re‘*, ^ *** 




r being iridnitesiiual 

For (4) we liave, as befoie, a contribution nil 
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Hence ultimately, r being indefinitely small 
cosib;+&flin Av , , , 


—00 57— a 


dv -Tr{i COB koL — sin Jea) — 0, 


00 — a 

/■* sinJb; , , 

/ ax= TTCOsfca, 

•/— 00 A — a 


Principal Values being taken in 
each case 


— dz, a and I letng real and 

poinhve, taken round a ccmtour conatetmg of 



Pig 407 


(1) the poathve porhon of ike x<uns , 

(2) an infinite quadrantdl arc, centre at the origin 

and radius B ( »« oo ) , 

(3) the positive portion of the yaans. 

As in the last two cases, the function vanishes 
in the limit when 1 « | «= oo , and it will be cleai that 
theie 18 no pole in the legion lound which it is 
pioposed to integrate 

We have then 


fR^taz^gibx H) oi/ Jy 

Jo -r-^H — 

The firet mtegral=]^“ (eosa«-cos6»)+.(ginaa;-amto)^ 


The second integral = [e~“® * e**® «“ • _ e~*S *e*® ®‘“ *] i d&, which 

vanishes when B=co by viitue of the exponential factors 
foi siQ 6 is positive 

The thud integial = - log - by Fiullani’s Theorem, or by the summa 

tion definition of an integration as in Ex 1, Ait 16 
Hence we obtain in the limit, when B=soo, 


’ cosoaj-cosha! . 


;=log|, I 


" sin arc - sin 6a; . 


results pieviously established 


1306 Consider the integral j dz, where a is real and < 1 and >0, 

where hy we understand that particular one of its values whose amplitude 

ta (a - 1) times that of z 

Theie aie two poles, 2=0 and 2 = - 1 There are also bi anch points at 
the oiigm and at qo 

Take as contour an infinitely large semiciicle, radiusJS ( = 00 ) and centie 
at O, the oiigin , an mfinitesimally small semiciicle of ladius p and centie 
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0 , an infinitesimally small semioiicle with centie at 2 = and radius p, 
the concavities of the circles all being in the same dixection , and the 
remaining poitions of the boundaiy being the inteicepted portions of the 
j^axis , the whole making the figure ABCDEFQHIJA (Fig 408), within 
which, with the meaning indicated for the function is synectic 



The poles are then excluded fiom the contour, and the integration is to 
be conducted along the six parts AB, BOD, DE, BEG, OH, HIJA 
indicated m the figure 

r— 1— pjgO— 1 

(1) Along AB the integral is changing x to 


JR 1-J? Jl+pl-a- 


dz 

(2) Along the semiciicle BCD, put 2 = - 1 + , JZjrf** 

The contiibution is then (-l4*/c)e‘®)®“^td^» 01 since p is mfini- 
esimally small, 

(3) Along the stiaight line DE the portion of the integral is 
-p a^-l 


r. 


- - dx, or changing a; to -a;, 
-i+pl+a: 

jl-p l-a: Ji-pl-x 

(4) Along the seniiciicle EEG we have, putting 2 =/oc‘®, 


t 


l+pe-* 

wliu^ TanisheSi p being an infinitesimal and l>o>0 

r a!®”^ 

T+x^ 

(6) For the semicircle HIJA we have, putting 2-=i2e‘®> 

Jo 

which vanishes, since It is infinite and 1 > a >0 
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I 2B®”^ r* 

Let7i and 2|bethePiincipal Value«iof da; and 

1+^*' +^jTZl*'‘ebpectively. 


we then ha^e, summing up the siz poitionq, 

.. M-l 

«Ulir 


and 


TOO ^-1 .p ^-1 

f, ^-1 rl-p^a-l 

and in the limit, when p is indefinitely diminished, becomes 


f e — (cosa'jrH-isinair)J2+7r(icosa7r-sinair)+/i=0 , 

whence Jj — cosaTr/a^^rsin aw, 'j 

-/2^ina7r+ircoaa7r=0 , / 
theiefoie Iia=7r cosec ott and It^TGOtair 
These aie the results of Articles 871 and 1103 


1307 Consider j j(bf reoZ awf posihve vaHues of a and h 

There are poles at z^±ih , and when \z\^co the integiand vanibhes 



Integrate lound an infinite semiciicle with centre at the oiigin 0 and 
radius ^( = oo ), and lound a cncle of infinitesimal ladius p with centre at 
the pole lb 

Then the integral taken lound the outer l>oundary=the integral taken 
in the same sense lound the innei boundaiy, and the latter is 

pUiCift) - 

(^‘*1286) 


Over the outer boundaiy we have 




iR^>d9 
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Wnting -icfoi a; id the first integral, it becomes 

** Jo ¥+P‘^’ 

, , . r“ 2 cos ar , 

and the first two integra.1'9 combine to give ® ^ 

f g — ojR sin « giaJR cos fl 

and vanishes by 

virtue of the factor iZ is infinite, sin $ being positive 

Thus, summing up, we have 

r cos av , ir ^ab 
5i+r«‘^=25* ’ 

the lesult of Ait 1048 

1308 Gona%der ihe mtegratum of for real and posihve values of 

aandh 

The poles are Sit z— zkth, and when l*l=*oo the integrand vanishes 
Take the same contour as in the last example 
The integral round the small ciicle, whose centre is 

Over the outer boundary we have 

TO*+i 

Writing -X for x m the hist integial, it becomes 
flxe-'^ , r ate—®* , 

i.P+aH*’” io 

I " 2wr sin a® , 

which combines with the second integral to give ^^^ -c/x 

The thud integial, as in the last case, contains the factor «-«*““• in 
the integrand, and theiefoie vanishes when /I is oo , wn 0 being positive 
Hence, as the integiAl round the outer boundary is equal to that 
round the innei in the same sense, 

rx_^ax^T_^ 

Jo 2 

1309 CoTtSider the %ntegrat%on for real and postUte values 

of a and I , . ^ j 

There aie poles at z^O and z^±ih, and when 1^1 = ® the integiand 

vanishes 

Take the same contour ai in the last two cases, with the addition of a 
small semicircle of ladius p, with oeiitie at the origin, to exclude the pole 

Integiate, as befoie, lound the boundary CDEjPABC, and equate to 
the integial lound the small ciicle enciicling *=»& m the same sense 
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Thus 

f-p . fH ef^ipe^de , ^dte r t)^iBef*de 

j-w *(&'+*•) Jk ai{h*+3!^r Jo Be^(!^+RV^) 



Fig 410 


Then writing —a; for 4; lu the first integral, it combines with the third 

r iismav 

Since p 18 inhnitesimal the second integial =Jp 

The fourth integral vanishes for the same reason as in the last two cases 




^ dgf a and h being leal and poeitive 
The poles are given by 



: 6 (c 08 ?g- 


and he upon a ciicle of ladius h at equal angular intervals the a-axis 

being an axis of symmetry with regard to the poles and not passing 
through any of them Also if |s| = ao the integiand ultimately vanishes 
We take the same contour as befoie, viz an infinite semicircle of radius 
iS (=ao) and centie at the z oiigm 0 , the r-axis and infinitesimal circles 
of radius p drawn lound each pole as centre 




OONTOTJE INTEOEATION 


the poles of the second group lying outwde the contoni of mtegistion, 
and therefore contributing nothing The pole *=6e‘ contributes 


f . ^+1 \Si 

"Sr'j 


Hence the poles within the contour oontnbute in the aggregate 


.e - 2 


«a 1 2*+l . 2*+l 

2 ' 


**“1 iir -a68ln?l!!li 


For the outer contour we have 


+isin(^e.+aJeos?^^)] (j) 



Fig 411 


The first integral, by putting -x for a, becomes f ^^ dx, and 

combines with the second integral to make f 

The ^^^l****! vanishes when ff=<io, u it contains the Tanishing 
actor e , and since the integral round the outer boundary of the 
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contoui 18 equal to the sum of the integrals louud the small circles which 
contain the poles which lie within the gieat semiciicle, 

i„ pqrps* =2;S5!=r 2 « ^ sm |_— ^ + a6cos(-^rjJ, (2) 

which IS the result established in Art 1067 
It Will be noted that in the summation above in equation (1), that the 
iinagiiiaiy portion vanishes, the poles being symmetrically situated about 
the ^-axis 

The aiiangement of the poles in the cases n=> 1,11=2, 72=3, 71=5, 

lb shown in Eig 4L1 

1311 CoTisider ® real, positive mid <tt 

Since the limit of this expression when |a|=0 is -, there will be no pole 

at the origin, and when \ 2 \ = co the integiand ultimately becomes zeio, 
since a<7r 

Since sinh7rz=7r2(^l+p^^l+|-^^ , there aie poles at z= dbt, z= ±2*, 

«*= ±31, , which are all situated on the y-axis in the z plane 

Take foi the contour round which the integration jiodz is to be 
conducted 

(1) the complete ^t^axis , 

(2) the ordinates r = ±i?, where E is infinitely gieat , 

(3) the portions CD , FG of the line y=l shown in Fig 412 , 

(4) the semiciiculai aic, convex to the origin, ceiitie at 2 = 2 and of 
infinitesimal radius p, viz DBF as shown 

Then all poles aie excluded from the region thus bounded, and the 
function IS synectic in this legion 

The contribution to the integral foi the x axis is P - 

reo -1 '-eo 


z^x and dz^dx , 01 , what is the same 
G F 


thing, 2 J“ 


sinhoa 

sinhTTJ? 


I sinhTT^ 


dz foi 


di 




O 

Fig 412 


B ^ 


The ordmates BC, OA at infinity yield no contnbution 
For. along ^0, we have 

and R being large, sinh aR and co^b aR may be written Je^, and sinh vR 
and cosh irR may be wiitten 
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wliich vanishes by viitue of the zeio tactoi in the intc£ 5 iaTi<^ siut*e 

rt -TT IS negative and 72 w infinite Siinilaily for the portion 
Foi the portions CD and FC we have lespectively 

rosw^a^ and f" 

Slim 7r(t + i) j-p Slim 7r(t + i ; 


Considering the first of these integials, 

binh a(t +.^-) = t sin a cosh at + cos a sinh « i , 

sinh7r(t + r)= - sinh^ri, 

. V . 11 f” ism a cosh oa + cos a smh ai j, 

t;D6 06C0Ttl6S J ~ ^ Ctt^ ^ 

and writing -a for z in the second integral, it becomcb 

_ /*” sinh /” t8inacobhat-coqg8inh t 

Jp 8inh7r(t-a) ” (p sinha-jr ’ 

and CDf FG together yield 2 cob a sin E ^ ^^ 

To considei the contiibiition of the infinitesimal semicircle X>Wt\ put 
*«t + pe‘^ and integiate from ^=-0 to -r 
Thus sinh az=sinh a(6 +pe*^)»t sin a, p being infiiiitosiinal, 
sinh 7r2=> sinh *r(t + pe‘®)=wpe‘® cosh irt » — 

The yield fiom this part is theiefoie 


lain a. .g sin a r-w 

" d&^-aina 

Jo irpe‘® ^ ^ TT jo 

Hence, as the total integral round the contour vanishes, 

Q f” sinh flw? , , rk . o r* j . t \ 

2/ — r — fl&ji7+0 + 2cosa/ — r — dfl?+(-sm a)=«0 , 
Jo sinhira? jp sinhira ' ' ’ 

and p being ultimately zero, 


r 

Jo sin] 


sinh OJP j 1 . a 
— r — aji7«=stans, 
sinh TV 2 2’ 


and 


f. 


Binhoo; 


ee sinh irJB 


(iz~tan 


a 

2 


1312 Now take ® being lecd^ positive and Ctt 

Since C08h7r«=(l4-4e*)^l+^^^l+^^ , the poles of w ai<^ at 







etc 


If we take a contour consisting of the ^>azis and a parallel, y ^ 
bounding ordinates dbRat infinity, and a small sennicirole, con vox to 
the origin and radius p, described about the region thus (lolincs) 
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excludes the poles, and ■» is a syneciic within it, so that jwdz—0 when 

the integration is conducted along the contour of this region 

The points 3, O, shown in the figure, are supposed at «>, and A, G 

at - 00 , and DSF is the infinitesimal semicnole about s =2 (Fig 413) 

,, , /■« cosli ax m . ft /** cosh ax , 

The «-axis contributes j__ ‘s, 2j^ 




r' A O ® ^ 

Fig 413 

The oidmafces at infinity contiibute 

r* coaha(-B+ty) , , /*“ cosha(-ii+4y) , 

Jo coshwlli+Ji ^^y Ji coshw(-Ji+iy)“*y’ 

and, as in the former case, 

ooshajB, sinhalZ, coshirJB, smhrrJJ 
may be replaced by respectively, 

since H is infinitely large , and we may write 

cosh a(£+iy)=si^e^y, cosh7r(12+ty)=J^’^'*c‘’^> 
cosha( — + and cosh7r(-- = 

and the two integrals become 

J^^<a-ir)/igt(a-ir)yj^^ a^d - i dy, 

which both vanish when Jl is infinite by virtue of the ultimately zero 
factor in the integrands, a being <ir Hence the yield from the 

two ordinates is ml 

The parts (7JD and Fff respectively contiibute 


cosha^^+0 

„«oshw(^+0 


dv and 


! “*co8hafa7+w) 

— 

-p «>8hir(^«+2j 


and the first integral becomes 


o8hw(^+0 J_p coshw(^+^) 

cosh a cosh ax cos ^ sinh ar sin 

cosh ^ ‘ 

r cosh CM7 cos 1 smh cu 




<» V ® 

cosh CM7 cos I + 1 smh or sin j 
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ind similaily wiiting foi a, m tbe second mtegial, it becomes 
cosh 


cosh r 

cosh - liT^ *'p 


cosh at cos ^ — t smh cup sm ? 

35 2 


I sinh 7 


da. 


’ smh av 


dx 


Hence, in the aggiegate, these two terms yield - 2 sin - / 

2jp sinhTro? 

To fand what acciues fiom the sennciicle DJffJ?*, we put z—~ H-pe*® and 
utegrate with legaid to 6 from d=0 to d—-ir 2 » 

Thus, bince cosha^l+/)e‘*^=cos| to the first teini, p being infinitesi- 

iial, and coah7rQ+p«‘*^=ir/)te‘*, 

/ seimcircl6=J^ 


nd the total mtegial round the contour=0, since w is synectxc 
hioughout the region bounded , hence 

or“coshar ^ afsinhapj a ^ 

nd p being ultimately zeio, 

cosh at?, a ^ a 1 a a 
U ^5iEFx‘**=“®2+28in^ |tan|=eec^, 

nd therefore ee^ and C 

Jo coshtri, 2 2’ J-«coshira 2 

1313 Consider t(?= — whtre ats a comj^ex constarU =a+tjS, in 
fhcih p %8 not negative 

The poles are, as before, *=±5, ±^, ±^,etc, and m addition, 1 


, emce 


gi(a+ 1/J)(se+ iv) _ g-p»-oVgt(a*- A/) ^ 

le function becomes infinite if jffa;-4-ay= —00 Hence we must take a 
>ntour which excludes all such points 





B 


O 


Tig 414 


A ^ 


The region bounded by the positive diiection of the x axis, an oidinate 
=12 where 22= 00, the straight line y=J, the quadrant of a circle of 
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If we put ^=0 in the fiist, we have 


cosh TX 
and changing the sign of a, 


r" coba/ , -V Sinai , , -J 

I — j djb-e I — r — di-he 

Jo coshfl'a Jo sinhTTi? 


cosa.i , , vf binai , ,5 

/ — i Ai4-e / — T dt=Je 

jo cosh TT i /o binh Tra 


and solving these equations, 

r 

Jo COShTTt. 


gP 


sm a? , 1 i. 1 « 

■di?=rr tanhr 


sinh Ti 


1314 Cmside) ^^^pTr^ozcosT+PP* 1>P>0, a ‘teal and 

Tr> a> 0 

Theie aie poles at 2 =afi^‘“'=rtCosa±iasin a Take as contoui an 
infinite bemiciicle, ladiub R (=Qo) and centre at the oiigin 0 the 
a axis , and a small cucle, radius/) and centie at rssafi**, i e (a cos a, a sin a) 
(Fig 405) 

The contribution fioin integiatmg along the r axis is 


-•^dv ^i_2aicosa + a^^^ ’ 


i-oB t^-Saicoba+a'*^’ 
and putting - a? foi ? in the fiibfc integial, 

r 

‘/o 




— ,c?t + 


lo z^-2azco'^a+a^ 

Round the infinite semicircle we have 
RPeV9 


'o cosa + a^ 


dx 


lo 72 -< 2a /?e‘® cos a + a' ^ 


which vanishes, since p < 1 

Foi the infinitesimal cii cle pu t * = rte‘» q. The i esul t is, by A 1 1 1286 


27rt' 




ae‘“’+p6‘''-ae 
ind p being infinitesimal, this becomes 


27ri- 




a(6“’-e“‘*) sin a 
ind since the integral round the outer contour is equal to that round 
^he inner in the same sense, 

r -t ^ -~2 — a — 

Iq — 2aA cos a + Jo i^4'2(iJtcosa4-a^ sin a 

ind equating leal and imaginaiv parts. 


vPdx 


ampTrj^ a:^+2aa;cosaH-a® sin a 
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(4) The integration round the small circle gives 

^(ib) ^-ab 

sinhth’ ^ ® 

and the integiation lound the outer contour is equal to that lound the 
small circle in the same sense Hence 


/ -00 cosh V — cos 6 J—ct 


e*^*dar ^ 2<ir 
cosh cosh sinh 




cosET-coa? 


coshai+cosh 


•' '‘-L. 


sinar , 

— r jda:, 

, cosh /P- cos 6 ' 


cosh cos 6 




and therefore and / 2 +e "*/ 2'=0 

AlsOj if we wiite w— 6 for b, the accented and unaccented letters are 
in tei changed Hence 

and /,'+e-«22=0 , 

and solving these four equations, 


) cosh a? - cos h 




2ir 8inhg(7r~h) 


" sin b Binh air 
2ir sinh ab 
'smh sinhaTT* 


^ j -00 cosh ^+ cosh smh SinhaTT J 

and I 2 = 1^=0, as is indeed obvious befoiehand, since, 111 integrating fioiu 
- 00 to X elements of the integrands for which r only differs in sign cancel 
each othei 

Obviously other results may be deduced fioni these by vaiious selections 
of a and h, combined with addition 01 subtraction of the results 
For instance, in the formulae for Ii and //, the integrands ate not 
affected if the sign of x be changed, so that 

cosgr j TT 8inha(Tr"h) 


r* cosgr TT 

Jq cosh a? - cos h *sin h 
r* cosar TT 

Jo cosh 57+ cos i "“sm i 

Changing h to ^ - h in (3) and (4), 


"sinh SinhaTT 
TT sinh ah 


roo sinha(?+h) 

r” cosar TT \2 / 

'0 cosh t - sin h ™ cosh sinh air ’ 

roo sinh af~-h) 

cosao? , TT \2 / 


Iq cosh 57+ sm h ""cosh 
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The fouith vanishes, since it is ultimately 

e<“~UCR+*v)Kjy a<;i 

The fifth mtegial =J~°‘ 

The sixth integial ultimately vanishes when It inci eases without hunt 



„df +tTr=0 


r-o gffa oo 

Thus Prill Val of / ifi4-(cott a 7 r+t sin c/tt) / 

/-ooi^^ Voo l+e* 

r-o ^ax 

Hence / dv^w cosec aTr, 

and the Principal Value of 

/ -efi=7rcot flSTT 

'-ao 1 -e"* 

Tina result is, however, only a tiansfoimation of that of Ait 1306 

1 317 Effect of Pole-Clusters within a Contour 

If several poles, say n, be clustered together at one point of 
the «-plane, the point is said to be a polo of multiplicity ti, oi 
to possess polaiity oi the ordei at the point z=a 

It IS useful to note that in applying the theoieiu 

J (»-a)» 


to the case in which 

ws/(z)= 


27rx 


"(2f— a)” {z—ay* 
where is a positive integer, we have and all its 

differential coefficients with regaid to 3 ? are zeio 
f dz 

j round the multiple pole 0 =a is zero for all 

positive integral values oi n except 7i=l, and when 7i = l wo 


have 


f dz 
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It follows that if be of the foim 

0(f) 

(z—ay{p—by{z^cy 

where ^{z) does not contain aaiy of the factors 0 — rr, »— ?>, 
z—c, , but IS lational and algebiaic, theie is polarity of 
Older p, q, 7 , etc, at the respective points z^a, z=h, z=ti^ etc, 
and in putting w into partial fractions to prepare foi integia- 
tion lound closed infinitesimal contoiiis suriounding those poles 
it will only be necessary to retain those paitial li actions m 
which z— a, z—b, etc, occur to the fiist power 
And supposing that the result of putting into partial 
fractions is 

A' '“ff 

then, in integrating round any closed contour which encloses 
all these critical points and no others, 

|wda=27n(4+B+(7+ ) 

1318 Moreover, when the numerator of w, supposed rational 
and algebraic, is of degiee in z at least two lower than the 
degree of the denominator, A-^B+G-i =0 (Art 149), and 

therefore in such cases j* wdz=0, however many critical points 

may be enclosed within the contour, and whatever the degree 
of their polarity, provided the contour of integration contains 
all the poles 

It IS worth notice that if 

t)e the zeros, of multiplicity p, r, etc, 
and Oj', dg', ttg', be the poles, of multiplicity j?/, j/, r/, etc, 
of a function f{z\ so that 




V 



/> 


we have 
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whence, it <j>{e) be any other function of z which has none of 
the factors z—(iy', z—a^, etc, then 

dz==[2p4>{ai)—'Sp'<f>{a{)], 

the mtegial being taken round a contour which contains all 
the poles without passing thiough any o'f them , 

or if ,p(z) be unity, dz={'Zp—'Zp') 

1319 If, for instance, 

f{z)={z-aiy(z-a^i{z—a^^ , 

/(g)_ P , q , ^ l_ 

f{z) z—a^ ’ 

and if we integrate lound any contour which contains some 
01 all of the roots, 

for all the roots within the contour 

=P+3+ 

=the number ot roots within the contour, 
counting each root as many times over as it occurs in /( 2 ;) 


1320 Again, if in integrating round the perimetei of a closed 
curve which possesses no bingulanties and lies entirely in a 
region of the jz-plane in which 'lo is a synectic function, then if 
\i) be constant along the boundary of this curve it is constant 
for all points lying in the region thus bounded , tor if be 
any point of this bounded region, then if /(f) be the value 
of w at the point f, tlien 

where « is a point on the boundary, and if /( 2 !)=con 8 t =-4, 
say, at all points of the boundaiy. 


for f IB a pole of the function 
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Hence, for all points f which lie within the boundary, the 
function w=f{^) has the same value as when f lies on the 
boundary 


1321 Further, if we aie given the value of w at all points of 
the contour of a region within which w is to be assumed synectic, 


the equation 



may be used to find the value of /(f) at all points within the 
contoui For if f{z) takes the form x(2) at the boundary, the 
value of /(f) foi a point within the boundaiy is 


1 

2xz 



1322 Ex Supposing that at all pointb of the circular contour a 
ceitain function known to be synectic within the circle takes the value 
cos 3$ - a* cos ^+i(8in 36 sin 6\ what is the function ? 

Putting this into the foim and wilting 



ie‘^ dO 




=2^f(f*-a*)logl . 


and logl being log where A. is an integei, we have /(«)=A.f (f *—«*), 
wheie the pioper integral value of A is to be chosen, and putting 
f=e‘® we have the contoui value A(e®‘®-aV®) Hence A=1 and 
/(«)=«(«*- a*) for any point z within the contour r=l 


1323 (1) Consider — ^ n heing greater than 0 and less than 1, and a 
real and pos%hve 

Heie theie is a pole at js=0 We niav avoid this pole by taking a 
contoui consisting of the poition of the r-axis fiom to a 

quadiant with centre at the oiigm and radius B , the portion of the y-axis 
from y=B toy=p, and a quadiant with centie at the origin and radius 
p And we shall choose to be oo and p to be infinitesimal Then to is 
synectic in the region thus bounded, and we have 


/» 6*®®*** f'e-®* J f® e*®'**' 
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Ine second integial contains tiie factoi — , in winch sin 0 is 
positive, and vanishes when jB i% infinite 
The fouith integial vanishes when p is inhnitesiuial since 7i<] 

Hence, proceeding to the limit jB=oo and p = 0, 

rto ^lox /.» ff-ay . JO 


r 

Jo 


cosai + tsiiiai, 


[^cos(l-n)|’+t sin (!-■») ^ 




1 


r(n) SIIIWTT 2r{n)a^~n ~~ 

cos 

wtt 2 

cos-^ ^ 

2 1 TT TT j 


'(n) ain?i7r 2r(»i)a^” ^ 


sin — 


giving the well known integials of Fiesnel (Ait 1166) 

1324 (2) Consider vj-rrr^i^n^r 

Here theie aie poles of the n+ !**» oidei at z=Lb and at z= — 16 
Taking the con torn to be the infinite semicuclo, the i-axis, and the 
small ciicle about z^ib and ladius p, aa befoie, we h ive 

wheie (27i) 

le 1 ^ (2w>)» 1 

^ ^ ^ n» (2t6)*«+i“'t (7i)» 

/{?+6*)n4i“(2^q3 lound the multiple pole t6 

The integiatxon along the a, axis is oi 2 

Round the infinite semicnole we have T — which obviously 

vanishes if iJ be made infinite '® 

Hence f" di_ . w (2n)i 

^ (l.‘'+fr‘)»+l-(2fi)*n+l («l)« 

The result is leadily veiified by putting ? = 6 tan d, when the integial 
becomes 

ir 

ifin+x COS*” $ dO 

1325 Instead of using the foiniula | as above, 

we might follow the method of Ait 1317, and put . i - 

(a («+/&)**+! 

into Paitial fractions so fai as is lequiied to find the Paitial fiaction of 
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the form j— ^ We then proceed thus (Ait 144) put We 

then have 

'"' (-■K&r* ]■ 


_1 1 (2n)» 

r (26)^1 

and the value lequired is A ^iri, t e round the multiple pole at 2 =t& the 

^ , Stt ( 2 w)> , ^ 

integral is as before 

^taz 

1326 Conndei a real arid positvoe 

Thereispolaiity of the (/2 + l)«‘ older at the points z= ±t6 
Take the contour as befoie, viz an infinite semicircle centied at the 
oiigin, the X axis and an infinitesimal circle round ih 

n(»-l)(ft-2) <‘”(7H-l)(n+2)( «+3) , „.(n+l)(«+2) (2n) 

12 3 ^ ^ (z+i6)*H-* (z+46)a«+i 

And since J ^ lound a multiple pole of the oidei, 

27ri 

= -j^fW(a), we have, putting i6 foi a, 

_ 2ira~** r a" . (n+l)n a«-> , (»i+2)(»+l)n(»-l) «"-> . 
n< L(2J)*+'*'*' 1 (26)"+»''’ 2' (26)»+*'^ 

. (2»»)' 1 1 
ml (26)»»+iJ 


Bound the outer contour we have 
[0 6 *®* , f" e*«* 

J-. Wo (5^+^)^ 




gUiJi(oofle+t8me) 

(6»+jR>^) 




Putting — j; foi X m the first and combining the lesult with the second, 
. o /* cos ax 

re get 2J^ (Si+^)n+i^*^ third integral vanishes as the integrand 
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contains the foctoi which vanishes when /i=», sin ^ never 

becoming negative Hence we obtain 

/" COSO® j_ w «““* f/n.M- 1 

Jo (5J+5^‘*'=;nppWU2«*)"+-T>^‘2ci6) 

which agrees with the result of Ait 1067, wiitmg n for n+l m the 
present lesult 

1327 Consider the case whete h ts a tompltx constant 

s a—ift, tn nhich a is positive^ h positive and not both zeto, mid 1 > 74 > 0 
Since fKl, there IS a pole at the origin Writing a*®, wheie 

)8i 8 we have which cannot 

become inhmte, except at s=0, unless coa(0 — 13) be negative, te 
or <^-^, m which case an infinite value of r would make w 

infinite 

We shall avoid these poles if we take a contour consisting of a sectoxial 
area bounded by ^=0, ^=a(<ir/2) and by arcs » =/fi, where Iti is 

infinitely large and fZj infinitesimally small The tegiou thus bounded 
18 such that w is synectic within it, and we have 

+ jf ae 

•fill a 



The second «ind fouith integrals contribute nothing, fox m the second 
the integiand contains the factor which vanishes when 

Ai IS infinite, since we are supposing a<ir/2, and therefore, 0 being 
< 0 , 0--P<irl%t and m the fourth, the integiand contains the faotox 
which vanishes when is infinitesimally small 
Hence, proceeding to the limit when /Zj -► ao , ^ 2 "^ we have 

Ja Ja 


(1) 
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If now we cLoose the angle of the sectoi, a, to be ;8 , 2 « tan“* , we 
ha^e “ 

J* wheie p^\/c?+P, 

“ , p being real, 

ze r rti-ig-(a-i&)r^y^ r W 

j, (a-ih)^' 

which shows that the theoiem j ^ 

constant fc=a-t6as well as for a leal one, a being positive (see Ait 1159) 
Also r i“-ifl-®®cos 6^ di cos(^?i tan“i 

f 5j;dr= — OZ?;) — sin/"?! tan“' 

° (aa+62)5 

1328 Equation (1) of the pievious aiticle gives 

J* l ^ j“ g-(acos a+6 un a)a;gi{na~jc(a am a-6 cos a)}^ 

whence 

jT A"“i«”^*°®^*+^®“®')*cos{wa-r(abin a-6oosa)}ifi= cob bidi 

and jT t*->«-(‘'““*+»’™*>*sin{wo-t(asina-6coso)}d?=j^'’i»-i« “sinHti®, 
and therefore taking the case when 5=^0, 

5;"”^e““®°°®‘^co8(na-aa7 8in a)(?r= ^ 

^ » sin (wtt - err sin a)d 7 = 0 


If we multiply by cos na and sin na and add, ^ 
and by sin 7ia and cos na and subtract, j 


we obtain 


f 


«n— i^-orcosa 


^ * Sin (gw: sin a)rZr = sm na 


a" 

r( 20 . 


cos (ar sm a)rZr=^^^p cos na, 


1 


[Cf Biiot and Bouquet] 
If 7 be any othei angle, we have upon multiplication by cosy, smy 
and subtracting, and by smy, cosy and addmg, 

J!^‘«~‘“®“'‘cos(aarsino+y)(fa;=?^cos(na+7),'| 

^ ®'°"*8in(aiBina+y)dit-^^^8in(«o+'y)J 

(o<ir/2, 1>«>0, «+") 
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PROBLEMS 



(i) via, the blanch w^slz—\ by any path which does not enciicle 
the branch-point at 1 , 

(u) vw, a path starting with the same branch and encircling the 
branch-point once 


2 Find the values oi 


f sin z j f sin z j f sin « , 


taken round a small circle whose centre is at « = a 


3 Find the values of 

taken round a small ciicle whose centre is at 2 ; = a 

f dz 

4 Show that the values of the integral J 2){z-iy 

round the circles | j? | « 1, ] 2 1 = 3, | « | * 5, are respectively 
0, - TTi and 0 

(* dz 

5 Show that the values of the integral J 

taken lound the circles ] 2 ] * 1, | « | = 3, 1 2 | = 5, | « [ = 7, are respectively 


cs ^ ZJH 

4» 4 » 


, f z^dz 

b Show that the values of the integial J )y^g _; ' 4 ^ ’ (g U 

taken round the circles | » | = L | « | - 3, 1 2 1 « 5, 1 2 1 = 7, are respectively 
0, TTi, — 7iri, 27rt 


f dz 

7 Show that the value of the integral j ^ 2 ™ 2^ + 2 * ioun<l 

a contour consisting of the raxis, the y-axis and the aic of the 
circle | 2 1 » 2, which lies 111 the fiist quadrant, is tt 

J z^dz 

i y 4( i8": iJ ' fy taken 

round a contour consisting of a semicircle of radius gi cater than 
unity, with centre at the ongin and its diameter the y-axis and 

TTL 

lying towards the positive side of the icaxis, is and the 
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same integial, taken round the entire circumference of the circle 
+ ys ^ Qa; ^ 0, IS ^ Show also that the same integral, taken round 
the rectangle bounded by a;= 0, a:* 0 75, y = ± 1, is - -y 

f dz 

9 Show that the integral J ^^ 3 — round a contour 

which consists of the y-axis and that pait of any semicircle | | > 1, 
which lies on the positive side of the y-axis, is - 

[Forsyth, 2% Funct , p 42 ] 

r 

10 If y and q be positive integers, show by integrating j 

round the penmetei of a semicircle of radius a (supposed > 1), 
having its diameter coincident with the axis of x and its centre at 
the origin, that 


r a2i>+lg(2i)+l)i® 

I ~TT€M^^ 


and deduce that if 1 > a > 0, 


Jo 


ip+1 


[Math Trip , 1887 ] 


1 1 When IS a function said to have a pole % Distinguish between 
a pole and an essential singularity, show that a function which is 
everywhere regular is a constant 

From consideration of the integral wheie a, and h 

are real positive quantities, taken round a suitable boundary, show 
tliah r cos a; , f” ervydy wcosa 

Jo Jo + + 4a^2“ ^^6 » 


Jo (x-ay^ ¥ 
f ” sin X 
Jo (1! ‘ 


P g~y(a^ + - y*) dy w sin a, 

J 0 “ lyy + 4a^y® he^ ’ 


Jo('»-a)'* + ^ Jo (fl2 + &2-y2)2 + 4 eiJy 2 

pcs, 1908] 

12 Determine a function which shall be regular within the circle 
1 2 ? 1 = 1, and shall have at the circumference of this circle the value 

l)cos ^ + t(a2.f i)sin ^ 
a*-2a2cos2d+l * 

where a®> 1, 6 denoting the vectonal angle [ICS, 1909 ] 

13 Establish by contour integration the result 

f”® IB® daj TT 


h being positive 


[ICS, 1910 ] 
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14 By considenng the contour integral 

round a rectangle of infinite length (a?a -oo to +oo), and finite 
breadth (y = 0 to v) with a small semicircle excluding the ongin, 

prove that f" _ 

1 cosec Tre 

J-oo l+e* [I 0 g, 1903] 

15 If a, 5 be two quantities each of the form a + ySt, explam the 
meaning of the mtogiation | <t>(z)dZy and point out m what cases 

the value of the integral is dependent on the path chosen between 
the limits [gx John*s Coll , 1881 ] 

16 Prove that, a being positive, 

J ^2a»(5os^^•2d^ = I sin (a'2 - (^2^ ^ 

J* ^-2«»sinaj2ife;=-:| coB{a'^-a^)da' 

[Smith’s Prite, 1876 ] 

17 Evaluate the integral taken round the unit circle 

in the counter-clockwise sense, where a is any real number other 
than ± 1 [Math Trip , Pt II , 1920 ] 

18 Evaluate the integral taken round the unit 

circle in the counter-clockwise sense, where a is any real number 
other than ± 1, and the loganthm has its pnnoipal value 

[Math Trip , Pt II , 1920 ] 


19 Explain what is meant by a period of an integral of a 
function, and investigate the periods of the integrals 

Jrfe’ 

[Math Trip , Pt II , 1913 ] 

20 Show, by contour integration round an infimte semicircle and 
its diameter, that 

_T f” x^dx 

f** x^dx 4ir TT f* _4ir^^2?r 

Jo^+sp+ 1“T®“9’ Joa*-a!+l" 3 9 
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21 Discuss, by contour integration round an infinite semicircle 

P (JLz 

and its diameter, - 5 --= =■, where p lies between ± 1 and 

o<«<. 

r? n- 1 

22 Prove that J logcos^d^^^^log^, by consideration of the 

integral J log ^ taken round a suitable contour 

23 By consideration of the integration J er~^ ^ dz round the peri- 
meter of an infinite rectangle of breadth Z»/a®, establish Laplace’s 
integral of Art 1041, a being real 

24 By consideration of J dz round an inlinite rectangle of 
breadth J, a bemg real and positive, prove that 

L cos {ia^3c{a? - b^)} dz = ^ r(J) 


Jo 

25 By integration of J 




round an infinite quadrant, where 


a and Jc are real and positive, show that 

f* cos J w i / , 

r <?!B=^«-*«(siii Jca - cos ka) 
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ELLIPTIC INTEGRALS AND FUNCTIONS 


1329 Tlie Legendnan Standa.rd Integrals and the Jacobian 
Functions 

In proceeding to the further consideration of the Jacobian 
Elliptic Functions sni^, cnu, dni6 already introduced in 
Chapter XI , we shall adopt the same order of discussion as 
that followed in the desciiption of the ordinary circular 
functions and of their inverses in Tiigonometry , viz 

(1) The nature of their Peiiodicity , (2) The establishment 
of their Addition Formulae, (^) The examination of formulae 
arising therefrom 

We have defined sn(i4, h) as the value of z, which makes 




dz 


, whore A < 1, and cn(«, h), dn(tt, k) are 


oV(l-z®)(l-A:*z*) 
defined as Vl— and s/I— /(;*z* respectively 


1330 Periodicity of the Extended Circular Functions 

Let w examine first the simpler integral the function 

sintt being considered as not hitheito known, but now defined by the 
equation 2 =seiQt«, so that the inverse function sin”"^« is and 

z is not restricted to real values, but may be a complex variable 

1331 If we write tu is a two-bianched function, its two 

branches being and Wi= and individually charac- 

terised as assuming the respective values 4-1 and — 1 at the origin 
The branch-points aie at z=l and at z= — 1 These points are also 
poles of the function There are no other smgulanties 

483 
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The region between an infinite circle whose centre is the origin O, and 
a double loop enclosing the two branch-points, is synectic, and the infinite 
Glide is therefore deformable into and leconalable with the double loop 

Hence, consideiing either branch, say Jw^dz taken round the infinite 

circle lias the same value as Jwidz taken m the same sense round the 
double loop 



lig 418 


Now round the infinite circle, along which we may put z=Be^ and 
dz/z-idS, where JR is infinite, we have 


I Widx=j ;j=^= 7 / 7 . 1*1 l>«u»g very laige, 

0 

Hence J dz, taken round the double loop, is also=2w 
Agam, in integrating round an infinitesimal circle whose centre is at 
the branch-point a=l, put 

Then f «.&= r -4^=0. 

when r is indefinitely diminished Similaily the integral round the 
infinitesimal circle with centre at — 1 also vanishes 
Hence the integial for the loop round a=>l is in the limit 

w^dz+j^ Widz-^J^ Widz, 

where w^dz indicates the integration for the circuit round a=l , and 

vfi has changed into tua after performing the circuit once (Fig 419) , and 
since 102 = this reduces to 
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SimUarly, the value of the integral jwiiztor the loop round *= - 1 w 
=i v>idz, 

where o' refers to the circuit of the infinitesimal circle round 
vanishes Hence, for this loop, we have 

f ioidz+f ti^d2J=2 f tgidg=2 f ^ ^ 

•'O Jq Jo Jq •Jl—z* 


- -1 - 
W. ir. and 


Thus ,2ii+L^=0 

and Zpi- L^i= integral for the ^hole loop=2ir 


E 

’2’ 


the direction of travel in each case being the “positive” direction as 
defined earlier 




Fig 419 Fig 420 


Now, if one of the bianch points, say »=], be encircled twice, the path 
starting from the origin and returning to it after t\^o encirclmgs, may be 
deformed into two loops lound the point, and the integral, leaving out 
the integrals for the two infinitesimal circuits about the branch point, 

which vanish, is iOidz+ to^dz+j^ Wtdz+ Widz, which is zero, 

and Wi has changed to lOj and back to Wx in the double circuit, t e to its 
original value at the origin 

Thus, for a loop with an even number of ciicuits round one pole, we 
have a zero contribution with no aggregate change of brandi, but for a 
loop with an odd numbei of circuits round one pole, the equivalent is 

obviously a single loop, =2 | Widz^w, accompanied by a change of 
Jq 

branch fiora lOi to v)% on arriving back at the ongin 
The same thing happens for several encirclements of *= - 1, starting 

from the origin with value Wi, except that foi an odd number we have 

r i 

ici da= -TT , and Wi has become or toi according as 
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o 


there have been an odd or an eom number of encirclings of the branch 
point 

When hoik branch-points are encircled n times in the positive diiection, 
the integral will be n SLir with no change of biauch, oi if the pau be 
g encizcled p times m the 

positive direction and g 
Q times in the negative direc- 

tion, the contnbution will 
be (^'-g')27r=2» tt, wheie 
n IS the excess of the 
number of positive encii ele- 
ments over the number of 
negative ones And such 
an encii cling ot both points 
will result in Wx being 
restored as the final bianch 
of the function when z has 
returned to the starting 
point 

Now any path from 0 
to z IS leconcilable with a 
lineai diiect path, togethei 
with such loops as have 
been described above or 
some combination of them 

And if J Wxdz along the 

straight path be called 
the contnbution to the 
total integral from 0 to % 
by any other path defoim 
able into the straight line 
OP with a system of loops 
will be or -Wo, ac 
coiding as z, after having 
desciibed its loop system 
and before commencing the 
portion OP, has returned 
to the origin with a value Wi or a value vij, for the function, and the 
total foi any path will be iio or -t£o, as the case may be, together 
with whatevei may accrue from the seveial encirclings of the branch- 
points 



Fig 421 


Thus the total values of the integral j toids aie 

(1) for the direct path alone, / , 

Jo 
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(2; for an odd number of circuits of one 1 
loop + a diiect path, J 

(3) for an even nnmhei of encirclements ] 

of one bianch-pomt + a direct 

path, J 

(4) for n encirclements of both branch 

points 4- a direct path, 

(5) for n complete encirclements of both ' 

hranch-pomts combined with an 
odd numbei of encirdements of 
one of them -h a direct path, 

(6) f oi n complete encirclements of both 

branch-points with an even num- 
ber of enarcleraents of one + a 
direct path, ^ 

and seeing that Lt - L^\ would be replaced by if the description 

were in the opposite direction, these results are all of one or other of the 
forms 2p7r-|-i«o or (2jp-4-l)7r-Mo, + 


=Ira-tto 

=Xtj.-1£0» 

=« 0 , 


= a (Xfi — TLi) + Xi “ 1*0 
or =?i(Iri-XL.i)H-X_i-tt^, 


»a(Xi-X^)-Ht*o , 


p being some integer positive oi negative 

rt ^ 

If then, m the equation u^l -7==^, we express z as it 

JO vl— 

appears that as all these paths lead finally to the same point z, we must 
have ^ (tt) the same for all the paths 

and the general solution of the equation is t*=pir-l-(- 1)***® 

This IS the ordmary result of tngonometiy, and for areal variable it is 
a well-known theorem that sin s* sin {pr +( — !)**»} 


1332 Diet us next put enquire which of the above 

values of u lead to the same value of 



Clearly the function Jl -z^ has the same \alue at P', (-«), as it has 
at P, (z) (Fig 422) 

Henccy besides the various paths which lead from 0 to i* must be 
considered those which lead fiom 0 to F A.nd it is not all the paths 
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wlufh hfivf* fonnitifi » mI fium t* I** /* it ii i\ 

whuh aUo je»tt*rf tltt vtifuff of \l Fi*i 4 »l* •»»!♦>* »* oi * 1 • »l»i 

nuiulmr (if toct|M^ 4 ' ha • iHVitnu \1 » llti-*' ii» < ? 

aui\« at P <»r at P* with th(' \rtluii ♦ s I »** « lu itiil » ii>o n»' « ♦ * 
of <l^Ht upturn of ail *vi*ii iiiniihn of aiorh* h >p> , *1 ' * <1 « 1*5*’ < rp 
any ttuuilM*r of timoi will u tioio do \al*M' * ^ i * 

Wo tlutiofttio Imvo tint folt4twiti|,t iaM»»i 
( 1 ) foi A (huMt pith ftom fMo 
i^) (fit AthiiHt {Hith ftom Oto /\ 

I s'l ^'<is I v'i *'</*» Wrt. 

Jfi ’ll 

(• 1 ) foi an ovon ituittU'i of toojoi uiuim) oithoi liiatoh ih'ihI | 
t a<liu»(‘t {Hith OPt I **'• 

(t) fot an ovon initnlH*i of tottpi toiiin! mthor Itiaiuh tuf } 
f |Mith OPt i 

(fi) for any utimhor of (louhlt loop* I ihui f )*iiih oP, •> 4 

(it) for any nuiiili#*! of ilonUh* t(H»p« | tliiMt pith «ii. 

(7) for any nuiutH*r of (hinltto ItHipi | k 4 »n okitohri **f \ ,, 

HuiKln loojw I a 411101*1 pUh I ' 

(H) fot an) tmniliot of itonhlr loo|r* t ati\ tiou n imiUi * M «« 
mtiKh* h»«t|M f adiKit jwfh I * 

Ilrnoa it Ap{M*u*4 that (ho utlttot of ^ aht*h had to iho ^uo» laho of 
** ar(« oxa( ( 1 ) (*ompuuH| m itnd # ^pi t id U% n ^ ^ 

if sM (hon xd**^*^ *•»»♦ 

ami th« gintrial Hohitton o! tin* npiatioti xtn) ^ * **^ 

Thtin, (lofimnx rortii uh i \'l , whitr u f , wn hatr 

' I \ I I 

(oKii (tia( ^/iir 1 tfh aiul (ho nolitfton ttf loiti t**' 114 r m * m*, 
whtrh foi rml vahtouof 14 r tho woll liiowti tnffoiM imitic il 


193th Kut(hok| in tho «*« a* wh«n on iho wholi an fM nmol «i * f 
liMipH hav« Iwon clcKtihoil, > I J hu oii (ho uintn •*(?(. tio Hi.ion 
Womo ~n/ 1 ami iiIouk tho (lii«*it |Mlh U* P haw* 

^ iif 

. .i - "*■ 

ami along tho (hm*t ]M(h to /*' wo haso 

/ ^ tlf 


So that on tho wliolo wo Iwu*, fut thi iloiiMit * f ini an ihM 

numhoi of Mingto h*op», f ir . foi tho imai pith ffi* ut f*P, «« >fuinir 
tho gmiotal vhUio of n an (»hi ♦ l)a n w# i r pJX 4 Ur * XioI flo *0 
viilurti will gtvo .r'^at IhofintI piantifiri, I a x(ii( xh M 1 1 1 u). 
wlnoh in tho oanto itn tho toitrt|»onihng to«mli ut fu^mi ttoMt^. itf, 
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U34 From the integial it is also dwecrty ohnous by 

expansion and integration that u is an odd function of *, m which the 
first term of the expansion in powers of s is *, and, therefore by 
revel Sion of senes, that * is an odd function of u, m which the first term 
of the expansion in poweis of « is it Hence it appeals, from this 
consideiation also, that if z= 4 >{u), then And further, 

since 18 an even function of u, we have )^(ii)=x(-tt) Aia» 

Ta * 1 sm« , 

htusaOJ" ’-If % 6 = 1 

u 


1335 Periodicity of the Elliptic Fanctioiis 
We now turn to the consideration on similar imaB of 
f* dz 

“ JoN/(T:2»)(l-jk»c*)’ 

where is a real quantity < 1 This may also he wntten as 

Jo«/l— &*sin*0’ 


u= 


and 


p dz 


where 2;=8m0 
Let g'-P , 

JoV(l-z®)(l-A:*i?*) 

wheie 

The function defined by 
IS a two-branched function, viz 

havmg four branch-points A, B, G, D, viz 

symmetrically situated about the origin on the cc-axis 
Let P be the point z 

P 


"c D o B 

Fig 423 

There are no branch-points other than A, B, (7, D (Art 1296) 
These brancli-points are also poles of the function, and there 
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are no other singularities of any kind We shall first consider 
1 

the integration 1 - j- f the path of the integra- 

tion being Jo>/(l-; 2 ^)(l-/cV) 


(1) along the as-axis from aj=0 to x=^\—p, viz 0 to i in 
Fig 424, 






Fig 424 


(2) round the small semicircle LMN^ centre at z=l and 
radius p , 

(3) along the cc-axis from cB=l-l-p to r— p, viz NR in the 

figure, ^ 

(4) along a quadrantal arc, centre at z=\ and radius p, 

VIZ R8 ^ 

In this integration which passes the point B, where 25 — 1 , 
the sign of 1— z changes at B and the integrand becomes 
imaginary We have then to examine the behaviour of the 
factor •Jl—z as we pass round the semicircle LMN^ but do 
not complete the circuit, about the branch-point Put 

z=l-fpe‘® 

Then Vl— z=\/— pe‘®, and in passing round the semicircle 
LMN above B, 6 decreases from 0=7r to 0=0, and Jl—z 
changes from the value J —pe^^ at X to the value J — pe‘® at 

N , that IS, its value has been multiplied by e”2' or —l in 
passing round the semicircle 

Therefore becomes in passing over B 

If we pass v/ndei B, we have a change in Vl — z from the 
value >/— pe*-^ at X to the value \/ — pe^^"" at N, and therefore 

the value at X would be multiplied by in passing to N , 
that IS, would become 

Since the value of Vl— z at X may be written as Vp, where 
p IS 1—05, 05 being the abscissa of X, it becomes — /\/p at N, 
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wheie p=x—\, x being now the abscissa of N, and along 
NR there is no further change of amplitude Hence 
From 0 to L ^/l— 2 ;=n/ 1 — a?, x increasing from 0 to 1 — p 

From LtoN] , , ^ ^ 

round LMN J 6 decreasing from x to 0 

From N to A Jl—z== — i\/x—lf x incieasing from 1 +p to ^ 

The factoi s/l—kz=\/l—kx fiom 0 to ii But A being in 
this case a braaich-pomt, we take a quadrantal aic with centre 
A and small radius p, avoiding the branch-point 

Put2=y-f Thens/l— ^ 2 =^/--^pe‘^ln whichfldecieases 

Jo 

from 0=x to We thus have as the contributions 

from OL, LMN, NR and RS respectively, 

dx P d6 

Jo 1 — a;®) (I — J5^ * J IT n/— pe**(2 -f- pe‘®) [1 — /c^ ( 1 + pg*®)®] 

ipe^^dO 

-JW=m=K:') “ 

and when p is indefinitely small the second and fouith vanish 
and the first is ultimately K Transfoim the thud by wilting 
k^x^ + lc'^x'^—1 , whence 


, 1 k'H'di' , IT 

t:7i=rv “■* -^-V- 


-77^ 


k' 




A 


Hence the third becomes ultimately 

p dx _ f®/ k'H'dx' k 1 

„ dx/ _ 


that is. 


^ 


=K-t-iK.\ ma a path above B, 


and =K^iK\ via a path below B 

It follows that sn(Z-|-iiL')=^ 
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New, noting that ^ is the value of » when x'—O, and that 


Ja^— l=^^/l — a>'^ we have 


r~r k' 

‘Vi-p=p 


^e 


fr~T ikf 

Vl-p=“T’ 


cn(JC+/ir')=-X’ al8odn(Jr+iN')=-^l-Ai*p=0 

1336 Bememhenng that when 

f* d6 _f* ^ 


K 


=l; 


de 






-fc^sin^e Jo^/(l-.a.2)(l-A:*a^y 
and a3=sm0=snu, also observing that 05=0 gives u=0, 
we have sn0=0, whence cn0=l anddn0==l, also sn£=l, 
whence cnZ=0 and dn E=»^l—k^=k' 

1337 Again, if we write — d for 9, 


r de _ de 
Jo^l— Jo n/1— 


16= 


de 

^ jo ^/l— ^*sln®0 

Therefore --0=am(— -u), sn(— it)=— sin 0=— snu, 
also cn (— i6)=cn i6 , and dn (~u)=dn it 

1338 It also appears directly from the integral 

^ 

by expansion, that it is an odd function of z whose first term 
IS Zy and therefore, by reversion of senes, that z is an odd 
function of it, the first term of the expansion being it, and 

therefore also that £^*0 =1 

It 

Also that, since cnlt=^/l—sn®lt and dnit=N/l— fc^sn^it, 
cn It and dn it are both even functions of z (=sn it), the first 
terms of the expansions being in each case unity These 
facts also show that 

sn (— it)=— sn It, cn (— it)=cn it, dn (— it)=dn it, 
as seen before 
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1339 The Elliptic Functions of 0, K, K+lK' Collected 
Results 

We thus have 

sn0=0, cn0=l, dn0=l, 

8nZ=l, cnZ— 0, dnK=lcf, 

sn(Z+,Z')=jE. <sa(K+tK')=-^. dn{K+iK')=0 

1340 Generta Values 

We shall now consider the variety of values of u which will 
accrue from the integral 

p dz 

in integrating from the origin to the point P, viz z, along the 
different paths which may occur, as was done m Art 1331, for 

Jon/1— 25® 

There are four branch-points A, B, C, 2), and four loops 
and it has been seen m Art 1294 that for such a system any 



path startmg from 0 and terminating at P is defofmable into 
and reconcilable with 

(1) a straight line from 0 to P 

or (2) a stiaight-hne path from 0 to P, together with a com- 
bination of loops, 

and that in any system of loops about four branch-points 
there are two and only two groups which give different values 
to the integral taken from 0 to P, viz 

(i) those which consist of the mtegrations for sets of double loops 4 a 
direct path 

or (ii) those which consist of the integrations for sets of double loops 4 a 
single loop 4 a direct path 
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Moreover, resuming the notation of Art 1292, any two of 
the BIX possible double-loop systems may be selected as inde- 
pendent This time we shall take these two double-loop systems 
as {AB) and (-BjD), and (B) a>s the piincipal single loop, and 
remembering that after every travel round a loop the blanches 
of the function interchange, we have 
u=^X(AB)+^(BD)+Uo or 

as the only possible forms of the result, where Wq denotes, as 
before, integration along the straight-line path OB staiting 
with the branch WlJ^e the same branch with which the whole 
integration was started from 0 
1 

Now {A)=f^^w, dai-l- J w?! where J dz refers 

k 

to the mtegration round an mfmitesimal ciicle with centre 
at A, which vanishes , 

1 

(A)=2p w^dz^^K±lK% 

the + or the — according as we pass over or under B m 
arnving at A , 

(5)=2r w^dz^2E, 

Jo 

_1 1 

(C7)=2f 

•'O Jo 

(i))=2j^ WicZ2=— 2^ Widz=—2K , 

and (AB)=(A)-{B)==±2iK', [BD)={B)-{D)=4K 
Hence the general values of the integral which accrue are 
u==2\iK'-\-4ijnK+UQ 'I where X, /u, X', ju are 
^ = ^X'lK' + 4/a'X+ 2K — Uq^ J integers 
that IS, ^=2p£Z'-|-2jZ-l-(— 1)%^, where p, q are integers 

If we write «=^(w)=^(«o), it follows that 

^K)= ^ {^piK+2qK+ (- l)«i/,} , 
and takmg q an even integer =2r, 

0 -f 4rZ-f Wo), 

so that 2iK' and 4£. are mdependent periods of this function 
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Conversely, it follows that the geneial solution of the 
equation is w=2j}zX'+2g'fi:+(-l)«Mo. aad <t>(u) is 

the Jacobian function snw 

Hence snvQ=m(2piK'+2qK+{— 1)%^) 
or, which is the same thing, putting (—iyuQ=v, 

sn (2piK'+ 2qK + v) = sn ( — 1)« = ( — 1)« sn v 

As pAiticular cases of this double peiiodicity, 'sie have 
<#>(«) = <#> (4 E: + tA) = <^ (2 JT - m) = (4Z + 2lK' ■\-u)-4>ieK-u)=<j) (2t Jf ' + u) 
= <I>[4 :{K+ lK') + w] = etc 

1*341 Having defined 2 ; as a function of u, ^<p(u), by the 
equation ^ 

let us examine the periodicity of the expressions 

n/ 1 — ^*25® s>/r (w) =y{f (Wq) 

regarded as functions of u 

Let P and P' be the points z and —2 respectively Then, as 
z travels from 0 along any path which terminates either at P 
or at P\ staiting with the respective branches for which 
x(0)=l and >/r(0)=l, we are to arrive at P or at P' with the 



Fig 426 

values +\/l— 2 ® and +n/ 1— respectively And this will 
be efiTected, provided that either no change has occurred in the 
branches of the functions in the paths followed, or provided 
that in either case an even number of such changes have 
occurred Such changes of branch occur 

in xM at each looping of B or of D, but not of A or C , 
in y}r(u) at each looping of A or of C, but not of P or P 
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Hence m the case of x(^) the number of times a smgle loop 
has been foimed about B oi about D must be even, but a double 
loop round B and D may occur any number of times A double 
loop about A and B counts as a single loop about B 
In the case of \[r{u) the number of times a single loop has 
been formed about A or about G must be even, but a double 
loop round A and C may occui any number of times A double 
loop about A and B counts as a single loop about A 
Again, if the integral for the direct hnear path OP be 
denoted as before by Wq, that for OB' is 

p* & — — f* — — / 

Jo V(r-z») (!-**?)“ Jo 

It has been seen that for the variety of paths from 0 to P 
the general value of the integial u is 

(i4B)+At(BD)4-Wo or «i=X'(i4P)+/A'(5^)+ (^) 

It follows that the general value of the integral from 0 to 
P will be expressed by 

X (AB) + ju (BD) — Uo or u=X'(AB) + ju'(Bl)) + ( 5 ) + Uo , 
that IS, for those which terminate at an unspecified one of the 
two points P or P', 

t«~X(i4P)+Ai(-SO)±Vo w=X^(-45)+jw^(P2))+(S)±Wo 
Now amongst those solutions which restore to the mde- 
pendent variable either the value z or the value — some 
amve at P or at P' with the value +n/1— 2 ® and some with 
the value — n/1— 2 * for similarly with the values 

+n/1— or for , and those solutions which 

amve with the values — must be removed 
To do this in the case it is only necessary to 

select those cases in which the number of smgle loopings of 
P or of 2) must be even , that is, X must be even and X' must 
be odd And m the case of ‘i/r(w)=x/l— we must select 
those cases in which the number of smgle loopings of A or of 
G must be even , that is, X and X^ must both be even 
Thus for ^/l— the form of u is 
t^=2»i(2JSL')+/x4Z±i/o or i^={2wi'+l)(2£jK')H-/x'4Z+2Z=ht4Q, 
in which the coefficients of 2iK and 2K are both even or both 
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odd, te m one expression u—p{2iK'+2E)+q4sE±UQy where p 
and q are integers , and for the form of u is 

«= 2m{2iK) + fji^K ±. W 0 or u=^2mH^iK) + ix^K+ 2 JE ±: Wq, 
te, m one expression, +2qKztUQ, where p and q are 

integers 

Thus ^/l — x(«)== 

and sj\ — kH^ {u) = \(r (4tpiK'+ 2qK ± 

The functions 0 , x» ^ are plainly sn, cn and dn respec- 
tively Thus 

sn t?=sn (2piK'+ 2qK+(— l)«u), with periods 2iK\ 4Z, 
cnv=cn(p(2iZ'-l- 2K)+q^K±v), with periods 2iK'+2K, 4iK, ■ 
dn t;=dn (4p£jK'+ 2qK±v), with periods 4 £jK', 2K 

Each function will have returned to its original value when 
the * argument ’ has been increased by any multiple of 4£Z' or 
of 4iK, which are therefore the whole peiiods for the group of 
functions, though mdmduals of the group will each have twice 
performed the whole cycle of their values in these intervals 

1342 We may examine this periodicity of cn u and dn ti from a some- 
what diffeient point of view Defining cni4 as -f ^/l -** and dnu as 
and noting that « = ±1 are the only branch points of 

and ± ^ aie the only branch points of i^l — so that an odd number 

of loopings of jB 01 D would change the bianch of Jl-z\ whilst an odd 
number of loopings of ^ or C would change the branch of ^/l— and 
remembering that 

(^)«2(Z+tZ'), (B)=2K, (C) = ^2{K+i.K'), (D)=-2J:, 
we have cn [«+ (il)] =cn t*, cn [w + (B)] = - cn «, 

and cu [tt+2(Z+tjBr')]=3cntt, and cn(u+2JE)= -cnti, 
whence cn(ti-l-4jSr)= -cn(i*+2jBr)*cntt 

Therefore 2(JSr+(£0 4E aie periods of cni£^ and 
cn [f*-h2A(J5:+ijC0+4/AZ]=cn tt, 
cn [■m-2X(JSr+iZ')-j-2/jiE]= -cn u {/x odd) , 

te cn[t4-H2A.ijC'+2(A.-H/ti)Z]= -cntt (/xoddX 

cn [tt-H2XtjBL'+2(X+/i)^= cut* (/a even) 

Similai ly dn [w + (-4)] = - dn «, dn [« -H (B)] « dn u, 

te dn(t£-H2j8:)=:dnii , and dn[tt+2(jP+t-ffO]= ”4n« , 
whence dn [t* + 4 (jBT + iJP')] = - dn [« 4- 2 (Z + tZ')] = dn tt 

BIO u 2i 
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Fui ther, dn (« + 2t X') = dn (i4 + 2X + 2tX0 = - dn u, 

dn (tt + 4tX') = - dn + 2tX') = dn te, etc , 

%e dn(u+2AX+4/xtZ')=diitt , dn(ttH-2AjSr+2/A6X0 = -dnwif be odd 
We may sum up these lesults concisely thus 

sn {u+2piK'+2qK)^( - 1)« sn ii, ' 
cn{u+2piK'+2qK)=i-iy^cnu, * 
dn(tt+2^wX'+2gX)=:(-l)J>dnM - 

1343 Values of su m, cn m, dn m 

r dO 

•Jl—Wsi^d’ 0=t tan an imaginaiy 

transformation Then coaedd=iB6c*4,cU and cosd^secA 

XI . . r * 


^ isec^<i>d<h 
Jo sec Jo\/l — 

^=am(t4, l<f ) , sn(m, ^) , 

cn ( t6, A ) 

These relations aie true for all values of u real or complex 

1344 The Addition Formulae por Legendre’s First 
Integral Euler’s Equation 

Letiiisj^^, where Z=(l— 2 ;*)( 1 — 

Then !ei=sntti, a! 2 =snMjj 

Consider the differential equation 

wheie ZlS(l-a:^*)(l-^V). Xg=(l-®jS)(l-Aftcj*) 

Let ajj and be regarded as functions of a third variable t, 
such that ^ 

then !Bj=-g^=-7Z5s. 

and »,*=l-(^*+l)V+fe,^ ®**=l-(A:*^-l)a,J*+A!»a 5 ,^ 
whence, differentiating and dividing by 2<rj and 2r!j respec- 
aj=_(A;«+l)ajj+2A*a!i», a,= -(A*4.l)a!jj+2ifc*!Bj«, 

Thus aijiTj — XgaSi =24 *(!Bj* — "1 

whilst ®iV-®sV= -(«i®-V)(l-A^V)/ 
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whence log (a5ia52”‘^2^i)=log (l—7c^i^a;2®)+ const , 


^e 


Another form of the Integral of (A) is obviously 
%+W2= r ■^+ P ■^=const =(7 

•I 0 Jo V -^2 

It appears therefore that when is constant, so also is 

~|~ X-^ ATg 

One of these constants must theiefoie be a function of the 
other, say, G=<f>{G') 


- a constant 


may 
^tdz 


^ (^1+ ^2)> form of <p 

be readily identified For, since [*' — and ^2= f**-^ , it 
IS clear that, Jo \/ 2 Jo 

if 2Bi=0 and therefore we have u^—O, 

and if 332=0 and therefore we have 162=0 

Putting ^2=0, we have <p{'iUT)^x^=snv^ Hence the form 
of the function <p is identified as the elliptic function sn 
Thus we have 

X •“ AJiTi *2132 

Remembering that 

sn'-i^i, le ^-sniii, =cni6idnui and cn'i6i=— sni^^ dnu^, 
this formula may be written as 

w I 2/ l—k^sa^v>^m^v^ 

For shortness wiite &nWi=Si, sn 162=^2, cx\u^=c^, 

dn i6^=dj, dn 162=^2 1— sn^ii^ sn®U2=Z) 

Then 8n(«i+Mj)=(siCj(i2+s^Ci<^)/2) or =(aiSj'+«j«/)/ 2 ? 
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[Compaie the orAiniiry addition formula of tii^nometry. 
8in(u,+us)=8inuicos'uj+sm«80os v^, which may be mmilwly 
written =8,c*+9A =V/+«28i'. the case of the above 

elliptic function formula when fc =0 ] 


1345 To ohtam mOti+Ui), we have 

cn* (Ui+ lig) = 1 — sn® (ui+ w j) 

= — 28j82 C^Cj 2*)/'®* ’ 

oii(mi+«*)=(CiC,-«aW/A the positive sign being 
taken because, when w*=». each side must become Cj ihis 
may be also Written 

cn (Mi + M 2 ) = V)/-^ 

[Compare with the trigonometrical formula for co8('Ui+M 2). 
•which may he written CiCg— 8i«2 CiCg— «. where Ci=co8 «i, 
etc] 


1346 To ohtam dnK+Mj), we have 

dn* («i + Mj) = 1 — ^ eii* (Mi + M j) 

= {{l-kWy-k'‘(8iC^+s^^di)*}/D^ 

— (<ii*d2®— OjCg djd^-\-k^8^8* c*Cf^l£^, 

and an(9«i+it2)=(d,rf2-^*«i«i«2«i)/^> the positive sign being 
taken because, when 11 ^= 0 , each side must become d^ This 
may be wntten as 

dn W 2 ) = I ^ 


1347 Derived Besalts 


From the three formulae 
sn (Wi+W 2)==(^1<^2+^A<^)/-^> 
cn (Wi+W2)=(CiC2— aiajdjiy/A 
dn (^ 1 + ^^2) ” (^^2 


- (I), we obtain, by changing 
the sign of ^2^ 


sn (ui — W2)^(®i^2^2""^i^A)/-®> 1 
cn (f/i— Wj) =K®2+ V2^A)/A r 
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The addition and subtraction of formulae (I) and (IT\ 
pairs gives ^ ^ 

sn(«i+«g)+sn(«i-Mj)=: 2si0j<yD, 

sn -an (Mi-«g)= 2g^^dJD, 

cn (Mi+«ss)+cn (Mi-W8)= 2ciCj/D, 
cn (Mi+Mj) — cn («i— «j) = - is^a^dJD, ' ' 
dn(«i+«j)+dn(Mi-Mj)= 2d^d^D, 

dn dn {u^—u^=— 2 }i?SjS^ 0 jeJD, 

Eeplacingtti+u, and Wj-Wj by O’,, 17, leapectively and wilting jy for 
1 - y an* sn* ^* ) we have 

an I7i+8n 0,= S sn cn ^^^dn Jiy, 

an 17, -an P,= 2 an cn dn Jd, 

cnP,+cnP,= Scn^l^cn^L^/iy, 

cn P,-cn P,= -2 an^^^,n:^l^dn^l±Bdn^l^*/jD', 

dnP,+dnP,= 2dn^l±^dn5^^/j7' 

dn P,-dn P,= - 2 h«an^i±^an^l^cn^l±^cn^^/£.' 

Again, bj division of corresponding foimulae from groups (I) and (II), 
and writing fj oi tn «i for tan am and ctn Wj for cot am Mj, etc , 

tn (Ml d: u,) ^ ± ^ 

± -TT ^ _ ctn Wt ctn -F dn dn tt, j 

ctn dn Ui ± ctn dn j 

1348 Following Cayley’s notation {SUtpUc Funchons, p 62), with a 
slight modification, let us wnte 

* * /_ A ^ fj f Ai ^ 

»A|, -CjlCji=^,, — ■pOiaa=C?i, 

p=V-^.*=c,«-Ci* 

Q“=* 1 “Si* — Si^j*, 

SiS| =Ni, “<JaC/=3’i} SiCid|=i7i, 

— F*SiSt ssNj, CiC|' = jTa, StCgdi = 17* 
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A number of identical lelations immediately arise amongst the 
capital letteis We have 

(2) - 5,« = c,*c,* - Cl' V‘ = ( 1 - a,‘)(l - *,*) - (1 - h*ex*) (1 - V*,*) 

= (1 - Si* - a,* + V) =QD 

(3) Cfi»-0,‘=di*i,* - (1 - - W) - i‘ax*»i’(l -«i*)(l - *1*) 

=(1 -ifcV-i‘«t*+i*«iVXl - 


(4) iSx«-S,*-(l -ax*Xl -«.*Xl-*!‘VXl-**».*)-(l 

(6) Fi‘-l7.*=«.*(l-»x*Xl 

=(«i*-».*Xl- «i*-«.*+ifcV«.*)=-P0 

Hence PW-iS,*)=C( 2 ’,*- 2 ',*)-E(E?i>- U,*)=PQR 
Also, 


(7) (-Bi+ J5,)(ai - C,) = (CiCg - +X**i9,CiCa) 

= CiC,dida+/r*«i«g(l 

- 8^8 1 ( 1 - 1* - k*8i * + L*8i*8t*) - ^*tfi*5g*CiC2(lidg 

= (C]^Cj|( 2 x <22 ” ^'*8i82)D = 
and Bimilaily, or changing the sign of 82, 

{Bi - J?a)((7i+Ca)“ (^1 -^2) J? 

(8) {Cl + Oa)(^2 —,42)=* {did2 — — 8^idi) 

-ilV) 

- «i*tfaCiX*d2(l - V) - s^*) 

= - S2Cid2){l -* (Ti + arj)D, 

and similarly, or changing the sign of 

(a2-Oa)(,4i+^2)=(iri-!r2)z> 

( 9 ) (Ai + jla)(J?i - JBg) = {8iC^2 + + 8i82did2) 

= aiCi<?2 ( 1 ~ ®i*) + ( 1 — Ji® ) 

+^i*^2Ca^^(l “ X/*aa*) (1 “ ^^ 1 *) 
=(^,cA+ Wi)(i -it W)=(C^i + U2)D, 
and similarly, 01 changing the sign of s^, 

{Ai,~A2){Bi+B2) = {Ui-U2)D 

Thus 

{Bi±B2){Gi^C2) {Ci±C 2)iAiTA2) (A,±A,)(B,=fB.) ^ 

s;±s~2 Ti±T2 
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With this notation, it follows at once that 

snf« -«w4izi. P Ux-Vx r.+y. 

sn(«. «,) ^ -^j+^,-N,+JS,-Ci+0,’J 

‘»>(«i+».) — 5 — B:zBroro, 

n( 1 «.)- 2) -0, + 0r^x+^.“Pi+P. J 

1349 A numbei of identities immediately appeal 
For example, since 

»nd (B.-B,)(Ai+A.)=D(£Ij+f^.), 

we have -BiA,-H,A,=D17i and 5iA,-P,x4i=DF„ 

«i«a' CiCj+«a«i' 

CiCa + v/ CiV=«iCadi(l-Aj^<a*Hj*) 

1360 More important howe\er than such, aie the following 

2A 2i4 

sn («! + tt,) + sn («i - «a) = -^ , sn (mi +?«*)- sn (?« i - m*) = , 

n D o D 

cn (t<i + w,) + CD (wi - ?« j ) = -j ^ , cn (mi +?«*)- cn (it^ - 1 /,) = , 

20 20 

dn(wi+tt,)+dn(wi-W2)=-ji, dn(%+Ma)-dn(wi-M4)=-g^, 

which aie the foimulae of Gioup (III) in Cayley’s notation 


1 -sn (Ui+u,) sn(tti-u,) -=1 - 


1 - 


= (0x^ + *X«l‘)/P, 


1 +i»8n («!+«,) sn («1-«,)=1 +i^ 2 %,%,> = W+i*»iW)/A 
1 -h’8n(«i+«.)sn(«.-«.)=l =(d,*+ifc»Ci»*,»)/D, 
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1 + on (tti + w,) en (% - w,) = 1 + “(ei*+Ci*)/i>, 

I+dii(«,+«.) dn(«i-«,) =1 W+d.*)/A 

[1 + Bn (lii + «,)] [1 + an - -m ,)] = an +14 J + sn (Mi - iij + [1 + sn (tt^ + m,) sn (u^ - 

= (Ci+ ^id|)®/jD 

Again, 

=(»iV - *!'*iii,)/D=(«icA<li - *!' VO/A 

dn («!+«,) an 

=VA-Ci‘«d«)/A 

8nK+«.)cn VA+*^A)/A 
and so on for othei cases 

Jacobi gives a list of 33 such lesults (Fundamenta Nova, pp 32 34) 
These are quoted by Cayley (Elh^txc Fw/ictuma, pp 65 and 6b) and by 
Greenhill (Elliptic Functions, pp 138, 139) 

Seveial have been woiked above as illustiative of the method to be 
followed They are too numerous to lemembei, but any one of them 
may be readily obtained if wanted This list we append as Examples 

Examples (Jacobi ) 

1361 In each case the denominator jD= 1— and the 
previous notation is adhered to, viz sn u^=8i, snWg—Sgi 

Establish the lesults following 

1 sn(tti+tt*)+sn(tti-tt|) « 28icAID 

2 sn(iti+Ua)-sn(ui-tt*) = 2s^dilD 

3 cn(tt3L+tft)+cn(ui~t(a) = 

4 cn(iti+tt,)-cn(tti-t48) = -2«i«adidi/-D 

5 dn(i4j+tt|)+du(tti-i4s)= 2did|/D 

6 dn (ffi +t4i) - du(iti - tti)=s - 2l(^8i8^CtlD 

7 8n(i4i+M»)8n{tti-w,) ={«i*-«t*)/D 

8 1 + sn (tti +tti) sn (th - u^) ^ (Cj® + 8^di)ID 

9 l-sn(i4i+tt,)8n(i4i-«a) 

10 1+ fc^sn (tti + tt,) sn (tti - tti) + 'l^8^cj)lD 

11 1 - ifc^sn (tfi -htta) sn {ui - t4a) =*(di* 

12 l+cn(tti+t4a)cn(tti-i4a) =(Cx®+Ca*)/2> 

13 l-cn(tti+Ua)cn(«i-'Ma) =(«W+sW)/D 
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14 1 +dii(ui+tt*) do (Wi -i*s) « (di^+djS)/!) 

15 1 - dn (t*i + Mj) dn (t4i - «*) = 

16 {1 ± sn (tti + Wi) > {1 ± an (u^ - ) « (c* ± «id,)^/D 

17 {l±sn(fii+«2)}{l=F9n(ui-tia)} =(Ci±«A)®/r> 

18 {1 ± jfe an (tti+Ma)} {1 ± h sn(«i -ttj)} =(d|± AwiC,)*/!) 

19 {l±Jban(tti+tt2)}(l=Ffcsn(«i-tta)}=(di±i»jCi)*/D 

20 {l±cn(«i+i*a)}{l±cii(ui— Mj)} =(Ci±c,)«/2) 

21 {ldbcn(iti+«a)}{lTcn.(tti-t/,)} =(«A=F«A)®/D 

22 {l±dn(«i+tt,)>{l±dn(t4i-«*)) ==(didbdi)*/i> 

23 {l±dn(Mi+ttt)}{l=Fdn(i£i-«a)} =lc^(SjCi^8^flD 

24 an(tti+«a) cn (tti - tt*) =(^fiCidsi+«icA)/-Z^ 

25 aii(zti — I4a)cn(tti+t*a) =(«SiCidi— djcA)/-!^ 

26 an (tti + ttj) dn (% - «i) = (^Aca + «ad|Ci) / D 

27 an(tti-tt*)dn(tti+Mi)=(«ACi“«Aci)/D 

28 cn (Ml + tta) dn (mi - Mi) = (ciC Adi - fc'*«i»i)/ 

29 cn(Mi - Ml) dn (mi+Mi) =(cicAdi+A^*«i«i)/-D 

30 bin{ajn(Mi+Ma)+ani(Mi-Mi)}=2«iCidi/jD 

31 8in{am(Mi+Ma)-am(tti-Ma)} = 2«acA/-D 

32 coa{ara(Mi+Ma)+am(tii-Ma)} ==(Ci®-«i®di*)/-Z^ 

33 coa{am(Mi+Ma)-am(Mi-Ma)> =(ci*-fia*di*)/2) 

To the above hat it la convenient to add for reference 

(а) cn(iti+Mi)cn(Mi--Ma) =(ca*-aiA*)/-D=(ci^-«i®di®)/-Z> 

(б) dn (Ml + Ma) dn (mi - m.) = ( di^ - Wsfo^lD = (W - 

(c) {dn(Mi+M,)±cn(Mi+Ma)}{dn(Mx-Ma;d=cn(Mi-Ma)} = (Cidt±Cadi)*/l> 
(€2) {dn(Mi+Ma)±cn(Mi+Ma)}{dn(Mi-Ma)=fcn(Mi-Ma)}=X^(«i=F«a)*/l> 

[(c) and (d) aie given by Greenhill, E JT , p 262 ] 

1362 Fenodicity of the FtinctionB considered by aid of the 
Addition Theorem 

Staiting with the addition formulae in which D=1 

sn(Mx±Ma)«(aiCada±«aCidi)/2) , cn(Mi±Mj=(CiCa=Ftfi«Ada)/I> , 

dn (Ml db A) = (didi=F A^«i«*CiCa)/D , 

and piittmg Mi=m, Ma^^iT, we have, since an A=l, cnH=0, dnH^h', 
an (m+ J f )= (antt cn A dn A+**n JST cn m dn 
where i)=l -JS!®sn^M=dn®M=d^, 

le. an(M+Z)= g, cn(M+^)= — dn(M+A)=-jj 

Vo Jj' 

an(M-2Q=-g, cn(u—K)= -g-, dn(M-A)=*j 
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Putting «+X m these foiiuulae m place of u, 

8n(tt+2X)=^^i^ =-», cn(«+2X)= — c, dn(w+2X)=<i, 

sn(tt+3X)=^H|^^=-2, cn(tt+3X)= dn(«+3X)=J, 

Bu(i4+4ir)=g^|^i|^= tf, cn(tt+4S:)= c, dii(M+iK)=d 

Hence the functions have all retuined to then oiiginal values with 
period 4 K It will be noted that dnw was restoied with two additions 
of Kf and that sn u and cn u took the same value but the opposite sign 
after two additions of K 
In the same way, since 

sn(X+iX0=p cn(X+JC')=-^, dn(X+*ir')=0, 
we have 8n(tt+X+tX')=j cd/D, where D=l— 

j ,L'» 

8n(tt+Jf +1-^0 “ CTi{u+K+tK') =-jj, dn(u+£r+iZ') = -j-, 

sn(tt+aff+2tZ')= cji(u+ 2 K+ 2 iK')^ c, dn(tt+2iC+2tj8:')= -4 

J r,/ jVa 

sn(ti+3JK^+3tJBr^= — cn(w+3JK^+3^JBr^)= — dn(w+3Jf +3tJSC , 

Bn(tt+4JL+4tj£')=s «, cn (w +421+41 jK')= c , dn(w+4ir+4i^')= d, 

and all the oiigiiial values aie again acquued after an addition of 
4(^r+ijK^')j noted that after two additions of jff+tJST', 

cnu lesumed its original value, but snu and dn u lesumed their oiiginal 
values with the opposite sign 
Wilting u-JSl for u in the seveial cases of the last foini, 

8n(«+iX') = on[ii-t iK') =-^. dn(»+iX') =-j 

sn(« + iC+2t^') =-sn(tt-2r) = cn(i*+ Jr+2t/if') = -j, dn(M+ir+2t2L') = --g- 

sn(o+2X+3.X') = -g, on(«+2X+<liX')=-j5, <ln(«+2X+8iX')= 7 

sn(«+3X+4iX')= 8n{«-jr) =-gi on(«+3X+4iX')= dn(tt+3X+4tX')= g 

the last three being the same results as foi the functions of u+SjBT 
Again, writing for it, 

Bn(u+ 2 iK') ~ dn(t!- A) 2tA') =-c, dn(u+2iA0 =-d, 

8n(»+X+9iX') =^, on(« + X+3*X')= dn(«+X+3iX')= 

i=S^S-E. - 5 


8n(M+3i2r') 
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Writing u+K for w in the functions of u+i+tjC', 
sn(«+2fr+in = iS0fj=-lG> «n(«+2fi:+iE')= dn(«+2;r4.E')=- j, 

aii(M+3iS:+iJr') =-i gn(u + jr) = ~i;» on {“+3E' +*£')= dn(tt+3E+.jr')= 

Writing M+ JT for u m the fimotions of tt+2iSr+2i^', 

8n(tt + 3JS:+2tA:') = -sn(w + JS:) =-|. on(tt+3^+2tir')=-~, dn(M +3Jf+2i^0==-^ 

1353 We exhibit these results for arguments of form u+pK-\-qiK\ m 
tabular form for refeience 

If A stand for the woid denominator xee have, tabulating the numeia- 
tors only and indicating the several deoonnnatois, 


+0 iZ' 






+ZlK' 


+ 4t£^ 

If, foi instance, dn(tt+2Jr+3tZ') be required, we look in the group of 
the thud column and fourth low and find numerator =ikc, denominator 
B ha, and the result is i cn it/sn u 
The veitical order in each square is 8n( ), cn( ), dn( ), A 
The fifth column and fifth row exhibit the fact, that after an addition 
of 4K or of 4tJf' to the argument, each of the functions returns to its 
oxiginal value, and shows their double periodicity The value of any 
function of the forms 

su(ii+i)JS:+giir'), oix(u+pK-hqtK% 6xi{u^pK^qiK'), 
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where p and q are integial, can now be written down , e g 
cn (tt+6X + lliX')=cn (w +X+ ZiK')—tk'lkc 

The tabulation is given by Cayley (JS F,Tp 77) with a slightly dififerent 
notation 

1354 Putting 11=0, all the functions in the table for which 
become infinite 

There are four such groups t e twelve of the functions Cayley points 
out the impoitance of their ratios even when themselves infinite, and 
writing I for the infinite factor 1/^snO we have, remembering that c=l 
and (i=l, in this case 

sniX* _ cn tK' dn iK' _ 8n(2X+tgO cn{2K+iK') ^ dn(2X+tjrO 
1 —I —ik ~~ -1 “ t ™ -ijb 
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1356 Dimidiation FonmUae 


By wntiDg ^ for w, we have 




1-cnt* .u 

T+HEH- 


cntf+dnu 


2 l+dnu 


, „I4 ib'^+dntt+ib^cntt 

^“1 I+d5i 


1357 Again, since 

dn 2tt- cn 2u^2k'^^IDy 1 +cn 2u=2(^IDy 1 +dn 2uat:2d^lDf 
k'^+dn 2M-ifc»cn 2ur^2h'^ID, 

we have ^ ^ 

dn2i«— cn2tt l+ca2tt 1+dn 2u Jb'^4*dn2tt— ifc*cn2u* 

and putting ^ foi % we obtain further formulae for sn cn dii g, viz 


,u dim-cntt h'^(\+Qnu) A'*(l+dntt) 

2 ifc'a+dntt-Aj^cntt’ 2“ib^+dntt-jHcn v’ 2“F+<lnii-J(^cn tt 


1358 Tnplication Formulae 

Writing u^=2u m the addition formula for an(ui+Uj^), 

sn 3ti» (sn u cn 2u dn 2t£+ sn 2% cn u dn v) (1 - I^sn’u sn*2it), 

and substituting for Bn2u, cn2u, dn2t« their values fiom (IX (2), (3) of 
Alt 1355, we obtain, after a little i eduction, 

sn 3tt/sn t*= {3 - 4 (1 + 

and similarly cn 3tt/cn ii=> {1 - 4s* -{- - 4ifc*s® + ifc*s*}/D', 

dn Su/dn u={l- + k*^}ID\ 

where D'=»l-eW+4Jfc^(l+ifc*>® -3>fc*s® 

Cavley gives also the following results, which may be verified without 
difficulty 

D'=(l-2s+m^-my, Z)'=(l+SSe-2*»e»-fc*.*)», 

life? i/=(l -2fe+2fa’-i^.4)e, 2)'=(l+2fo-2W»-t»e‘)* 

The formulae for an k% cn Au, dnXu for the cases A =4, 5, 6 and 7 are 
also given by Cayley (Ell pp 78 and 81 onwards^ but these formulae 
lapidly become more and more complicated According to Cayley the 
cases A — 6 and A=-7 are due to Baehr (Gnmetft Archtv, zzxvi pp 125 
to 176) 


1359 Dumdiatioxi Formulae for tffie Penode 


,« l-CUtt 

2=TTa51i» 


cn= 


,« cn u+dn u 
1+dnu ^ 


ife'*+dnw+i&*cntt 

^“2 T+HEi • 


rr jipv 

give many results for the functions otu+p-^+q-^,p and q being integers 
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Putting 2£=0 in the foimuUe of the table, and therefore «=0, c = 
1-cn^ 1 


K 

"3 


-VI 




f-v 


' cng+dnJC V*' 

l+dnJr “Vi+ib'’ 


dn 


^^^^^+diuK+y‘onK 


=VF 


4 ' 


4 -4 


1+daE 

^ll-emK' ^/ThT,, ,/~ i 

s/l+k 


^cii tX'+dn iK' 

T+'S^JT'' = 


dn^ 




X+iX^ 


r-V 


^cn (X + tX^) + dn (X + tX^) 
1 + dn (X + tX^) 


=V-‘t=Vi(«>^t+‘«“t)*=VS(-i+‘)> 

J r+i£' ^/IPI+aii^Z+TST+Pen^in^ 

““ 2 “> H-dn(B:+i^') _ 

=\/pN/r=Ts= A [s/r+r - ivr^] 

The readei will find no difficulty in completing for himself and 
tabulating the various results for the cases 1, 2, 3 , 1, 2, 3 

Such a table is given by Cayley (X X , p 74) 

1360 We now have 


l(«+f)=- 


/r+p 


l-ifc»a3 


T+X 


1 Jifs-hcd 

Vi+vJ^+r?’ 


/ _nr 

'(“+ 2 } ■■■ 1 Vttf 


c — 




1+jfc' c^+kfs^^ 


1+X 


dn 


(-f)- 


— 1 >/X 

TT+P ® PT+P /y:? Cf - (1 - Aj') W 

i_w-i- 

^ l+AT 


with many similar results, and such results may be thiown into other 
forms For example, we may show that 




d+»e(H-fe') 


Vl+ifc' e+«* 




mp c+«f 
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1361 Other formulae may be obtained by direct application of the 
dimidiaiy formulae to the results for iiU+pK+qiK', eg 

Bn(2«+X)=^, cn(2«+X) dn(2«+A:)=g^. 

eef .K\ l-cn(2iA+Jf) dn2w+A;'sn2M 
whence sn«(«+-^J= ^^ dn2«+g 

and many other formulae are similaily obtainable 

1362 A General Proposition 

Let Z7 be a function of three variables between 

which there is a connecting relation, viz 

d<pJM>i + d<l)2l A03= 0, 

and suppose the function j7 to be such that when any one of 
the three, say <f>^, is legarded as a constant, then U vanishes in 
one of the two cases (^1=^3, ^2“^) (02“^3» 

‘377 ^TJ 

provided also that :^A^i=^A02» ^ ^ 

always 

For if 0,=const, d<f)^=0 and d^-^IA<l>i+d^2lA<p2=0, te 
d</>JA<l>^= — d^2/^02=X, say, and this would have been equally 
true if the connecting equation were 

d^JAfp^ + d<pj A<j>2 d<l>J A03= 0 

But 

l7=const=0, say But in the case (^=08i ^2=0)> 
77=0, C=0 Therefore 77 vanishes 

1363 Case I Let 

{^de C^de {^d9 . tT as .a, a, 

“■“J.® “>=J,59' “■“J.59 

Th„ |£_1, |£_I, 1 g!= * , 

, 2iU ZU n 

Also, if 01=08 and 02=^*'^® ha,ye and ^2=0, te 

m^+W 2“^=^ Hence the conditions of the general theorem 
are satished, and ^1+^2“^“^ always, te according to 
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Legendre’s notation which is the addition 

formula for the fiist Legendiian Integral 
That IS, F{B,m Wi)+J?’(am U2)^F{a>m u^) 

Another mode of treatment (Art 1342 ) of the equation 
dipi/A<l>^+d(pJii<l>2^0 led to the result that 


sn cn U2 dn t^+sn cn dn _ ^onst 
1 — -Ai^sn^WiSn^i^g ” 

when ^3=const, so that Uj=const , and as (^1=^3, ^3=0) 
satisfies this, the constant is sn U3, so that 




1 -A? 5 iV 


, as before 


1364 Case II With the same definition of 
takmg 

%=| t? 2 =| Addd, ^ 3=1 Add 9 , 

Jo Jo Jo 

and Ustjj+fjg— i; 3 — A;®sin0jSin^2®^^08» ^ben, proceedmg as 
before, 


^1 A02=^0i[^0i-~ ^ cos ^ sin <f>2 sin ^3] 

“ A^2[A02— P cos ^2 8111 01 Sin 08 ] 
= (A^)*— (A^2)*"' ^ sin 08[^0i cos sm 02*— A^a cos 02 sin 

=0 


Also, if s,nd it 0 i= 08 » ^1=^8. and 17=0 in 

this case , 17=0 always, and 

Vi+t?2^t?3=ft® sin 01 sm 02 sm 08 , 
and wilting Vi=jB0i, %=E<p^y viz the Legendnan 

notation, E<f>^+E<p2—E<p2=^ sm 0^ sin 02 sm 03 , 

and since 0j=amMi, 02=amt/2, 08=am W8=am(Ui+W2), we 
have 

E am v^+E am U2—E am(i«iH-i^2)=F sn sn !i2 sn(Wi+tt2), 
which constitutes the addition formula for the second class of 
Legendnan Elliptic Integrals 
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1365 Case HI Let 

where ^i=amt^, etc Then, putting 

17=m)i+W 2— Wg— a»=(n+l)(w+A!*), 


n Sin sin sin 
”” 1 + w— w cos 01 cos 02 ^ 08 * 

we may verify as before by the general theorem that V=0,%e 


n^+n^ 2 -n^»=^tan-iBN/^ or 


iaalr^Rj—a, 


which 18 the addition formula for a Legendnan Integral of 
the third class (see Cayley, F, pp 104 to 106) 

The work of this verification is necessarily somewhat 
cumbrous, and it is found best to proceed to discuss the Third 
Legendnan Integral 11(0, after a modification of its form 

Taking 0=amu as before, Let w=— ifc^sn^a, 

a being not necessarily real , then the transformed mtegral is 

f K du 

But instead of considering the onginal function 11(0, w, ft), it 
IS convenient to consider a somewhat different form II(w, o), 


defined as i 


ft^ sn a cn a dn a sh^ (4 dii 


f“Psnac: 

'Jo 1“ 


-ft^sn^asn®^ 

The connexion between n(ti, a) and 11(0, n, ft) is then 


n(w, a)=ft®snacn 


adnaj 


sin*0d0 

(l+wsm*0)A0 


=— snocn 
n 



(l+nsm^0)— 1 
(l+nsm*0)A0 


=— sn a cn a dn a {F(0, ft)— 11(0, w, ft)}, 
n 

and the new function is proportional to the difference of the 
first and third Legendnan forms 
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1366 JacobiaiL Zeta^ Eta, Tlieta Functions Introductory 
TLese functions, denoted respectively by 2(w), H(u\ 0(w), 

are de&ned as 

vTitli a constant of integration in the second case, such that 

0(0)=^^^^, and X: being the modulus in each case Also 

in the fiist of these Jacobian Elliptic Functions is the 
complete Legendrian Integral of the second kind with limits 
0 and 7r/2 (Art 375) 

1367 Obnons Elementary Properties 
Clearly Z(0)=O and Z(—u)=—Z(u) 

Also Z{u)-\- dn^wd!w=j* Add0=^(9)=S(ainii) 

w 

in the Legendrian notation, %e Z(u)=E{&mu)'—'^v, m that 
notation 
Again 

TT ’ TT 

ir(— w) =N/fc8n(— w)@(— -w) = — VA sn w 0(w)= — ff (tt) 
Also fl-(0)^0 and 

u V x 

Thus Z(«) and H{u) are odd functions of «, and 0(«) is an 
even function of « 

1368 fropoitios of tho Second ILiogoiidrian Intssral 

(i) E[— ^)= A6 de= - j^Ax dx, (6= — x), = -E(ij)) 

"'(Jo ^lo insecond), =lEi±E^ 
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(ill) -E^(27r±:0)=2^i+S(7r±^)=4£?x±J®(^)» and geneially 
JG^(wx±0)=2wjBi±jB( 0), ^e J?(nx±amw)=2nJBi±£ (am w) 

(iv) Again, with u— f 1 ;=! 

Jo Jo 

6=ain Uy v=E (am u\ 

and if 6=0, m= 0 and t;=0, %e j®(am 0)=0, whilst if 6==^, 
u=F^^K^ v^Eyy le E{&mK)=E^ 

(v) Moreover E (am u)+E (am K)~-E am(w+iL) 

72 ^ ^ Tr\ 7o*5nwcn«4 

=k^musixi-^kn{u+K)=H ^ — dnw~’ 
Esim(u+K)= E{a.mu)+E^-¥ ^^^- 
Also -£am(M-A:)=-£(am«)+^i+i*?^^g^i^ 


1369 Addition Formula for the Zeta Function, etc 
The formulae for dn(w+v), dn(t4— v) of Art 1347 give 

j 0/ , V j 0/ V .yosnwcnwdnwsnvcnvdnt? 

dn'(.+.)-d««(.-.)— 4ir , 

and integrating with legaid to v from v=a to v=u, 

j^Z (i4+ v) + ^ (w + (w— v) + ^ (w — t;)J ^ 

__ 2 fanwcnw dn ^"1®““ 

”” sn^wLl— Aj^sn®wsn®-yJ®=ei’ 

■|z(2w)-|“'^2m — Z( w-|-a) — 

+ |z(0)+^ 0 — Z(m— a)“^(tt“a)| 
2snwcnMdnw /I 1 


1— Aj^sn^w 1— ^*sn^a sn*w 


2*2 


sn^cn^dnu sn^i^-— sn^g 
1 — *2sn^ w 1 — F sn^ g sn^ w 


=— *^sn2wsn(w+g)sn(w— g) (Arts 1351 and 1355), 
Z (w+ g) + Z (w — g) — Z (2w)= *2 an 2 m sn (m + a) sn (m — g) (I) 
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Putting a=0, we have 

Z (2 w) — 2Z (w) = — iS:® sn 2u an* u 

Adding 

f an^ 

Z(«+«)+Z(M-a)-22:(M)=ftSsn2«|j-p^p^^- 


(n) 


sn®a 


■an’ 


u] 


- - fc»sn 2w 


%e Z(w+a)+Z(w— a)— 2Z(w)=— 2jfc® 


s nucn^dnusn^g 

l--ifc2gn2^gna^ 


, (HI) 


and wntmg t«+a=Up tt— 0=^2, 2u=u^+u^, Eq (I) becomes 
Z(ui+U2)=Z(tti)+Z(i62)— A^sn sn sn(t6i+Ua), (IV) 
which constitutes an addition formula for the Zeta Function 


1370 Substituting for Z (tt) its value E (am u) — ^ w, we have 

A 

jB(am i^)+£(am U;^—‘E{9m %+W 2 )=^sn sn w, sn (w^+t^), 

VIZ the addition formula of the Second Legendnan Integral 
If in (IV) we write tij+ttjj+tfgssO, we have the symmetrical 
form 

Z (u^+Z (Mj) +Z (Wj) = — sn sn sn 


1371 From (III), we have at once 

&{u+a ) 0^(t4~a) ^ 0"(t4) _ sn u cn ^ dn u sn^g 

0(tA+g)'^0(w— g) 0(tt) 1 — Fsn*wsn®g ' 


%e 

le 


[log ®(“+|iQj« [log(l-^8n*a8n*«)]“. 

l-**sin*a8ii*M (7) 


1372 If we integrate with regard to g, instead of with 
regard to u, from 0 to g, 

and interchangmg u and a, 

log|{^j-2uZ(a) 2IL{u.a). . (VII) 
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which expresses the Legendnan Integral of the Thud Kind in 
terms of the Jacobian Zeta and Theta functions 

There are in this form two arguments only, viz u and a, 
instead of the three, 9, k, u, in the Legendnan form (see 
Qreenhill, EF,p 192) 


1373 From (VI) and (VH), 

n(«, a)-n(a, «)=«Z(a)-«Z(«) (VIII) 

Since n(«i. 

n(«*. 

and n(Mi+« 2 . «)=(“i+« 8 ) ^(«)+i 


» 


(IX) 


we have II(Ui, a)+II(u 2 , a)— n(tii+« 2 , a)=JlogO, 

where o_ Q(^-Q)QK-a)Q(^i+^ 2 +a) 
^^-Q(u,+a)&(u,+a)&(u,+u,^ay 

which 18 a form of the addition formula for the Third 
Legendnan Integral Vanous forms of the function fi will 
be found in Cayley, B F , pages 157, etc , and The Messenger of 
Math , vol X (Glaisher) 


1374 In this bnef notice of these important functions, we 
have in the main followed the course suggested by Dr 
Glaisher in his note in the Proceedings of the Lond Math Soc , 
vol xvii 


1375 Integration of ExpressionB mvolving the Jacobian Func- 
tions 

[We shall write 8,c,d foi snw, cn w, dn u respectively when desirable 
for abridgment ] 




dcnu 


>/F^+F^ 


s -J smh 
h 


j JcCJiU 


1, dni«-|-ikcD 

— w— 


H'^4 


d-hc 

d+kc’ 


or othei forms 


(2) f cnudu = f _ 1 sin”^(jb sn u) =i cos"^(dii u), or other foi ms 

(3) JdnvdM= Jdg=0=dmu 

(4) Jan^udu^ ^ j (l-dn®tft)dtt=p(t*-J&amu)=j^|i*-^ZM+— 
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(5) I ea^udu= pj 

/ja 

dn^udu= EB.mu=Zu^^u 
(7) f sn»« d« = - f 

^'J J dnw JnP+P? 

"p/iTP+^'^p/ - ^^''‘"*^"‘F''’ 2 P®* 

'(!-<») (fa 1 


= 2 P**+~ 2 F~"“ 

( 9 )^" du^«( 2 it= J" (1 -i^bm®0)(id=^-^ d+^sin 2 ^«-?-^^am«+YBnttcn«, 


rfy= -® <J«, «8=i/(is+yS), c»=(y»-*'^)/(iy+y*) , 

/;!;-/>- -'“‘-ft)- -“*-(^.) 

(11) f Putting y-=-, dy-k'^-.du, 52— J^LzJL 


f du ^ 

JL, 

r *' 

Af a^vbT%^*i/ 

'^dn 

J cnw” 

k’jJ 


^ “2f — cooii y— COSH ^ 

^cnw/ 


02 ^ r ^ — f _ f coBOc^ddd 1 ^_iCot^ 1 , -ctnw 

-'JdnM J l-k^sin^e j coP^+P” ”jb~“ IF 

U7C Again ^logbn«= -,p_iac»-^= 

|,logcn«= -1^ -d3+ 

^logdn«= -Aic^+ 

/■iQN f ^ cnttdnw, _ 



nA\ [ ^ 1 snttdnw 1 , 

^,-v /■ dw sniicnw .1 „ 


Hence 
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1377 Other positive oi negative integral poweis of sntt^ cnK> dnw 
maj be integiated with regard to w by the reduction formulae 
of Examples 24, 25, 26 at the end of the chapter, which can be 
verified at once by putting respectively 

and differentiating 

1378 Again, by aid of the Peiiod formulae of Ait 1352, viz 

^=sn(tt+ir), 1= -|>cn(«+.K), g= 

l=kBn(u+LK'\ -^cn(tt+iA:0, ? = -idn(w+iZ'), 

-=l;sn(M+jr+tA:'), “=-^cn(tt+A:+i^), dn(«+^+6i:0» 

we may readily deduce the integiah of integral powers of 
c d 8 d c 8 

3* ? 3’ i’ c 

Thus, foi example, 

+con8t 


1379 Again, since 

HK a)= dn g ^^cnodna [7, „ \ ^ _iW, 

jo 1 “A^sn^a sn^tt sna Jo \1 — Psn^osn^tt / * 

vehave f ■= — -g j— = — — II(u,a)+u, 

Jo 1-k^Bn^a sn^M cnadna ' 

. ^ du . /■»* dw r ana „/ x. “1 

jo 1 -fcsna sn /o 1+Ajsnasnti Lcnadna 
whilst 

f“ d u p du _ 2k6nasnu , 

Jo l~A;suasntt Jo l + kanabnu~ lo l-k^an^aBu^u^ 

=5jSif 

which IS integrable by (1), Art 1376 , whence by addition and subtraction 
the two integrals 


r du p _ 

lo l-kanaanu* Jo 1 


+A;snaBnt£ 


are determined 
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PfiOBLEMS 

1 Show that 4--^= ^ 

aucnttdin/ on2tt + dn2tt [Ox IIP, 1903] 

2 Prove that 

(*) s/ (l - ^ sn* «) {if + dn 2uj/Jl + ili' = 1 - (1 - i!;') sn^ « , 

(J) N/(cn 2K+i^'8n2u)(l — i*sn*i*)*= Jif sn« + onudnu 

3 Prove that the equation of the osculating plane at the point w 
on the curve ii;=>asnu, y^bcnu, e^ednu is 

§Wsn*«-?ifc»on*tt + 5dn*«=F* 

a b T^uu » * [Ox II P, 1902] 

4 Iftt=[ {(as+a!»)(j« + a!!!)}-ia(fo, show that 

Jo 

z^btnUf (mod >Ja^- h^a), a>h [Ox II P, 1902] 

5 If the functions sn n, on u, dn u be defined by means of 

^ n d d 

^^snw-cnMdnM, ^cnv= -snudnw, g^dnw= -^snwcnMj 

sn0 = 0, cn0 = l, dn0=:l, 
prove that (i) dn2w=l -A/^sn* w=l — 

/ V snMcnu + cniAsiif? i 

^ ^ dnu-^duv of w + i; 


[Ox II P , 1901 ] 

dx 

n..O In ..A 


6 If x\2 -y/3 = cos <f> and the differential “7‘ „ is 

add, Vl+2!t*V3-** 

tiansformed into J £nd the values of a and « 

vl -sinSasin^f^ 

. ^ [Cahjs, 1885 ] 

7 Prove the following results 
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8 If tan Jtt sm <#> = sm yp = Wl - +a;^, piove that 

Jo\/l Sn/sJo Vl - tan^Jirsin^^ ^ Jo Vl - tan2|7rsin^\^ 

[Math Trip , 1896 ] 

9 Prove that cn \t.K* dn \iK' - sn \tK' = - t ( 1 + •Jk) sj\+k 

and dn \uK - sn \iK^ en \iK'= - t{l +*J\n^JTi 

[Math Trip , 1896 ] 

10 If tn«i = ridntti, tn «2 = y 2 dn« 2 , dn dntt 2 = i? 2 “^ 

show that 

/ \ 4 . / . \ ^ 1+^2 j / \ i. o 2tnwdnw 

+ and (u) tn 

1 1 Prove sin [am (w + i;) + am (u - v)] = 2 sn w cn u dn i/D, 

1 + dn (w + «) dn (tt -v) = (dn^w + dn^v)jD, 
where D — l~k^ sn^w sn*t> 

Prove that 

12 1 I '^ + cd _ 1 d + (l+y)M 

V 2J VT+T l-(l-jfc')52 Vi+jS/ c + 5d 

1 ld + {l +A;'jgc /dn 2u + L' an 2u 


' Jl + k ' ^ d ^( l ^ k ') bc ' 


k' + dn 2u 


iQ f r^' 

13 on^«+2j -Vl+r l-(l-ife')s» 

rv ^ l~i 

“VT+r c+?d Vi' + c 

14 d.(.4f) 


[Catlx\ ] 


- sn 2w 
+ dn 2u 




2u-¥ sn 2u 
-dn 2u 


16 

V 2 / 1 Jjfc ^(l+^) 5 -tC( 


' VI 1+®^ Vifc ^(1+^)5 - 

_ 1 / ^ sn 2^ -I- 1 dn 2m 

V^'V sn2w-tcn2w 


[Cayley ] 


1 . 

« A + ^ / l~fa^ c-tsd _ 1 /dn 2!^ + ^c 
\ Z, yll+ks^ c isd~' on 2u •{• I s 
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17 


-Is^ 


sn 274 - I cn 2w - d dn 2 m 


^ fi 

V sn 274 — t cn 274 
18 «in ( + -dfs + cd 

_ j k + Lh' c-^{k- il')sd + lc+{k-ik)6d 
y k d+ksc V k c + lk + Lk')sd 


ken 2 u, + iJl 


f cn 274 + lJJ sn 274 


[Oa^lpy J 


19 Show that 




k^ du 


d 


(ll) C^-^td = (^(P-C^ + d\ 


du 

(iv) dii>(tt+tir)=«p+AQ 

20 Shov that 8ii*()ti + Mjj) - sn®(wj - m^) = 2 ^ ■ 


21 Show that 


'du-^ 1 - kh-^b^^ 


i 274 , 

^d74= - logon 74, 


« £Vtt^ 

£VttS^= -ilogdn«, 

J, WttS - P dn «, 

22 Find the values of 


23 If/. 


,=J(snv)*dw, show that 
{n+l)M^-n(l+Jfi)I„+{n- l)/^,-s«-i«i 
24 If /„=J'(oii «)"/«, show that 

(n+ l)PJ„+,-ft(I-i'*)/,- (»- l)/t'*/^=c«-isd 
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25 If A 


= J(dn«)**<iM, show that 

(»»+ 1)^+2-«(1+A^4+ (»- 

26 If /„= dv, show that 

(« + i)*»4+,-«(i +!*)/„+ (»- i)J^= 

and obtain reduction formulae for and [ig^ similarly 

27 Prove that 

.. l +dn(tt + ??) -^ srmcin;-snyoim 
sn(w + i;) dni;-dnM ’ 

[M Trip II , 1915 ] 

(u) dn(^&-r) ~cn (u-v) dim cin; - cn u dn v 

611 (u -v) ” sim + sn 

«o C11- ^ ^ Thomson ] 

28 Show that an + Wg) 

1 - ^1 V^1^2 V2^2 ” ^2® A 

[M Trip II , 1889 ] 

29 If Mj, ?/2» ^a, W4 be any arguments, and r, z lespectively 
denote 

sn A-^ i )8ii(t/s~i<q ) 8n(^^~?/3)sn(i48-Wi) 9n (^4-?/8)sn(>ifx -ii^) 

sii {u^ + t^j) sn (W2 + Wg)’ 611 («4 + u,) sn + Wj)* an (w^ + Wgjsn ( tAj + u ^) ’ 
prove that a + «r+ [M Trip III . 1885 ] 

30 If denote the function 

sn (wx - cn (wx + w J/cii (% - %) sn (wx + v^), 

then '^4iU2«4s'^i/2J=^ai + V 2 S-^a 42 '» 3 i +'^ 43 '^^ [M Trip II . 1889 ] 

3 1 Find the values of fdn u dii, f-r~ fSILH 

J ’ Jdntt* Jsn« 

32 Prove the formulae 

(i) 3 Jdn* w dw = 2 ( 1 + k'^) ezn sn w cn m dn w - w, 

/ V 7 /o r sn M dtt . „ dn u 

T-— -7==ezn(2z + irH- tZ') + 1 

Jl + snw ' ' cnw 

1, l+/u 


[M Trip II , 1888 ] 


(ill) sn M dn = ^ log 


whore ezn « — + zn «, and zn u is Jacobi's Zeta function Z{u) 

[M Tmp II , 1888 ] 
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33 Show that 8ii(!i!+Z) = 2 . ®“(®+2Z)= -s, sn(t!t) = *tn(a!, ¥) 


Prove that, if /) = 1 - 


[M Tmp, 1876] 


34 (1) on(Mi+«,)cii(tti-«,) = (c,a-Sj8ijS)/Z)=(a,J_j^i«j|a)/jD^ 

(ii) dn («!+«,) dn («i - «j) = (d,a - kW*)lD = (d* - le\*c^)ID 


36 (i) on(M(+itj)on(«j-ttj) + 8n(«i + «j)sn(tti-«j) 

(ii) on («i + «j) on (mj - - sn (mj + itj) sn (v j - «g) 

(ill) dn («i + Mg) dn (ttj - lij) + feSsn («j + Mj) sn (ttg - m,) 

(iv) dn(Mi+Mj)dn(«^-Mg)-iasn(ttg + Mj) sn(«i-M8) 

= (d,*-Fa,V)/^ 

36 M l-Bn(tt-a) l-sn(u+ a) fsntg-a^ -snn)* 
M+sn(tt-o) l+sn(tt+a)“\i5(/f-a) + snM/ ’ 

/jj\ f + A8n(M — g) l-^sn(M + a) f l — Asn asn(«-t-^ ') * 
l-£8n(u-a) l+A:8n(u4-a) \l + Asnosn(M + j5^/ 


37 ( 1 ) tn(M+a) + tll(M- g) =1 ^^ f ° 

cn^a ~ dn^asn^w^ 


(11) tn(M+a) - tn(M - g) ° ° 

cn^a-dn^asn^H 


38 Venfy the identity W+ i? - = 0, where S denotes 

the product of the four sn functions with arguments w±v, u±tu, 
C denotes the product of the four on functions and D the pioduot of 
the four dn functions with the same arguments [M Trip II , 1914 ] 


39 Prove that the length of the curve of inteisection of two 
right circular cylinders, whose axes are at right angles and radii 

a, I (o<J), IS d^,, where &»*=a*/68, and venfy 

’ [Si John’s, 1886 ] 


the result when -a = 5 
40 Prove that the relation 


flte 

{(I {(1 - ^2)(l - 

where ilf is a constant, can be satisfied by an equation of the form 
m which U, V are integral polynomials 
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41 Show that the envelope of 

y'(cn udnu + k sn^w) - a;(dn « - )fc cn u) sn sn u 

[This IS St Laurent’s result foi the caustic by refraction for 
parallel rays falling upon a circle See Heath’s 0pitci>, Art 108 ] 

42 Show that the envelope of the straight line 

^'®a;sni4 + (cnu + l;dnw)y = ^snw(dnM4-fecnM) 

[Catlev on Gaustios, Ph Tr , 1856 ] 

43 A particle under the action of a central attraction 



moves from an apse at distance Z/(l+e) with velocity s/]I(l +e)le, 
show that the orbit described is Z/r= 1 + 6cn 6, mod l/s/2 

[Tait and SrsBLr, Dyn of a PwHicle^ p 393 ] 

44 Show that Euler’s Equations of motion of a body about a fixed 

point under the action of no foices, viz A ^ - (j 5 - Cl WoW, =■ 0, 
do) // a » 

=0, C -{A- B) = 0, are satisfied by 

Wj = a sn A(Z - t), Wg = cn A(Z - t), Wg = c dn A(Z - t)» provided the six 
constants a, h, c, A, t, k be suitably chosen 

[KiEtoaoFP See Routh, Htg J>yn ] 
[For the treatment of these equations by aid of the Weierstrassian 
functions, the reader is referred to Greenhill, Ell F, Arts 104-114 ] 

46 Prove that 




l+ifes2 


d - dcsc c-isd 


46 Prove that 


cd-\~t(l+k)s c-\-isd d'{-iksc 
[M Trip , 1888 ] 


+ 0-.S C-hD-.m D-kC 

' ’ ^ C+iS ffTHcS D-WTiif^S’ 

where S, (7, JD denote sn 2ii, cn 2u, dn 2u respectively 


47 


[M Trip , 1888 ] 
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48 Show how sn mu may be expressed in terms of sn % where 
IS an integer, and if m be odd, prove that the numeiator of 

I - sn mu when so expressed consists of a perfect square multiplied 

by the factor 1 - ( - l)'^”‘“^^sn u [Caylfy, 90 ] 

49 If - 0 ), where w is an imaginary cube root of unity, 
prove that 1 - sn (o) - w _ 1 - sn w /I - co sn wy 

1 +sn((u - a>2)«“' 1 +sn7A \1 + wsn uj 

60 Prove that 

I I - - «) 1 7 

1 1 - ^2sn2 (14 + v) sn2 (u - v) J 1 -^ 2 gn 22 J _ ^'^sn^^; + ^^sn^wsn^^; 

[Math Trip , 1878 ] 

61 Prove that 

sn^ _ cn^^dn^?t cnj-^dn^^ on^udnlu 
w (1 - k^sn^^v) (1 - A^sn^ J?t) (1 - sn^^w) 

[Math Trip , 1878 ] 

62 Prove that 

l-sn u 1 cn2^(i^4-i0dnH(w + i^’) 

1+snw ^2 sna^(w + i:) 

[Math Trip , 1878 ] 

53 Show that if Z7= sn (u + a^) sn {u -h sn (2« + % + a^), then 

j Udu^ -;^2log[l-^^sn2(M + ai)sn2(w + a2)] 


64 Show that 


0S( g + g) 02(y + a) 0(a; + y - 2fl) _ l-^2Bn2(^,^) sn^(y-fl) 
0^(® “ ®) 0^ (y - «) ©('c + ?/ + 2a) 1 - ^2sn2 (x + a) sn2(y + a) 


56 Show that 


[Glaishbr ] 


r cn^-sn^dn u,, 1, (, — / X\^ 

Jo 35 + sn u dn + 

56 Prove that in a sphencal tnangle ABC, obtuse angled at 0, 
we may replace cos a, cos b, cos c, cos A, cos B, cos G respectively by 
cnu, cnv, cn(w + i;), dnt^, dnv, -dn(w + i;), and then 

cos^p = 1 - ^2gQ2^ sn^i;, 

whore p is the perpendicular arc from C on AB, and point out any 
other analogies between elhptic functions and sphencal tngono* 

[Math Twp m , 1884 ] 
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57 Prove that 

(n) 0(3«) = ® (1 snS2M) 

58 Prove that Ziyi) = 

59 Solve completely the differential equations 

(l) ^ + »«« + a«s = 0 , (11) 5 + W*« + « 0 


Show that in case (i) u is of the form 


76= a - h 


l-cn-ji(/-T) 

) ^ ^ 

l + cn-y,(<-T) 


[Math Trip , 1878 ] 


[&^ = (a--?w)2 + n2, 




K? 2 , 


or w= -a- (a-&)tn2~(i-T), 

- with 1 ^[2 1 

or t6=ccn2y(/-T) -&sn2y(^-T), c)» 

and in case (ii) 

V \ 

tt=acny (^-t), with (a2 + 5^X® = a^ 

[Sol 8 H Problems, 1878 ] 

60 Prove that if a uniform chain fixed at two points lotate in 
relative eqmlibnum with constairt angular velocity about an axis 
in the same plane with the line joining the two points and free 
fiom the action of gravity, the form of the cuive assumed by the 

chain will be given by ^ = 5snir~, the axis of rotation being the 
of X [Grbbnhili, M Trip , 1878 ] 

61 Differentiations being denoted by accents, show that 

22 !^ _ — Jfc2 ^2!l2_22-2 — ^'2 sn''?! dn''t6 _ ^ 

cn 16 sn 76 ~ ’ dn 76 cn 16 ” ’ sn 16 dn u 

62 If -. ^1^ + = 0, obtain the relation between x and y 

\/l - vl - 

in an integral form [Math Trip , 1876 ] 
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63 Transform the differential dzjj (1 - x^) (1 — into a like 
expression having, instead of k the modulus 2>/]k/(l + A;) 


64 Accents denoting differentiations, prove that 


0) 

anu, 

sn'w, 

set 

--a*, (11) 

snu, 

BTl'u, 

sn'"tt 


onu^ 

cn'v, 

cn'^u 


cn«. 

cn'tt. 

cn"'u 


dnti, 

dn'«. 

dn'M 


dnu, 

dn'tt, 

dn'"w 


65 Show that 


( 1 ) 




88 \ 

cd, 

dd\ 


s'* 


[Mathbws 
p 349 ] 


See Gbbenhill, IS F , 


cntf^ 

cnw, 

cntt, 

cni(^ 

dn u, 

cn u. 

cnt«i 

cmi, 

dnw. 

cna, 

onu, 

cni/^ 


cnii 

8A;'®cn w sn®- 

cn u 

2 

cnw 

('l-A‘8n«^y 

dnu 

\ *^/ 


66 Show that for four arguments Vg, if differentiations 

of the elhptic functions with regard to their lespective arguments 
be denoted by accents, 

dn2ui, dn2w2, cn2i£2, cn2Mi 

cn2Mi, cu 2 w 2, dn2i*2, dn2ui 

dn2t;i, dii2i;2, on2i?2, cn2v^ 

cn2t;jL, cn2v2, dn2v2, dn2vi 

10^'4 

“* U^U^V-^V^ ^ 1^2®^ *“*^1 sn'^Vg ~ ^2^1 su'*Ti2 sn'*Vi] 

where ^ L.-_JL i 

1 - A;*8n*Ui 1 - ^^sn^Wg 1 - I -Aj^sn^Vg™ 


67 Show that 

1, cnts, dnu 
1, cnv, dnv 
1, cnw, dnw 


-4Wnsn?!±^sn 


v-w 


1 -^2gn2|sn2| 

1 

[Ox II P, 1914] 


68 Prove that 

sn* {u + ®), sn {u + v) sn (m - v), 
cn* (u + v)f cn (u + 1?) cn (u - v), 
dn* (w + 1;), dn [u + v) dn (tt - v). 


sn®(w-i;) 
cn*(w -v) 
dn*(w-tj) 


8^ 


[Math Tbip H , 1913 ] 
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69 If + w* = 1 , prove that 



cos^ 6 <!> dO diji 

(1 - (1 -n2sin*<^)^ 



Bin^ 6 cos^ dd d<\> 

(1 -TO2smS0)*(l-nS8in*# 


70 Ifw= 


0 s! I - ( 9 n /1 


dd d<l>, then ^ = 0 

w2sm2<#» ^ dm 

[y, 1891 ] 


71 P and Q aie points one on each of two circles in parallel 
planes with a common axis through the centres C, C* at right angles 
to the planes, CC'^h and the radii are A and a, PQ = i and the 
angle between the planes C'CP and CC'Q is « Evaluate the integral 

ilf 5=11*5^^5(25', the integrations extending round each circle, and 

throw the result into the foim 


where and are complete Elliptic Integrals 



CHAPTER XXXII 


ELLIPTIC INTEGRALS (contmued) THE 
WEIERSTRASSIAN FORMS 


1380 It was stated in Chaptei XI that the integration of 
J where Q is a lational quaitic function of x, could be made 
to depend by a suitable hoinogiaphic substitution upon the 

ez (Iq 

integiation w=| , ^ -- ■ , . , wheie Tc is leal and <1, 

and the piopeities of z when expressed as a function of w, as 
also those of n/ 1 — and \/l— A jV, have been discussed m the 
last chaptei I'his is the Legendnan and Jacobian mode of 
pioceduie 

A moie modem method is due to Weierstrass In this 


fdx 

method the same integial, viz j'jQ* shown to be 


also 


reducible by a suitable homographic tiansfoimation to the 

I " dz 

-7=======-, where 7, J are certain constants, 

VIZ functions of the coetBcientb of Q, and of the constants of 
the homogiaphic transfoimation formulae The function % 
regarded as dependent upon z, is consideied as the inverse 
function, and z expiessed as a function of w as the direct 
function It IS usual to write z=^[u), or p(w, 7, J) if it be 
desired to put into evidence the values of 7 and J p(w) is 
called the Weierstrassian Function 

The letters 9^ Q'^e very commonly used instead of 7 and 
J, but as powers of these letters occur very frequently there 
appears to be less risk of error in practice if we use the 7, J 
notation 


S30 
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1381 The modes of reduction of the general integral 

to the respective Legend nan and Weierstrassian forms will 
be discussed at length in the next chapter For the present 
we shall be occupied with an examination of the nature and 
piopeities of the function p{u) and the allied functions 
and cr(w), lespectively defined by the equations 

f d 

f (u) = - j p (it) log (r(«) 

These are lespectively lef erred to as the Weierstrassian Zeta 
and Sigma functions 


1382 Prelumnary Remarks 
The geneial binaiy quartic 

possesses two invariants tor a linear transformation 
x=l^X+m^Y, y=l^+m^Y, 

VIZ I — 3U2®, 

the quadiatic invaiiant, or quadiinvaiiant, 

J s aQa2a^+2aja2a^--aQa/—a^aj^—’a2^ 

, the cubic invariant, or cubin- 
variant 

If a transformation of this land has i educed the oiiginal 
quaitic to the foim 

0 ZH 4,z^r+6 0Z2r2+4a3T^^+<^^ 
then foi this new form 









Z'=0 ^4—4? lc6y+3 0®=— 4a/and J'= 
and the foim has become 


0 , 1 , 0 

1 , 0 , ^3 

0 , < 



y(4Z*-rzr2-j'y8)^ 

oi if Y be unity, 4Z^— 7Z— /, the accents being dropped as 
the meanings of I and J will be obvious 


1B83 If ej, be the loots of the equation 4^— 72;— J=0, 

so that 4!Z^-Iz-Js4!(^-^)(^-^2)(^-^3)> we shall lose no 
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geneiality m assuming for the piesent that Cg, are all leal 
Foi it will be shown that if two of these quantities be 
complementary imaginaries, say 63, then a substitution of 
the foim “62)(2!— ejVCz— Cj) will leduce the mtegiation 

r ^ 

J* J4>{z-e^{z-e^{z-e^ 

to the similar form 

j: 

wheie j^g, >;8 aie all real constants such that i;i+*72+*?8~^ 
(Art 1456 ) We therefore assume for the piesent that e^, eg, 
63 are all leal, hsive 

l=-{e^i+e^ei+h^^ 

61^+67®+ ■>22 
2 — ®2 ® 1 ® 2 » 

J 

^ — 616263 

1384 The Differential OoefBlcients of fp(H) 

d-:; 

, ■ ■ IS made definite at 

the upper limit, the integrand vanishing when z is infimte 

Diffei entiatmg, 4u^Iz^J, i e ^{u) = - 

% e - lp(,v) - J Hence also 

^'(u)=6^(w)-i/=:6a2-U, = = 

rw =12[p'S(«) +p(»)p"(«)]=12 [iO*a - j], 

f)’(it)=[360p^(«)-18/]j9'(tt)-(360»i-18I)z', etc , 

whence it appears that tlie successive differential coefficients 
of p('M,) with regard to u are alternately iiiational and 
rational functions of f{u) 

1385 Periodicity of p(u) 

It has alieady been seen that the function to defined by 
to®=l/4(z— ej)(z— ej)( 2 — fig) is a two-branched function having 
branch-points at z=ei, z=fi^, z^e^, and at z=oo (Art 1296), 
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f* dz 

and that in consequence 1 ... . has tliiee 

periods 2a)i, 2co2, 2co3, where 



wdz, 




wdz. 


these penods being not independent but connected by a 
Imeai relation, viz Wi— a)2+A>3=0 Ot the thiee we shall 
consider 2o)j and 2 od^ to be the independent peiiods 

We have also shown that if Uq be any definite value of the 

poo 

integral wdz, say that obtained by integrating along any 

"Z 

straight-line path extending from z to co, which does not pass 
through any of the points z=e^, 2f==«2> all othei 

values are comprised in the system, 


i^=2X (ttj-|“2ju^ft)g-l-2ft)j, — v,Qf^ 


where X, /x, X', / are integeis 


In consequence we have p(^imaj^+ 2 rko^±u)=p(u), where 
m, n are integers, an equation which expi esses the double 
periodicity of the function And this is equivalent to the 
statement that the most general solution of the equation 
p(u)=p(it0) IS u=2ma}i+2nft)3±W0, m, n being integers 
Fuither, it follows that 

p' (2ma)i4-2waj8+u)=^' (u), p' {2m(a^+2nw^—u)==--p' (u), 
p" (2wiwi+2n<»2±ix-)=p" {u\ 

p''X2wft)iH-2ii<»8+it)=p'''(uX p'"(2wa)i+2na)3— u)= — 

and so on 

And in the special cases when m=n= 0 , we get 
p (-u)=p (u), p' (-.w)=-p' (tx), 


p"{-u)=p"(wl p'"(-u)^^p"'{ul etc 


1386 These lesults aie obvious fiom anothei conaideiation , viz if we 
consider ( 4 z^-Iz-J)~^ as expanded m a convergent senes of negative 

powers of z, that expansion will begin with the term Integiat- 

l 1 

mg between z and ao, we have «=— + , andsquaiing,tt®=-+ ,and 

theiefore by leversion of senes 2i=-^j+even powers of tt, t c p{u) is an 



m 


CHAPTEE XXXII 


even function of u [Tins expansion will be found earned out m Ait 
1416 ] 

Thus p'(it), are alternately odd and even functions of 

tt, whence p{-u)=.^(u), p'(-u)= -p'(u), p^(-u)=p"(u), etc , as stated 
Fuithei, since these senes foi all stait with a 

negative power of u, it will be deal that p(0), p'(0), p"(0), aie all 
infinite, and the oideis of these infinities aie lespectively those of 
111 

iP’ instance, 


Ltu- 




’■"/ay 4 
I wV 


1387 The Abdition Fobmttla. for the Function 

Consider the solution of the Euleiian Equation -^-^-■^==0 
for the case when 

Xs^-Ix-J, Y=^f-ly-J 

1 00 /"jO ^ 

y= 9 {^) Then 






Thus, one form of the mtegial is u+v=Cy a constant 
We can obtain another foim of the integral as follows 
Introduce another vaiiable t such that 


and let x+y=P 


dx _ dy _ dt 

six~ 


Then 


dP ^ dP_ JX-JY 

•JZ—JY x—y’ dt x—y 


Differentiating with legard to t. 


( 1 ) 


1 r 1 dx -jx i_ dr Vr-j 

dt® a-— 2/L2VZ d-B x—y %fY dy x—yl 


^ (a— 3/)* {.x—y 


1 rl (dX dY\ Z-r i 
(jc— y)*L2\d!c dyJ x—y\ 


^/r 


-1 

-yS 
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Now 
dX . jH 

dy 


^+^=12(^+y»)-27, and ^=^:^+xy+f)-I , 


<Pi> 2(®»-2a!!y+2/*)_„ „dP d^P dP 
d<*~ (x-yf • dt d^~^ dt' 

where O' is a constant , (2) 

Now this equation having been obtained on the supposition 
dso dti 

that — ^=0, that w+v=- a constant 0, it appeals that 

tJX. iJY 

O' IS a constant, provided that 0 is a constant, %e O' is a 
function of 0, say ^(0) We thus have the equation 


and we have to identify the/orm of tlie function <j) 
Now 


P=®+y=j!>(«)+p(ii), and 


dP_ JX-^Y 


%e 


dt x—y p{u)—p{v) ’ 

=[p'*(m)-2p'(m)P'{v)+P'*(i;)— 4(a:+y)(a!-y)*]/4(a-y)® 
=[p'^(u)+2p' (u)j4:y*— ly—J—Iy—J —4a!® 

+ 4a;^/-t- 4scy®]/4: (x—y)^ 
Now let V dimmish indefinitely Then p{v) or y becomes 


infinitely great, and we have ^{u)=Lt-^^~x=p(u), and the 

form of ^ IS now identified as that of the Weieistiassian 
function p 


Hence 




That IS p(w+v)+p(«)+sa(i,)=|r|^-^J, 


which, as it expresses p{u+v) m terms of p(u)j p{v) and then 
differential coefficients, forms the addition toi inula foi this 
function 
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1388 Symmetrical Perm 

Taking a third function w, such that w+-u+ic;=0, then 
Therefore we have the symmetrical form 




4 Lp(«)-p(«)J 4 Lp(w)— P(w) J’ 


by symmetry, and theiefore 

p'(M)-p'(t)) ^ p'(«)-p'(«>) _ p'(M>)-p'(M) 

p(«)-p(«) p(®)-p(«') pM-pW 

whence 

p(«) [p'(»)— p'(m’)]+P('») [p'H— p'(«)]+p(®) [p'(m)— p'(«)]=o> 


and we have the symmetiical relation 
1, P(«). P'(«) 
1. P(o). P'(«) 
1> P(m’), p'(«’) 



1389 Yanons Kesnlts derived 
In the formula 

g>(^+^)+p(^)+p(”)=i [p£)ipff T 

change the sign of v Then, remembering that p(— i>)=p(») 
and p'(— v)=— p'(v) (Art 1385), we have 

p(„_„)+p(„)+p(„)=i , 

whence „ , , 

1 (ul + P ® (w) ^ 

^(«+v)+p(u— v)+2p(u)4-2p(v)= 2 {p(u)— p(un*’ 

, . . , > P'(’i)p'(«) 

p(u+»)-p(u-«) {p(u)-p(i;n‘ 

1390 Take a function of x, y, viz F{x, y), such that 

^(a!!, y)^2xy(x+y)—l’^—J, 

F{x, x)=4a?-Ix-J=9'^u), 
F(y.y)=^4^-Iy-J=f?'\v) 


so that 
and 
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Then 

P(«+ d )+ j ?( m -»)-2 (a-y)» 


={2a;y(a!+v)— lI{x+y)—J}l{x-y)*=^F{x, y)/(®-y)* , 


whence 

also 


p(« V ) p(«f«) |p(„)_p(«)}*> 


1391 In the formula 

P(«+Ij)+P{M)+P(^)=l[|;^p||yj> 

let V approach to ultimate coincidence with u Then 

„,5,A , rj reWzyMT - 1 
P(2m)+2p(u)-| J -4lp'(M)i 

-KlilogpW}*. 


or 


4 4p®(t4)— J 


1392 Hence 


P(2«)-44pS(„)_/p(^)Z7 2p(M)- 4p3(„)_jp(„)_j • 

which IS a rational function of p(t4) 


1393 Moreover 

^,iogp'(«)=: 


d p"(u) p"'Mp'(u)-p"»{u) 


du p'{u) 


?'*(«) 


=[12p'*(«)p(u)-4p'*(M){p(2«)+2p(M)}]/p'*(«)=4p(M)— 4p(2«), 
P(2 m)=p(«)-| ^logp'(M) 

1394 Another foim is 
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whei e 4 = ( + SJej •(- \P)li (fii - * 2 ) (ei - e,) 

=[ - 3 (Cje, - V) + 9«i*«ie,+ (eie, - ei*)^]/(ex - e*) (ei - e^) 

=[(«««» - ei^)(««e, - W)+WeA\Kei - ei)(ei - e,) 

= (« 2 «. + 2ei'*)'*/(eie, + 2eia) = e,e, + 2ei» = («i - «.) (ei - e,) , 


(e i-ei)(ei-e.) (e>-e,)(e2-0 (et-e,)(e,-e,) 
p{i4)-ei P(M)-ej P(«)-e, 




1395 Put v=2u in the formula 

Then so that p(3m) can be 

expressed lationally in teima of ^(u) 

1396 Now put v=nu Then 

which expresses p(w+l)u in terms ot p{nu), p(n— l)w and 
p(u) in rational foim, whence ^(w+l)w is a rational function 
of Thus it appears that p(2u), p(Su), p(4u), etc, can all 

be expressed as rational algebraic functions of p(u) But the 
expiessions for these successive forms lapidly increase in 
complexity 

1397 Again, using the formula 
and putting v=2m, 3u, etc , 


from which f>(3w), p(4m), may be successively calculated, 
and it IS noticeable that 

PX2u) p'(u), p'(Su) p'(uX p'(4fU) p\u\ 
are all rational algebraic functions of p{u) 



WEIERSTRASSUN FUNCTIONS 


539 


1398 General Value of Schwarz 

We shall show latei that the general foim of 
by the ioimula . . 

where is expressed m terms of Sigma T’unctions 
Schwaiz has shown that 


is given 


minant ^ ' 

<p\u\ p"(u), 

The method of establishing this result is pointed out by 
Groenhill (SjP, p 300, etc), but the proof lies outside the 
scope of the present account 

For immediate purposes we may establish a difFeience 
equation which will suflfice to give us the values of the 
function p{%u)'—p{u) in teims of ^{u) foi lov \alues of w, 
such as n=3, 4 j, 5, 6, etc , which is all that we shall lequiie 


1399 A Difference Equation 
From the formula 

^(v+u)+p{v—u)={2xy{x-\-y) — \I{x+y)'-J}l{x—'!/f9 

wheie a;=p(w), J/-=p(v)i we have, by putting 

>o=nu and g>(w)=i?n» 

"n+li-"n-l 

J) + (6x*- il) _‘)r 

s;? 


I e 

Putting 


«=^+-gr 

J = p"(ii) = &1> - iZ, Xs = 

=i{P'{«)P"'(“)-P"®W^’ 


(I) 
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wheie the sufibixes of denote the degree in x in each case, the difference 
equation u, E^i+E^i= X»+>^ with the starting equations Ei=0, 

Ej= \ihence 2L=X^iX^X»2fi)= say, wheie Xo^XaXi" Xs* 

Xs X4 XC 

The suffix notation will suffice until the case of jRg, when a second 

factor of degree 12 occiiis aftei Xia heerx used We may denote this 
second factor by <^>12 


1400 Othei forms of the diffeience equation may be convenient, and 
may be used, now we have found JB3, foi we may eliminate X2 Xs* 
both of them 
Since 


J2|, + JSji J2„_1 = X 2 "!■ ^ -Rn+l + ^n+l — X2 + 


we have 

■^w+l 1 (jR Jt +1^* 


% e 

p 1 p Xs /j; ^ \ 

* -Rji+l * -Bfi+lV-Rn * 

(H) 

or again, 

(Bn+t + B„) 2^+1 — (J?n+l + -Rs_i) = Xa(-®n+l ft») 

(III) 


From either of these equations 01 by another application of (I), can 
be found , after which we may eliminite both X2 X8» 
equation connecting the J?’a of any five consecutive suffixes, viz 


■®*+l ^n+li 1 

Rn^{En^l + Bn+l\ Bn, 1 


-0, 


whence (■’^i 

•^+1 

I (-^n— 1 ~ ~ ■Rn+l)(-^ii— 1 "" -Rw+i) _ Q 

P2 * 

"n-1 

in which a factor has been inseited for symmetiy 
Now, putting n = 2 in (II), we may readily show that 


i«,= 


■ ’XsXe^ ■” ' 

putting ns=3 in (IV), we similarly get 

where <#>w=Xu-Xe* 

, A12 

and putting n= 4, 

•R»= ~ Xs'Xc'#*!! 

and so on 

From the seveial connecting equations, 

X«=XjX4-X8*. Xm=Xs*X«-X 4*. <^is=Xi»-> 

4 >u=X»*Xb 4 >j»-Xu> «‘c. 


(IV) 
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>»e(»n leadily express Xo. Xia. <#>w. etc, in teina of tbe ongrnal quan- 
tities Xj, xj, Xu 80 tli8.t the successive values of S 3 (nt()- 0 (u) niav lie 
obtained in terms of 7 Collecting the results, have 

p(2tt)-p(«)=-^«, p(3tt)-p(«)=-2^, p(4it)-®(«)=-X4Xii 

XjX."’ 

p(6tt) - p(«) XlX4X;j<f»W ^ p(e«) - p (u) etc , 

Xs X4" *Pl2 

and the notation shows the natuie of the factonsation of the several 
nuuierabois and denoniinatois 
If we change the notation, and write 

Xi^'PA Xii=V"j. 4>a='/'Jft<f'3, 

etc , with Ij e get 

p(2«)-p(ii)= -5^’, _3^4, 

p(4tt)-p(«)= p(6it)-p(u)= -5^, 

P(6«)-P(»)=-2^ etc 

1401 Factonsation of ^ 3 , etc 

If we consider the solution of p(2tt)=p(u), we may mfer 
the factorisation of X 4 » ^ 

The equation gives 2u=2mc»i4-2-jia)3±u Therefore 

2^ , 271 - 

+ or 27nft>i+27ico3 

The piincipal solutions are 

2(0^ 2ft)^ 2a)j 2^ 2ooj^ 2a>3 

"T* T’ 3 ' T T* 


and any other solutions, such for instance as 


4a)^ , 2a) j 


etc 

^ ± g , etc, 


are merely such that when added to one or other of the four 
pnncipal solutions we obtain a complete period Hence the 
factors of X4 are 

and since X4=3 <^(“)— tW")— vanous 
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refeults fiom the consideiatiou of vaiious symmetiical functions 
of the roots of the quaitic instance 

p(t') p(^^!4^)=-.V^.etc. 

and umilat iesultt> will follow fiom a conudeidtion of the equations 
p(3»)=p(«X P(4!/)=J3 (iO, etc 

1402 Let (?,s4(> - ei) (i -ej )(a!-ej), > =p(jt), y=p(»), «=i’(«) Then 
[Vy -«i -Jiz - ej){* - Cj) - iJz-ei \'(y ~ei)(v 

= (i' - «i) (2^ + CiS + e/j) + (« - fli) (y + «,^ + cA) - i 
= + *) - «i (y - *)■' - i JQt _ 

= 1 [^(y. '^] - ei{y - ‘)^ = ( y - *)^{ \ *■ *» } 

= {p(«) - g>(w)p{j9(«+ w) - c,> That IS 
\/p(«+iff)-e]{J9(e) - p(!c)} = *>/(*- CjXs - «j) - - Cj \/( y - e^) ( y - ^) 

With similai equation*! 

1401 It will be noted that p(v+2o)-tfi, p[io+u)~e;^^ p(u+v)-e^ aie 
perfect squares 


1404 In the same way 

s/ p(v-w)-ei (v) - p («r)} == Vy-ej V (*-e3)(2J- 63 ) + n/ (? y-e2)(y 
with two smiilai equations 


1405 If 2toi, 20)3, 2ft)3 be the thiee peiiods, then 




and since ej^+e^+e^= 0 , we have p(ft)i)+p(<»2)+p(«8)=0 
Also 


where 


say, 


Q=l»*(«)-4fiii!9®(w)+i/f>*(it)+(2J+ei7)p(u)+(-iVr®+«iJ‘) 
Then this quartic function Q is a 'perfect square For the 
solutions oi p(2m)=p(wi) aie given by 2i4=2Aft)i+2/iUi)8dzft>i 
That IS w=an odd multiple of Joii+a multiple of 0)3 

Now ^ and only ind^erbdent solutions, 

for any others are merely such that, with one or other of 
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these, they make a complete peiiod Therefoie the only 
different factors of Q are the two 

S»(«)-p(^) and p(M)-p(|*+a)s). 

which must theiefore be lepeated It is theiefoie indicated 
that 

«’(2it)-p(®i)=[p{M)-p(|*)] [p(w)-p(|‘+«8)] |p'^(m). 

no coefficient being lequiied, because m ^{2u) the coefficient 
of is to be 1/p \u)y which is so 

The actual factorisation is gi\en in the next article, which 
will show that the repetition could not be such that one 
factoi IS repeated thrice 

1406 Since 

J = - 4 I 2 J tj. = 46^(6)63 + (62^3 + 

p(2?0-«i 

= .2(e2ej-ei0?^^(w)+4e,(e2e3+Ci*)^^(“)+(®2es+«iWP^w) 

== - 2eiP(?i) - (6263 + VP' '(w) 

= [(P(«) - hV - («aCj+ 

which shows the actual factorisation of Q 

1 407 The values ® theref 01 e 

61 db s/e^fi^+ 2 ^ t e 61 ± s!Ze ^ - J/, 

and since lies between 64 and 00 we take the positive sign for p^^^ 
[See Alt 1410] 

1408 We have also the lelations 

With othez lesults Foi instance 

V p (2?t) - ej = - [^p( u) “ P ^ " 3 ) 1 / ^ 

wheie the negative sign is chosen, because when u is very small 



1409 Putting £!= 64 , 63 01 63 in 

p 'i(u) = 4p^(i«) - Jp{w) - 4 (^ - Cj) (s - 62 ) (« - es)* 

P'K) = P'(«j)=P'(<"3) = 0 
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= {A*’ -/*-/- 4(^+ 2e,)(.' - «i)*}/4 (*-«.)* 

= {(12e,» - I)z - (J + 8e, ')}/4 (* - *1)", 

and 12ei*-l=4(«i-ej)(«,-e3X J^+8«,®=4c,(e,-ej)(e,-6^ 

Hence P(«+ui)-p(a)i)=(ei-e2)(f,-es)/(*-«i), (1) 

»e {P(a+e>i)-P(<“i)}<P(«)-P(<“i)} = {P(''>i)-P(<“2)}{P(“i)-P(“j)}> (2) 

'With t'wo similar zesults by a cyclical change of suffixes 


1410 We may therefoie write the lesult of Alt 1394 as 

4p(2i4)=p(M)+p(tt+ft),)+§?(M+(U2)+p(M4-W3) [M Tiip,1888] (3) 

Othei identities may be established Thus, since 

P(«+ Ml) = <’l + ~ ~ 

we have p'(m- tt»i) = 

If ID (1) we put 2CS3 

p(^)-«i= ±*>/(ei-ei)(ei-e 5 ) (See Ait 1407) 

Now 2c«ii = 2 J and is real , and as z luci eases from to qo , 

u decreases from cd^ to 0 and passes the value <Oi/2 in the interval 
Hence the value of z coiiesponding to that is between 

ej and oo , and is therefore > Cj Hence we take the positive sign, and 

p(y ) = ‘i +V(e,-ei)(«i-ej) 

Also, since p'(^)= - ^4(z - «i )(2 - e,)(s - e,), we have 



= -2V(ei-e,)(ei-«,)[N/e,-ej+Vei-«,] 
1411 It may also be shown that 


P'(^)= -2‘v'(«i-«s)(ei-«3)[N/e,- Cj+Ve^-fJ, 
P'(^)=2>/(ei - e,)(ej - -ej+ (•/«,- ej 
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1412 Again 

Theiofore ' •*' 

*ud g(tt)_| r(«+o>i) | r(«+«o») | P"(tt+6.iJ n 

P'i(mH-<i)[) P'(M+<i) 2)'^ P'(a+<Bs) 


1413 

WO similar results 
addmg 


whente 


Pin) 


P(tt+<i)i) p'(m-(tta) , p(tn-ta,) ^ 


1414 Wbierstrassian Peeiods in Terms of Legendrian 
Wo have now to examine the relationship between the 
Legendiian and Weicistiassian systems Taking eg, eg as 
the loots of 42;^— / 2 J— J=0, and supposing them all real and 
^1 > ^*2 > ® 3 > peiiod 2(ai is dehned as 
of - ^ 

J«X \/4(»-ei)(s!-ej)(0-e,)’ 
and IS a leal period (s' > > eg > eg) 

Let e 3 L=(ei— eg)cot®6 and — % 

which IS positive and <1 

Then z—e 2 =e^--‘e^+{e^—e^) coi^6=(e^—e^) cosec^d— (eg— Cg) 

=(ei— e3)(l— sin^0)/sin20, 

and 21 — c,=(ei— egj/sin^e , also dz= — 2(ei— eg) cosec^fl cot 0 dO 
Again 3=e^ gives d=wl2 and 0=00 gives 0=0, 

2<b =2 - f 2(ei— eg) cosee^0 cot 0 sin^0 dO 


■'o ( 61 - 63 )" cot 

dd 


2 P 0 
si e^ Cg J 0 ^1““^ 


2K 


-fc^am ®0 >/ei— eg 
Again (0 leal, and passing below 2 ;=ei, see Art 1335), 

«-f ■ 

V \- -Of 

dc 


2(m 


^ n/ 4(2— e2)(0— ej) ’ 
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Let «==ei sm®0 

Then e^— 2 ;=(ei— e2)sin®0, cos*0, 

and sin^S), 

wheie i^=!LZf2=i_^=5!=i_is 

e ^— ^3 ®i“^s 

U being positive and < 1 Also dz=--2[e^—e^ sin 0 9 dd 

Again 0=^2 25=^1 gives 6=0, 

o, n _.2 1 P d 0 _ 2 E' 

iN/i^JoN/rTO 5 ?d 


-off^.n dz 

U<!,'^ J«j n/ 4(2— ei)(2— e2)(*— ej) ’ 

g u, W >, . («l>«2>*><^ 

<. i*N/4(ei-z){eg-z)(2-ej) 

Let z=ejSm®5+e8Cos®0, 

Zj— z=ei— ej8in*d— ej(l— sm*0)=(ei— ej)(l— A*8m*0), 

Cj— 2 =(e 3 — e,)co8*fl, z~^=(eg— ej)8in®0, 
cfo== 2 (e 2 — Cj) sm 0 cos 0 cW , 

z==eg gives 0=0, z=Cj gives 0=|, 


2 P d 0 

* 4®*yei— ZgJo \/l— i®sin*0 


2 Z 


Hence g)^=- 


and 0)1—0)24 a>8=0, as it should be 


K-iR 

n/Ci-Zj’ 


A-ez 

A-**’ 


1415 COXEBOTION BETWEEN THE JaCOBIAN AND WeIBR- 
STBASSIAN ElLIPTIO FuNOTIONS 
In general, taking 


“ 1 715=5^5^ 

Put 2=ei4"(^*-«3)cot*d, and we have 

^ _ where ]fc2_&Il£i 

\/ei— egJo VI— ^8in®d* 
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Then 9 = am Je^— e^u. 


le 


f»(u)=ei+(e,-ei) 


cn’ 






sn^s/e^— egtt 

I 

fj(«)=e, +(61-63) 




(A) 


which may also be wiitten as 

en‘V^«_e^, 

which show the connection between the Jacobian and Weiei- 
stiassian systems 

1416 Expansion of ^{u) in Powers of u 


(B) 


Taking 


dz 


ss/ 4 ^^Iz ^7 


, and « > > €2 > ^» we have 


^ convergent expansion, 

*=/. ] 

r, ri, 7 / 1,13 /» I 

-J. ‘“L23}’*’i^.4 3i'''2‘ 4 3* ■'■ 2 ^ 4^3^^"^ J 
= 1 + 0 + -I- 1 +-^ i+^LJ_ l\ 

3i+'^+2 4 63*^2 4 73^+2 4‘ 93 ^^ 

We have to leverse this senes, and expand z in poweis of u Squai mg, 
'we notice that is a lational function of 2, via 


Then 


““i+°+r6?+r7?+ 

1 1 1 J. 

*“ 1 ?+° + 20 5 ? 55+28 W+ 


= ^j + 0 + i5»* + 5S»* + 


w -r «« w . to the first three terms 
20 28 

As z IS obviously an even function of w, we may conclude that the 
expansion is of the form 

*=i + °+^“*+2-8«*+?>“ + T?“‘+^>‘“+ > 

where Aq, Ag, leniain to be found As the woik of reveision of senes 
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Equations (A) and (B) give the expansions of the Zeta and Sigma 
functions 

The constants of mtegiation are in both cases taken zeio That is, 
f(w) and aie taken as vanishing with u 

1419 We note that both f(w) and o-(w) are odd functions of 
u, and that m consequence ^(—u)= — ^(u), cr(—u)=—(r(u) 
Also that f(0)=Qo , f '(0)= jo , f"(0)=oo , etc , 

o-(0)=0, o‘'(0)=l, (r"(0)=0, tr'"(0)=0, (r‘’(0)=0, 

y(0)= — ^I, etc, 

and for small values of u, ^(u)=-, cr(u)=u 


1420 Addition Formula for the Zeta Function 
Integrating the equation 

With respect to v, C(^-'v)+C(»+v)= ^^^j^^ - ^ +G , 
and putting v— 0, p(v)=x> , 2f(u)=(7 , 

Also f(w) being an odd function, f(M— 1 ;)= — f(v--w) 
Hence, interchanging u and v in equation (1), 

®)-2f(®)^ p4-p( ~ ® ) * 

Hence adding, 

= {p (m+ d) -1- p {«) + P (t!)}*, 
or wilting M+t/=— w and reinembeiing that 
p(— w)=p(w), C(—^) = ~CM’ 

CH+C(vH f(«')+Vp(u)+p(®)+p(w)=o, 
wheie «+v+«;=0 [See Greenhill, B J , p 205 ] 

Changing the sign of v in (3), 

.1 &'(u)-l-ip'(v) 
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1421 By differentiating (3) and (4) with regard to u, 


pW-p(«+«)= - i - 
PW 2 du P(u)-p(v) ’ 

p(u)-p(u-v)=^ ^ P'(^)+P'(^) 
' 2 du p(u)—p(v) 


whence 


1422 Addition Foemula poe the Sigma Function 

Integrating ^(«-i))+^(it4-p)-2f(M)= ; with le- 

gard to Pv ; Piw ; 

logcr(w— i;)+logo-(t4+v)— 21ogflr(t4)=log{p(tA)— p(v)}+0, 

and since, when u is indefinitely small, 

(r(u)=u and p(w)=:A, 


log (r(-i>)+log a-(v)=Ltu^ologu‘ f^-p(v)j+0=0 , 


whence 

Putting v=nu, we have 

1423 If we integrate with regard to v instead of with 
regard to u, we have 

-logo-(it-«) + log(r(M+®)— 2«^(«)= f* — 

Jop(w)-p(«) 

whence loge-^(«)^^^^i^=r — E-W gj, (g) 

er(u—v) JoPM—P(v)^^ ' ^ 
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I42(> Stnrtm^ with 

C{« '')U («»«’) 

1111)1 iiiti‘}'t .it 111)1 with r(‘)'ar<l to u. 






whl*!!)’)* litKP Oslrl'’’!*' ^ '‘I f 

^ <r(l' 11) Jo v{u) i>{o) 

IW.') j»(m), wt‘ havt* 

«r(« r)<r(M 1 t») d* . , . d* , , . 

,r^(.i))r»(r) )/«! 

1 l‘i«i In fhi' ri'Hult 

n(u .. ,v 

luiilv)' p H{»|)tim(‘h iiiil«*timt«*ly cloHi'ly to it Tlu*n 
frl'^u) ,, v(i) t»(M) ,, {/(p) 


,j W (0 t»(M) jj {/(<’) 

«♦(«) -T(« r) ff'(M I.) 

hif i» ((•) I (Airt I'lUt) Hpiuh) 

flrCiM) tr*{u)v'[u) 

d* 

Ul/; V»W V)(tt) wohavo 

/(«) i ‘‘t' ) 

(t"*! . . 

fvuil taktnx u m4«*(luiti Iv minll, hav<^ in tli<« liiml 

V *) 1 

1 I , 1 I f. , > «* ' 3 /< i. 

a ' t r- 4 «' 


nUl'lH’D t ((<*) 

unit (huMnuhttnt n incli (iiiitoh, 

m'atttHMti" iw( „,) ll"«» ''"K*-! i'“K( >)' 

<y 1 ). 
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<r(»+l)w(r(«-l)« 


1428 Putting »= 2 in the formula 


we have 


1429 To find o-(4i*), we have 

<r(4u)= -( t *( 2 m )^( 2 i 4 )= -[a^(u)ff>'(u)]*p'(2u) 

= -o^(m) P'^(u)^'(2u), 

and bj aid of these lesult*? we might pioceed to find (r(5w), ar(6u), etc 


1430 Corresponding to Euler’s Theoiem, 

cos & cos 2^ cos 2^0 cos 2**^^ sin 2^612^ sm $, 

whence 


1431 Wi iting for we have 

'^n-i V^n+i _ <r (?i - 1) V (r(n+l)tfc f ( ant)”* ) «_ o-(n- l)uo-(w.+l)tt 
™ (ant) (ont) \ (nu) J “ cr^ (ntt) (tt) 

p(m.)-p(«)= 

The value of "^^(it) found by Schvarz has been shown m Ait 1398, 
expiessed in terms of diffeiential coefficients of ^(tt) 

Supposing the functions Rn to ha^e been found in terms of p{u) as 
explained in Ait 1399, etc, can also be expiessed lu the same mannei 
For 


rpn D ^n-1 ^«-3 

“?5T~ 


■* 




-S,. 


(^rx^r 


and v^2= 


0«-3)(n- 1 ) 

=(-i) ■* m., 

-P'(«)i V'i=l j whence (»>2) 
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« (n— 1) , , a 

{or(w)j” 

1432 General Form of the Differential Coefficients of p(u) with 
regard to u 

Wnting P, Pi, Pg, etc, for p(«), p'(m). p"(«), etc, foi short, 
we have P^^=4,I^—IP—J, 

Pg=6P*-iI. Pg=12PPi, 

P,=12 Pi*+ 12PP2 

=aP®+Z)PH-c, say, Pj=(3aP®+6)Pi, 

P,=6aPPi®+(3aP*+6)Pg 

=cIiP*+ 6 iP"+<!iP+c?i. say, Py=(40iP»+26iP+Ci)P„ 

P8= (12aiP*+26i) Pi*+ (4aiP»+25iP+ Cj) P* 
=aJP^+hJP^+CiP^+d^+ei, say, 

Pj=(5agP*+ 36iP*+2cjP+dg) Pg, 
etc ) 

whence it appears 

that Pg. P4, Pg, are all rational functions of P 
and that Pg, P*, P7, contain an iriational factor Pj 

If we suppose these eq^uations solved to express the various 
powers of P in terms ofP.Pi.Pg, ,we have 

P‘=i(i’*+ \I)> ■P*=5 

P‘=i{P<,-i6i(Pg+iJ)-CiP-di}. 

p6=i(p.--*(P4-5P-c)-^(Pg+iI)-«i2^-«*r> ’ 

ag I * a ' * 0 ^ 

whence it appeals that any positive integral power of P 

can be expressed linearly in terms of P and its differential 

coefficients, and that the general result will be of the form 

P«=4Pg,_g+PP*„-.+CP...«+ +KP,+LP+M. 

in which no differential coefficient of an odd order occurs, and 
the coefficients are all functions of I and J not involving the 
variable and readily calculable in the eaxly cases 
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1433 Integration of Rational Integral Algebraic Functions of 
p[ii) with regard to u 

It follows from the last article that 

du=^AP 2n-8+-®«Pan-7+^^an-0+ 

H-jrPi+Xf(w)-f-J!fM+a const, 
in which the Zeta function appears fiom the integration of 
the teim LP 

Any rational integral algebraic function of ^(u) and 
%e oi P and P^, can now be integrated For if it be 
separated into two paits, the first containing all the even 
powers of f/(u) and the second all the odd powers, then 
aftei substitution of 4P^— /P — J for P^*, we have a result of 
the form ^(P)+x(J“)^i) 0 and X being rational integral 
algebraic functions of P And when ^ (P) has been expressed 
as explained above as a linear function of P and its differential 
coefficients, each term is directly integrable And if x(-P) be 
expressed in powers of P each term of x(^)-Pi directly 
integrable, for |P'‘Pid:u=P’’+Y(r+l) 

Moreover, since P’'Pi=^ (f+1 )’ 

+M)=AP^r^,+ . 

it appears that P^P^ can be expressed as a linear function 
of P and its diffeiential coefficients, and that the same is true 
of x(‘P)^i» X being rational and integral Thus, whatever 
rational algebiaic functions of P, ^ and x “ay be, the integral 
paifc of 0(P)+x(P)Pi IS expressible in the form 
A+A^P-^AjP^+A^Pz-h » 

and IS integrable with respect to u and expressible in the form 
(7 + Am+ Aq f (tx) + -dj p (w) + -cl 2 + Ag + 

1414 Thus, tor example, to integrate {p{u)+^\u)Y with 
legard to w, we have 

(P + Pl)2 = P2 + P^2+2PPi = 4P8 + J^'-/P-*7+2PPi 

=Tlir(J"4+18/P+12J)+i-(P2+4/)-/P-/+2PPi 
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1435 If we dijBferentiate equation (1) of Art 1420 with 
regard to w, 

and an intei change of u and % or a differentiation of (2) of 
the same article with regard to v, gives 

f'(«-'u)+r(«+v)-2r(«)= -p^4-pM“[p(tS-pW’ 

a further difteientiation with regaid to v gives 

P'» 3 p'Mp"(v) 2p'»(v) 


p(ti)-p(v) [p('M)-p(e)P [P(«)-P(t>)3* 
etc 

Thus we can form fi actions containing [p(w)— 

etc, in the denominators with no functions 
of u in the numerators, and this will presently be found 
useful (Art 1443) , and since n^)=-*p(w), we have 


s= — p'(u — v)-\-p'(u+v) — 2p'{v) P 

[p(«)-p(v)]» ^ ' P(m)-P(u) 

3p\t;)p» 

[P(«)-P(’^)]^’ 

etc 

Integiating with regard tojw, 

p'(v) J_^--p^=log o- (u-t;)-log 0 - (•«,+t))+2uf («)+const , 


2p'*(r)f 




556 


CHAPTEE XXXn 


Each such integral is theiefoie expressible hy means of 
those which have preceded it, the first being completely 
integrated So that all such functions as 

1 _J L_ etc 

p{u)-a^ ^ 

are integrable and expressible in terms of j?, f or <r functions 
In the case where p(v)=e^, or we have ^2 or W3 

and p'(v)=0 

We now have from the second result, 

-«)-f(«+®)-2e«, 

With conesponding suffixes for e and w, replacing the fitst 
integration above, and so on foi the othei cases 
And p"(‘»i)=6«i*-il=2ege34-4ei* etc 


1436 As a particular case, if we put p(u)=0, v is a constant 
defined by v= f ^ And 

p'*(u)=4p’(w)-7p(i))-J=-/, p"(t;)=6p*(u)-iZ=-J/, 

p"'(v)=12p(®) p'(u)=0, p'">(v)=- -12/, etc , 


whence the successive integials 

may be at once expiessed J J P (w) 



etc 


1437 The integration of the fonction -7-^ («=Ae, , 01 e,) 

may now bo efifected P('^) ^ 

Let a=-p(i>3, which defines v as a ceitain constant, viz 

_r dz 

" " J« ^W-Iz-J' Then 

^ ^ r p'w+p'(») p'(m)— p'(i)) i 

P(m)-o 2p'(u)L p(M)-p(e) p(m)-p(«)J 

=p|7)[f(“-«)-f(MH-t>)+2f(i;)] (01 by Alt 1435), 



WEIERSTRASSIAN FDNCTIONS 


557 


whence 


f '»-(w-v)-log <r(«+«)+2Mf(o)]+con8fc 

const 

p(«) ® <r(«+u)^ 

1438 Art 1435 shows that we also have 

p'*(»)| f («-t>)-f{M+«)-2« p(v) 

2p'*(«) I -p(«-®)+P(«+®)- 2« p'(v) 

and so on 


1439 Integrals of form f f ~-^ —du, f , of 

Jp(u)—a J{pw-a}^ 

course directly integrable as 
log[p(«)-a] and 

1440 Integrals of form where F is a rational 

integral algebraic function, can be integrated by expressing 

jP in a series of form 

A p” (m) + ( w) + +Kp {u ) + £, 

and then dividing by p(w)— thus reducing the integrand 
to the form 

4'p»^(«)+B'p"-*(«)+ +^'+ p(^_ -. 

and each of the terms of form Xp^(u) may be treated as in 
Art 1433, whilst the integration of the last teim is effected 
above 


1441 Integrals of form 


r P[p{u)] du 

J [p(?0— 

follow the ordinary rules of Partial Fractions in the first 
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place with an integration of the several terms of the form 
^ which accrue, following the rules described 


above 
1442 Ex Thus 


I 




|]p(«) - a] [p(u) - 6] [p(«) 
-2 

=2 


-cri 




where 


-f 


(a-b)(a-c) f'ivi) 
dt 




— =, t£|=6tc, ?« 3 =etc, and 

—Iz — J 

p'(ui)= etc 


1443 General Summing Up Completion op the Method 
We can now consider the general case of the integration 
of a function of foim {A+B\/Q)/{C+Dj^), where A, B, C, D 
are rational algebraic functions of x and Q is a rational 
integral algebraic function of x of degree 3 or 4, thus extend- 
ing the result of Art 318 By exactly the same process as 
in Art 318, the function may be thrown into the form 

T'^W where V, F, M, N are rational integral algebraic 

functions of x The transformation a?=ao- 




may be 
^ >7 f 17 

applied to both parts, or to the second part only, for 

IS directly integrable in terms of x by the rules of the first 
seven chapters But for the sake of umfoimity in the result, 
let us suppose the same transformation is applied to both 
parts Then, having determined jj, and i; so as to reduce 
dx 

to the Weierstrassian form -======, let us put as in 

Art 1432, p(ti)=P, etc, where u is Then 

!7/F and MjN, which are functions of x, take the forms U'lV' 
and M'jN' respectively, where U', F', M\ iV'aie lational integral 
algebraic functions of P, oi what is the same thing, z , and 
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where V'lV replaces -C7>/F(a-ii)* and V, V" aie rational 
integral algebiaic functions of z,ie of p{u) oi P, and M\ N' 
are also rational integral algebraic functions of P 
Now 1771 ^'^ and M'/N' can both be expressed partly as an 
algebraic senes ot powers of P and paitly as a senes of Partial 
Fractions 
Suppose 


17 " 




which are the most general forms 

Thea 


1 1 
S-1 


and 


I 

integrated in terms of P, ^ e of p{u) 

Also fP''dw has been shown in Art 1432 capable of integra- 


P dll f 

p^ 3 ^=log(P— )8), so that all the terms of J yp^P-^du can be 


tion, and the method to be followed has been there described 
Finally, the integration ot terms of the form or 

J (P— discussed m Art 1436 The total result 


is therefore expiessible by aid of the Weierstrassian function 
^{u) and its associated Zeta and Sigma functions, and the 
addition formula foi each has been established 

This therefore completes the theory of the integration of the 
most general algebraic function of nature (d+P^/Q)/(C-^-P^/Q), 
where Q is of degree 3 or 4, the cases of Q being of degree 1 or 
2 having been completed in Art 318 


1444 Illustrative Example 
Consider the integration 


J* (2-l)*(z- 2)74(21^+1) ^ ^ ^ 


Let 2 ;=p('U, 0, —4), ^e 


dz 


n/4(2;»+1) 

two constants defined by p(a)=2, p(P)=l 


i=— dtt, and let a, j8 be 
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Thenp*(«)=36.p'^08)=8, p"(a)=6 
and we have 

U= 

Hence, by Art 1437, 


£{■ 


0—2 0—1 


2^=24, p"(^)=6 


1*=6, 


i7=«+8 




a-(u — u) 
aiu-^-a) 


4 


- log62“?<« 

s/8 


a-ju—fi) 

o-(«+/8) 


and G is to be determined so that U=0 if w=0 Siiiiphtying, 

and when u is diminished indefinitely, 






+0 


Theiefoie subtracting, 


U=iu+^, log log 

4 3® (r(a+M) 8^/2 ® o'(/8+«) 

+4SW+8p(M)-l' 

where «=p-i( 0 , 0, -4), a=p-M2), jS=p-i(l) 


ir{a—u) 13 


r(^-u) 


1445 For further development of this part of the Theory of Elliptic 
Functions, the reader must be lefeiied to some book expiebsly dealing 
with this section of the subject, such as Piofebsoi Sir George Gieenhill’s 
treatise, where he will find a large number of \eiy elegant applications of 
their use to the problems of higher Applied Mathematics, and a much 
more extensive account of them than space admits liere 
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PROBLEMS 

1 Reduce the integial 

= (2<^<2 5) 
J2N/4(j;-2)(r-3)(2/-5)(3!-5) ^ 

to the Weierstrassian foim, by putting 11=2 + ^ Show that the 

moduli of the iiitegi al are and l/\/5, and that « = V(® ” 2) } 

Show also that u— - dn-\ /jllll., mod 

sib V3r-5 n/5 

il 

2 In the integral u= 1 . show that if 

® s/4^-20;8-28 

?' > «! >• 63 > ^ 8 » 

W ji>(M)=^2 + «® + tt^ + gtt«+ , 

('■) fW-j-s-’B”'-!'!*’- . 


12 

dr 


3 If 2a = P show by putting 

Ji V(4i*^ + 17j5 + 4)(2a;^-3a;+l) 

a=y/(?y-5) 

that the integral is reduced to Weierstrassian form Piove 
also that 

4 Show that 

32jp'^(?4)^'(2^0 = " 80J^^(u) - 320/p®(w) 


Also show that 
factor 


if 2u-j" 


20/y (m) - 16//p(tt) + (/# - 32J*) 
dz 


n/^-20-1 


, contains ^(u) as a 




the roots of the 


5 Show that foi the integral 2i^ = 

equation p'(2w) = 0 are given by p(w) =a(N/3±l), aa)(N/3±l), 
a(o*(V3 ±1), whore w is one of the unreal cube roots of iinitj^ 

«®-4a3 

Show also that ^(2'a) -g3(w) = 

p""(w) = 24{5^(M)-2a3} 
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fl Tr 1 C dz V iu X 1 1 f;®-" 2a s/2 COS 16“ 

2i/Sa^ U + 2a^2cosl5“/ 

Mod sin 15® 

7 For any Weieibtrassian Integral, show that 

/,^ r/ /«"P»-6l_o /.,x T4 /«*«») , 

(1) -W.-0 \ _ 1 / - 2 > (“) ^‘-O \ / = 4 

8 If 84, -80), show that the values of and 

/w, \ \2/ 

aie 4 ± 3s/3, and that 

\/p2u - 4 + ^(u) - 8p(4t) “11=0 

Show also that 

p'(« + «i) - - 27p'(tt)/{p(M) - 4}*, ^ 
p'(« + “2) = 1 8p'(“)/{p(«) - 1 }*. h 
P'(m + <»,)=- 54p'(«)/{p(«) + 6}* J 

9 If w = I — — — transform the integral by the 

•’“{(*- «i) (a -«2) (*-«,)}* 

substitution y» = - - ^ and show that 

y=p{|V(V-«2)(«i-«0. 0. 

10 Prove the relations, 

(I) a*(u)(r(v + w)<r(i; “ w) + a‘\v)(r(w + w)(r ( m? - w) 

+ o^(w)a-(u + t)a-(tt - w) = 0 

(II) p{u) <r« (14) or(f; + w;)(r (v - w) + p{v) o^(v)(r(to + u)(r{tv - u) 

+ p /w) or*(tt.) 0* (14 + v) <r (a - v) = 0 

(ui) Jj2(u)<r* (tf ) (r(f; + 10)0- (v - w) + p*(t)(r*(t;)<r(w + «)(r(tt7 - u) 

+ cr(u + t;)o-(!4 - «) 

= (r2(a)<ra(v)(rV){pW - p{to)} {p{w) - p(tt)} {p(tt) - p{v)} 

(iv) (r(<; + 1(;) a- (® - w)cr(u + ic) <r (tt - a:) 

+ <r(to + tt) (r(w ~u)<r(v + x)<r (v - x) 

+ (r{u+v)<r(u “ t;)o^w + x)<r{w - «) = 0 

[Gebbnhill, E F 208 ] 

(v) a^(u) (r^(v + w) cr8(t; - -w) + <r«(t,) <ra(«, + ^ j 

+ <r®(ii + ti) 

= 3<T^(t4)o-2(v)cT«(t4;) 0- (t;+«4;)cr(i; - w)<r(w + u)o'\v} - u)<r{u-^v)<r(u - «) 

11 If ws^^(a?, /, i7), find the values of 

f . 

J Jpw j ’ 



WEIBRSTRASSIAN FUNCTIONS 


563 


12 Find the values of 

1^). 

13 Prove that 

2 (^ - 6) (p - pw)^[p{v + to) - (v - w) - e]i = 0, 
wheie the sign of summation refers to any three aiguments u, v, u\ 
and e is any one of the usual quantities <*21 ^3 

[Math Trip , 1896 ] 

14 Prove that 

8p'(«)p'{2«) -p'S(«) - 3Jp(«) - 18/- 

15 Prove that 

J^(2u) - 61 + >/p(2u) - + s/p(2u) - = {12p2(u) - I}/4:^'{u) 

16 Show that 

4|p (2lt)p'(M) du = Jp2(tt) + log (p« - «!)“(?“ - «s)‘‘(p« - <8)“». 
where « (fii - ~ ®s)> a^^etc 

17 If <K>^ «) =^§7^ 

(I) <^(«, -p)=p(n) -p(p), 

(II) <#)(»«, Wj) = </)(«, -®i) = 's/p(tt) -«1 

18 Putting (m), etc , etc , show that 

(T (2«) = 2(r («) <r, (tt) <r 2 (tt) (r,(«) 

[Gr>bnhiil, 208] 

19 If the function <#>K v) be defined by the equation 

show that (1) <|> (M, ») <^ («. - ») = P(») - P («) > 

(11) = 

Hence give the general solution of the following case of Lamp’s 
Equation, viz 1 d*y , , . , > 

y3^=W+PW 


[Grbenthilt , F , p 210 ] 
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20 Prove the results 




pWW+p"(«>)p» 2d(u)p‘h) 

^ ‘ {»>W-P(®)}^ '{p(«)-pWP 

(llO p"(«)p'(«>)-ff>'»p 'N gVMpVjN P'(w) + P^(«>) . 

(") '• 

-{p'(®)+p'(«) } 


2 ] Obtain fiom the definition of the function p( u ) 

(a) ff>(ii + «) -t-pM + p(i;)=»n* , (l>) p(u) - p(// 

where 2m-- {p'(«)-p'(»)}/{p(«) -pW} [Mawi- 
22 Prove that 

r rfit 1 r w , 1 p'(w 

) p-(5P7,= 

3 3 Prov e that cr^{2v ) + cr^(2n) * 2(r^^v) <r^^(u), wh e i 

two of the integers 1, 2, 3 [Ma^t 

24 If ^(?t)=i3(u + <o)-hP{tt) -fi, (r = e'-e", provt* 


^(2*)-h2e ^W-e' 

and [^Xn)f = 4 (^w - j&\) (Sn^ - £? 2 ) (^w “ A>» 

where , ^ 2 > -^s respectively e ± (9^’ - (r3)i and — 

[Math 

25 Show that the function {p(w)~^i}^ ii* 
function of 7^ and obtain its peiiods and its addition 

[Maw '' 

26 If««sP- — Ti, verify 

Ja { (sm - sm a)( I - sin /3 sin 4 ) }* 

expressible as a single-valued function of u in the forxr 
(sin </> - sin <i)/(sm </> -I- 1) = J (1 - sm a) sin2(p7/3 

where 

= -sinttsin j8), = J(1 -Bina)(l +sin S)/(l — 

[Math *1 

27 State the pi operties of the elliptic function 
that theie is a single-valued function such that 
and m(u) = 1 when w=0 

Defining similarly i(-w) * c(u) = 

^ a{^)h(v)c['i>)-a(v)h(u) cju) 

^ ' a^{y) - a^[u) 


[Math OT 
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28 


With the notation oi the last question, show that if 
da{u) 


a!(v) = 


(i) a{u + (i3)a{a) = a'{(a)— ~a^{^(o) , 

(ii) 2a{u) h{u) c(u) a(2u) * a^(w) - w) , 


M I" |^-0(w)j£Z« = l0g[Jtt{J(M) + <-W}] 

[Math Tbip II , 1916 ] 

29 Pro\e that 

(ill) p'(Jw) = - 2 {(e^ - fig) (^i - ^3)}^{(«l “ + (<^1 " ^s)^} 

[Math Trip II , 1913 ] 

30 Prove the formulae 

o cii a on j 8 - cn (a + B) du a dn ^ - dii (a + 

sn a sn = T^ ' l ~ Vd\ » 

^ dn(a + j8) L-cn(a + p) 

and hence venfy Cayley’s theoiem, that ifa + ^ + y + S^O, then 
k'^ - l^k'^ sn a sn sn 7 sn S 4-^^ on a cn cn y cn 8 

- dn a dn dn y dn 8= 0 

Prove independently that with Weierstrass’ notation the addition 
theorem may be expressed in the form 

(«2 - e,) cr^a cr^P (r^y + (e^ - «i) (r/i (t^ (Tgy + (fij - <t^ tr^y = 0, 

wheie a + jS + y = 0, and show that the equi\alent of Cayley’s 
Theorem is 

($2 - « j) cr^a cr-^P cr^y 0-^8 f (fig - e^) 0-20- <r 2 P o' 2? 2^ + (^1 “ ^2) 

+ («i - fis) - h) («i ' ^2) 

where a + j3 + y + 8 = 0 [Maih Trip II, 1890] 


31 Show that = J{p'(tt)p'"(«) -p"*(«)} 

^ ' [Maih Tbip II , 1889 ] 

Show fuither that this i esult when expressed as a function of p(ii) is 

3p<(u) - 4Jp*(«) - 3 Jp(«) - ^ 

32 Evaluate (i) [{p(«)-p(i>)}*(iM, (u) [{?(«) 

[Math Ibip II , 1889 ] 

33 If one straight line cut the cubic cuive yS=<TC’ + Ja: + c in 
(* 1 , Vi), (® 2 . ya). (»8. yd> ^ consecutive straight line cut the 
cuive in (Ti+<f!Cj, yi + di/j), etc , prove that 

dxjyy + + dxji/i = 0 [Math Teip 1 , 1914 ] 



566 


CHAPTER XXXn 


34 If a vaiiable straight line cut the cubic = + 

at the points (asg, (iCg* * contiguous straight line 

cut the curve in +dx^, y^ +^^^ 1 ), etc , prove that 

W M2y8==^®2®8 + ^(^3+®S®l + ^*l«2) + ^(*l •i-a^2 + ®s)+^^ 

( 11 ) dxjy^^ + dxjy^ + dxjy^^ = 0 [Gai bnhill, E F,i^ 170 ] 

35 Show that [p (w^ - w) - sj [pu - e^] = (e^ - (^i ~ e^) 


36 (a:* + fl®)"i(a^ + i2)"i^ express a; as a single-valued 

function of u [Math Teip II , 1919 ] 

37 Prove that — - — where I, m, n are the 

ffni-ei (ei-e,r,)(ei-eny 

numbers I, 2, 3, taken in some order [Math Teip II , 1913 ] 

38 Develop a proof that if tf= f , , then x and 

VI -*2 are single-valued functions of u Explain clearly what 
conditions the path of integration must satisfy and how you fix the 
value of the integrand at every point of the path 
Express a; as a single-valued function of u when 
p dt 

Jo V(1 -2t){l + t^) Trip II , 1916 ] 

39 If 2 ( 1 )^ and 2 W 3 be a pair of primitive peiiods of the elliptic 

-pwI* 


functions, 


( 1 ) Show that 


ip(»)-p(“i) j 


(u) Has: 


p(5 )-pW 

f(?)-pW 


a 2 =- 


, then 


and 


PK) + 2p(^'‘ + <“i) 

P(<»3) + 2 p(^^) 


Hence show how to express the coordinates of a point on the 
qumtio y=aj(iB*-l) as elliptic functions of a single parameter 

[B^H^8IDB, Proc L M Soc , 1892 ] 

40 Show that 


£(3h) S5(m) = jVei^st + 4(A:i+ jl4)i* - 3A«i* 

[Math Twr H , 1918 ] 
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ELUPTIC FUNCTIONS {Gontmued] REDUCTION 
TO STANDARD FORMS 

1446 Frelmunaiy Considerations 

f fljjp 

where P is any lational 

algebraic function of x, and Q the quaitic function 
aQX^+4)0^x^+()a2X^+4a^x+a^, 

we now proceed to show how it may be i educed either to the 
Legendnan ioim or to the Weieistiassian form, as may be 
desired 

1447 We shall assume that the several coefficients occurring, 
VIZ ® 2 > ^8» constants 

The roots of a biquadratic Q=0 with real coefficients must 
be either (1) all real, (2) two leal, two imaginary, or (3) all 
imaginary 

The loots of a cubic equation with real coefficients must be 
either (1) all real, or (2) one real, two imaginaiy 

Furthei imaginary roots occur “ in pairs,” and are conjugate, 
le of form a±£j8, where o, /3 are real and £=>/— 1 

Hence when Q must factorise, at the least, into two 

leal quadratic factors, and it may further factorise into two 
linear factors and one irreducible quadiatic factor, or into 
four linear factois, the coefficients of such factors being all 
real 

And when aQ=0, Q must factorise, at the least, into one 
real linear factor and one irreducible quadiatic factor, or it 
may be into three leal linear factors 
For the present we shall consider 

667 
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1448 The Invanants 

Now when any binaiy quaitic 

Q 4ta^a^y+ 6'i^xY+ 4 ^ 30 ?/ + ay s(ao , a J ( c, y)* 

IS subjected to a lineai transfoimation 
x=l^X+m^Y, 

so that the modulus of the tiansfoiination being 
A= Zi, ?Wi 
h, 

Q takes the foim 

0'sa,'Z*+4<Z’r+6<Z*r*+4a,'XY>+rt;r* 

=(ao', a/, a/, a/)(X, ^)^ 

the quadrm valiant 7=ao®4“‘^i®3+^®2^ ol oidei 2 and 

weight 4 , 

the cubinvaiiant J is 

ot oidei 3 and weight 6, 

and if 7', J' be the same functions ot the new coeftcients in 
O', we have 7'=A^7, i7'=A®t7, so tliat 7'®/e7'^=77J'®, a«d this 
IS an absolute invariant, being mdepentlent of the letters of 
the transformation foimulae 

Now amongst the foui letteis ?i, Zg, theie aie three 
latios at our choice, and sufficient, if they can be detei mined, 
to make either and both vanish, 01 Oq' and both 
vanish, and in eithei case we shall have a third choice 
between the three ratios still available for any other purpose 
of simplification which we may desiie The choice making 
and vanish is the Legendiiaii plan of attacking the 
pioblem of 1 eduction The choice making ao' and vanish 
IS the Weierstiassian method The lattei is the 11101 e modern 
and the simpler We shall theietoie considei it first 

1449 Eeduotion to the Weierstrassian Form 
If ao'=a 2 '= 0 , the invariants become 

Of becomes Y ^4ai'Z»-p .X Y*). 

and a/ still remains at our disposal 
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We could make it unity by a piopei final choice amongst 
the tiansfoinidtion letteia For tlie moment we reserve the 
choice In any case we have seen that it is possible to trans- 
form Q to the form 

where K, aie ceitain constants winch are functions of 

^0> ^2> ^a> ^4 3 ^l3 ^l3 ^23 ^2 

1450 Now let 

fi^x)^aQa:^+^a^ix?+%a^Qt^+^a^x+a^, 
and let the roots oi/(x)=0 be a^, a^, ag, Og, so that 
f{x) =ao (x- oo) {x- ai) (x- a J (x- 
From what piecedes it appears that by a proper choice 
amongst the letteis ^^3 wig, in the homographic sub- 

stitution x=(}^z+m^l{Ji 2 Z+m^^ f{x) maybe reduced to a form 
in which the term in 2 * is absent in the numeratoi 


Now 


05— ao= 


■ (^•-qoyg+K-aomg) 


Wig 

and %f we make our first choice amongst the three disposable ratios 
mjL I 2 wig to be Zi=aoZ 23 we shall have 

h 

Wli— T^Wlg . 

^ Z, * — A/Zo , At 

X—an= I . ^ ■— = 7 — r^3 a^=ao+-^— : 

Zg^-j-Wlg ZgZ-l-Wlg 25 17 

and the two quantities jul, are still at our disposal 
We now have 


say. 


a;— 02= 


x— ao= 


and 


Oo — Oi/ 

2— M-L 

. V 

1 

1 


e 

1 

_ao“Og / 

V 1 

) 

2f— >7 \ 

» 17 ’T 

Co— Oj/ 

11 

II 

25— 17 -I- 

■ ) 

1 

1 

iiS 


00—03/ 


\ oo— ag/\ 00 — 03 / 
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shi'f the teim m .* in thin numerator 

nm/J ^ shall mahs the choice oj a relation between >/ 

anclju, VIZ that 

3fl=/i r — it 1 1 — 

'•“o-ai «o-a2 ao— a,/’ 

constants at our 

Moreover, since dx ^ rfa/(2 - ,)», we have 

- -udz 

Va»/t(ao-ai)(ao-a2)(a,-ej 

1 

V Qq ai/\ ao— ag/V 

I^et U8 iww owr find choice amoTigst the dtsposable tm7is- 
jOTmation eomtmts, such that 

^ M=iao(ao ’■ai)(ao— «2)(ao— a3) 

-Then, since /(®)=«o(^'~ao)(aj--ai)(aj— flf2)(iP~as)j 

^0 ^ “ ^i) (35—02) (a ” as)"fteiBDi8 containing (a?— ao) , 

whence 

■^/ K)=(ao -«i)(ao-a3)(ao-a,)=^, (U=i/(oo) 

Again, 

1 


^/"(*)-(a-ao)(a!-ai)-|-(®-a,)(a,-a2)+(a:-a,)(*-a,) 


whence 


“f" ("*5 ai){a;— 02)+ (»— oJ (a— Oj) 

4-(a?— a2)(a;— oj) , 


2a/ K) (ao «8)(«o-as)+(ao-cig)(ao-ai)+(«,-«j)(a,_aj), 

and since t]=- ( ^ i « . \ 

3Vao-ai ao-ajt’ao-oj/’ 

this gives j. jL/v„ 1 

4-i-/ (ao)_lL^^ , n=^r{a,') 

,7"/ («o) 



EBDTJOnON TO WBIEESTRASSIAN EOBM 


671 


Thus n and ri are now found, viz 

and -!jrT= ,.. where g„ g. remain to be expressed 

s//(a,) v'4z»-grjz-gr3 * . 

And seeing that the relation aj=ao-f-^£7- gi'^es an infinite 

value to z when ir=ao, we have 


r ^ r 


==p-i(z. g^, g^ , 


and if this integial be called u, we have z=p(t«) 

1461 If fi, e^, be the loots of 4z*— g^jZ— gfj=0, we have 

fij+e2+e»=0, ^ies!+V8+«A=-f. ei«2«8=f 

Moreover, regaidmg 42®— ^2^— ^3 as the form assumed by 
the transfoimed quartic lunction (o^, a^, y)\ viz 

0 2*+4aiV+6 0 2®+4a3'z+a/, we have ai'=l, ^3'=— igr^, 
<=-8^3 > so that r=ff2, 

Also we have 

ao—tti 3\ao“~ai oio~^z 00—03/ 

=-j^ «o[““ 2(ao— a 2 )(ao— 03 )+(ao— ai)(ao-r oj) 

+ (ao— ai)(ao--02)], 

«i= yI [(oo— 02) (og- tti)- (ao- 03)(ai— 02)] 

Similarly 

fi2== yI ” ®s) («i~ ^ 2 ) — (^0"“ «i) (a2"' 

«3= ^ [(oo - Oi) (02— 03)— («o— a2)(as— ai)]» 


thus expressing the roots of the cubic 4z®— ^2^— (;3=0 m 
teims of the roots of the quaitic Q=0, and theiefore g^ 
or what is the same thing, Z' and J\ are now known in terms 
of Oo, Oj, 02, 03 and Oq 

We shall now for convenience drop the accents fiom I and 
J as being no longer necessary, and these letteis will theiefore 
be for the future understood to refer to the new form of the 
quartic function 0 2 !*+ 4 z ®+6 henceforth use 

I and J, as in the previous chapter, instead of the letters 



f lul'int wMii 


tji uni i/j Ij^ .1 < l-i *1* i> **^'1 i' ,i 

«MU M U i fo MM* * * *» u 

\v»th Un‘ i|»mimIu»’* iinlnj* L in; I ♦ n* il 

iftmitu* V 

1 1^ >*2. Oni flit* tni timtir it I » iMf jOi * . iJ^ii 1 lit 

« 1 ‘^‘ i 

J* \(>»,,. '»,, '• . ' </(• J t I ' / f 

r *' r‘. 

N U f ,n M* 

Om' tttin »lui ni.Uion i m Hi » t ih» i' *iu‘ » * 

' ***• Mi., 

t Tci find tUu l«t»Kun«ttUti MtHluli lli*^ Hn«tM *4 i/ n 
knnwn 

*rht< tiuir«fMiti< ilnMi iMitn iU i}} i\ i< u 


\VI* lm\t* lit n 

Iw 


II, iirt 

find 

fi II 


' **tl » 1 fit 

1 1 

n„ f t M 

' 4 ii^ *1 » »i, 

Ml unifilly 

**«l f ^ *1 

1 *io *' ^ 


Miunhuly I M*i«i i *, ♦ 

I *t/i ll f »ln 1 t * **f 

AIhii tin* fffitiui iiiiiitnii ’i no » tOiU **1 

in tiTntH t»r #!,». H|. *1 «i. K^i 'iin^ ^ \ft MM 

A ’ (t ir’ t ft^ ft ' ’ ^ I II ^ < . 

Uf lm\i’ 

I I 

iH Uh til lljtt ll tiln fl ^^<9 i| 1 4 

A "»* r *"**.'.*****.‘'8 * . iiu II I ( 


I I <r| Mn I) ) 

n<» tij »i| 

I i 

j[ ’ **i« **; '*»* * 't* *',*•'»« * ’ 

I I ( »„ »» ,(•», >, ' 

«0 ••i »« ♦,, 
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1454 Cubic to find the Legendnan Moduli, available when the 
Roots of are unknown 

We may obtain an equation for the deteiinination of the 
moduli k and If for the case in which none of the roots of 
Q =0 aie known and are not readily obtainable 
Since and we have 

k\—e^+l'\=0 \ 
and 61+02+68=0,1 

whence 

^ ^ _ n/Vs-^ 2 ®_ 

-(l+^'2) l+k^ 


s/ 6162^3 

and ei«s— ej*=— 41, eje^,—iJ 

Therefore 

I» J* P— 2'7 J* 

Wntmg A,*fc'*=P. ^j -^,=27 ( 2 ■^ j=»)«(i- 4 P ) 27 F~’ 

whence 2 *) ’ 


72 

and -rs 18 an absolute in\ariant, fiee from tlie modulus of 
transformation, viz 


Ofo, 


Gi, 


^2 


V(aoa4— 4aia8+ Sctj*)* 


Gi, Ug, as 


I <X2» ®8» ^4 I 

when expressed in teims of the coefficients of the quartic Q 
This cubic for P may be solved by Cardan’s method, and 
thus the product k^kf^ can be found, and as t *4 both 

k and k' can be found 


1465 Illusteativb Examples 

Ex 1 Consider the integial ub£* -^====p= 

Here theie are obvious roots of /(J7)=0, viz a?=0 and —1, 

/(r) = 12z8+6l«;a4-18a? -S, /'(r)=36r»+102a?+18 
Taking the loot - 1 «i8 oo, 

/'(-l)-ie, /'(-!)= -48, fi=l/'(-l)=4, 7,=^/'(-1)=-2 
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Hence the propei i eduction formula w 

. ft. , , 4 0-2 

‘^=’^+^=‘-^+7^= "hH 
Then /(?)= r(ii7+l)(3r2+ 14r“5)=j7(r4-l)(^r+'))(3? -1) 

“64(*-2)(^-1)(2:+3)/(«+2)*, 

and dv= -4da!/(a+2)® , 

dor __ dz 

i^^””V4(3-2)(«-l)(^+3)” ”^'4^- 282! + 24 

Also r= - 1 gives 2 f= 00 , 


/4s^-282!+24 


= ^1(2,28,-24) and 2*=p(«0 


III this case ei=2, 62 =!, « 8 = — 3, ^=(« 2 — ej)/(ei-e 3 ) = 4/6, fc'*=l/ 6 , 

„=^s„-iV6f±i 

Ez 2 Take the same ezample, and stait with the I Mt x=0 
Heie Oo=0, /'(0)=-6, /'(0)=18, /i=-5/4, ij=3/4, 

^ = - 6/(4a - 3), dr = 20 (ii/(4z - 3)> 
/(x)=ie00(*-2){z-l)(*+3)/(4r-3)‘, 


f’ dr p & 

jo iJfix) «/4**-28r+24' 


ds 

^282+^ 


^ dz 

“Ji \/4a»-282+24" 

JS» 


a’-f) 


dz 

n/423- 282 + 24 


dz 

-282+24 


Hence 2 = p(2o)i - m) = p (ti), as befoi e 

Bx 3 Examine the same integral with the substitution i/ = 5 


_ , 40«d« 4«a 

Theiidr=^5^, ^+1 = 5^? 




, .+6=g^. 3r-l=4:^ 
, 2 =sn(W 6 ), mod 


n wfn^n i^= I ' _ - — I o — ig&4 I f ■ 

V6 Jo 

which agrees with the formei result (Ex 1 ), in which 


p(tt)=-3 + p and 


*= -l+wrrr5”-l+6^“®6^ 


>ftt)+2 
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1456 Transformation for the Case of Unreal Values of the 6's 
So far gg, have been considered real Now suppose 
real and eg, 63 to be complementary imaginanes Take the 

hyperbolic transformation y — where is at 

£C"~'ej 

our choice Since e^+e^+e^= 0 , we have 




x—e^ 


a;+2ei-|- 


ea^,+2eig 

x—e^ 


Let us choose 17^=— 2ei, te choose the hyperbola so that the 
oblique asymptote passes through the ongin Then the graph 
of this transformation is a hyperbola with asymptotes x=e^) 
y^x and centre {e^, Let (fg, jjg)* (^s> »?s) ^ points at 
which the tangent is parallel to the cc-axis These points are 
the ends of a diameter, and »j2+ >?8=2ei= — , »?i+»72+'/s“ ^ 

Moreover, and fg, which are the roots of must be 


repeated roots of the equations 3/=i?2 y=>;3 respectively, 


s e 




and 




a— e. 


whilst which IS 1— 


must take the form 


dx (a —61)* 

Clearly the values of iz e^±sje^e^+^i^ 


Thus 


I 


& 

J4i{x—e^{x—e^(x—e^ 


-I 

-1 


iy {x—e^ 1 

(®— ^a) ^/ 4 (!C— ei)(®— Bj) 

{x-e^dy 

‘J(x-ei)(y-n^ V(a!-ej) (y-fi^) s/(4i{x-eyY{y- m) 

dy 

s/ 4 (v— >)2)(y— %)’ 


m -which i;i+)jg+ij,=0 

The nature of the transformation graph, in which the 
branches of the hyperbola cannot cut the line y=vji, since 
and 63 are imaginary, and which must therefore he in the com- 
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partmenta between the asymptotes as shown in Fig 427, 
establishes the fact that »/ 2 , % aie essentially real quantities , 
y = 1/3 and are the maximum and minimum oidinates of 



the giaph, and the line is ^ parallel to the 

X axis at a distance twice as far below that axis as the centre 
IS above it 

1457 Analytical Ezaminatioii of the same Transformation 
If the roots of any cubic ao-’ be ai, a*, ag, we 
have ao\a 2 - a^)- (a, - Oi)^ (aj - 02 )*=- 27ao*A, whei e A ib the disci iniinaiit, 
A=ao*a3* - Gofoaia*®*-!* 4cr(,a2®+ 4ai‘*a, - 

(BuiDbide and Paiiton, Th of Eq,'p 83 ) 
and tlie roots are all real 01 one real and two imaginaiy, according as 
A IS or 

III the case of the cubic —0, with roots 62 , we have 

a.«4, fli = 0, a2=-il,a,= -/, A=4*J» + 4 4(- V)»= - 
and (C 2 - e,y(e, - (e^ - e^)* = * (i» - 27 J*) 

The roots are then all real 01 one leal and two imaginary, according as 
P-21J^ 18 +” ox In the case we are considering, viz one real, bay 
ej, and two iniaginaiy, viz 63=11 + tg, And q being real, and 

61 = - 2 p, 80 that 61 + 62 + 63 = 0 , we have 

P-27J»=16(2tg)»(9i)^ + 2 ^) 2 = -64g2(^*+3®)^= 

_R3 

But when we tiansfoim by the equation y= 57 + where 

■R®=«263+2ei2=5i>* + g®== +”, 

we have ^ 2 = 6 i+ 2 J, ^3”®i"”-®j '• 7 *” 6 i+ 2 R, ‘)j 3 s=Ci — 222, 971 ”“^®!* 
and in the new cubic, 4y*— 2'y-«/'=0, we have 
r»-27^'J= 16(77, - 773 )^( 77 , - 77 i)«( 77 i - 772 )*= 16(4i2)»(36i -2R)^( - 36i - 222)* 
= 26622*(9ei* - 4222)*- 256 (5p* +g^) ( 1^2 ^ 4 ^ 3 ) 2 = 

Hence all the roots of the new cubic ate real 



BEDXJCTION TO WEIERSTEASSIAN FORM 


677 


1468 Illustrative Example 

Integiate us T ■ i r - ; -- , ..t ^ 

® Jz x/i*-12fc'‘+64i,^-100j, + 67 

Heie a. = l IS an obvious root of /(i)=0, 

/(a)= 4^3-36^^ + 108a?-100, /(l)=-24,l 
/"(i) = 12a;3_ 72^^.108, /"(1)»48, J 

/*=}/(!)- -6, ^ = ,V"{1) = 2 

The transformation fuimula is a?= cl, +— ^ = 1 — 

^ z-r) 2-2 

We also have 

/(i) = (i-l)(A3-llt;3+43; -67)=(A-l)(r-3)[(r-4)*+3] , 

hence two lootb for and therefore also for 2 , in the transfoimed equation 
will be imaginary 
The tiansfoimation is 

Tranafoim further by the rule of Art 1456 

- 1 a .. . 2^“2+l 23 + 2 + 3 ^ , 3 


ei=-l, Tyi=:-2€i=2, y=»?i+- 

1 -?r^i=o *= ±>/3- 1 


^Tr'=’T+T-“*+i+i’ 


“ & — 

Therefoie 173 = 2 ^/ 3 -l, i 73 =- 2 \^ 3 -l and '» 7 i+>? 2 +)? 3 *= 0 , 

(2_^/5+1)s (3+V3+l)i 

3'-^3=-7+i ’ ^-^3='— * 

«=, r dz _ r dy (2+1)^ 

^ •'» ^42^+4*^ 'y ( 2 + 1)3-3 \/4(2+l)3(y-i7i) 

_ r dy 2+1 

J* V (2 + l)(y - 172 ) V( 2 + 1) (?/ - - 73 ) >/4(y-T7i) 

^ r r_^=— 

*'•' N/4(y-T7i)(y-')72)(y-i7s) s/4(y-2)(y3+2y-ll) 

= r -==^===p-i(y, 60, -88) 

VlV4(v’-16y+22) ’ ’ 


'»W4(jr’-16y+22) 

In ordei of magnitude the values of the i/’s are 

172SS2V3-I, 771=2, 77j=-2>/3-1, 

whence is-ii:^=l±lil^=sm*76° 

4V3 8 


Thus y=p(tt)=2+4\/3 t mod 8m75“ , whence we can expieas 

2 and X in terms of % 3m 
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We have 


p(«)+2s/3 + l 


and 


1 /y+l-Ss/s 

Vy + 1^2vl 




ym- 


-6n.j~‘)-V3(l-t)(}-j) 


2(7-6«+r»)+V3(l-^)(3- 0 


, (mod sin 76") 


1459 Ebduotion to the Legendrian Form 

We next turn to the other method of reduction lef erred to 

I dx 

directly in the 

s/Q 

Legendnan form I . - - — , , (/<? < 1) 


in 


1460 Preliminary Ctoometncal Considerations 
It will be convenient to consider the expreswon Q made 
homogeneous hy the introduction of the proper power of y 
where necessary, and written with binomial coefficients, as 

Q s af^+ ia^Q?y + + a^y\ 

and to imagine it to have been factoiised into two quadratic 
factors with real coefficients, as 

Q^(ax^+2hxy-\ h'tf){a'vi?+2h'xy+Vy^) 

Consider the two concentric conics whose equations are 
ttfl3*+2/wcy + 62 /®=jP, a'£c*+2/<.'ccy+6'2/®=ff , 

F and ff being at our choice, we may select them so as to 
give real intersections P, Q, K, 8, which will always be 
possible if one of the conics be an ellipse Then it is plain 
that PQPS IS a parallelogiam concentric with the conics, and 
that as PQ, QR form a pair of supplemental chords of both 
conics, the lines thiough the centre drawn parallel to the 
sides of the parallelogram form a common pair of conjugate 
diameters, viz OX, OY It is therefore possible by a change 
of axes, to the axes OX, OY, to remove the term in XY m 
each of the two conics simultaneously by the same linear 
transformation, viz {x==\X+fiY, y—X'X+jmfY), say, X, jtt, 
X, fj! being all real when one of the two conics is an ellipse, 
or when both of them are ellipses , and the conics becoming 

AX^+BY^=F, .4'Z*+P'P=(?, 



REDtJCTION TO LEGENDRIAN FORM 


679 


Q can thus be reduced to the form 

O' S (4Z*+By*)U'^+B'y*) 
or, as we may write it, 

We may obviously make a iuither reduction by putting 
Yi/^=tj, thus reducing the quartic Q to the 
canomcal form 



If both conics be hyperbolae, the common conjugate diameters 
may be imaginary lines But in any case their equations are 


85 *. 

b, 

y, 


ay, 

-h, 


y* 


1=0 


a 


-h'. a' 1 

(Smith, Gome Sfcitvms, p 196 ) 


We may, bowever, readily avoid an imaginary transforma- 
tion Foi, as has been seen, the only case m which it could 
occur would be that in which both conics are hyperbolae, as m 
the case shown in Fig 429, where there are no real mter- 
sections In this case the factors of Q are all linear Call 
them (1), (2), (3), (4) Then, instead of takmg the hyperbol^ 

(1) (2)=F, (3)(4)=-ff, we might take the hypeibdae (1)(4)— F, 

(2) (3)=6‘ (Fig 430), and with a proper choice of F and we 
can ensure real intersections and real common conjugate axes 
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to which we can refer the system We infer therefore from 
these consideiations that it is always possible to lemove from 



Q the terms containing a^y and xy^ simultaneously by a real 
linear transformation 

1461 If in tlie transformation formulae 

x=\x+fiZ 2/=x'x+/r, 

we write X'X=^, ixY=fi, the formulae take the simpler shape 
®=Xif+)Ui»?, y=$+n It follows, therefore, that it is always 
possible, by a real substitution x={p-\-qz)/{X+z), to leduce 
Q from the general quartic form 

Q=a^^+4aia5’+6a55£r®+4a3X-l-fi4 , 
to the form j 

and since dx=[q—p)dzli^+z)\ we have 

and the values of 2>, q are vn all cases real 

1462 Outlme of the Process of Transformation 

As the whole discussion is necessarily somewhat lengthy, 
we may with advantage stop for a moment to outline what is 
to be done 
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I It has been shown that when aQ=^0, we can always, by 
the transformation a:=(p+g 2 ?)/(l-f 2 ), remove odd powers 
of the variable from the radical, p and q being real 
It remains to show how the necessary values of p and q are 
to be found 


II We shall show that the same transformation will also 
reduce the integral to the desired form in the case when 

ao==0 

III That by a further transformation 

z^^{A+B8^)I(G+Ds^\ 


or, which IS the same thing, 2 J®=(il+jBsin® 0 )/(O+i)sin® 0 ), 
the form now arrived at can be still further reduced so that 


^dx 


becomes a constant multiple of 
{da _ { de 

Jva-8*)a-w) “ Jvr^ 




{k<i) 


The ratios A B G D are at our choice 


IV That startmg with the integral Af, JV 

are rational integzal algebraic functions of a;, we obtain after 
the transformation x={p+qz)f{l+z) a result of form 

[<p{z^)+z\lr{z^)]dz 


I 


»d Ih.t whd* "" 

earlier rules, the portion f - ■ --- can be 

expressed by means of Legendre’s Integrals, and that there- 
fore by these means f can in all cases be reduced to a 

system of algebraic, logarithmic, circular or hyperbolic 
functions together with one or more of the three standard 
Legendnan forms F, E or H __ 

Hence, as in Art 318, the integral wheie 

A, jB, 0, D are rational algebraic functions of os, and Q is now 
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a rational quartic expression, can be reduced to the sum of 
a similar set of terms by aid of the elliptic functions now 
descnbed 


1463 I First consider and imagine Q to be factorised 
into two quadratic factois with real coefficients, as 

Q=ao(a^+2Xa5+/Li) fx) 

Then putting x=(p+qz)l{l+z\ 
ai*+2\a!+/4=[(p+g2)*+2X(2)+g0)(l+z)+;i(l+z)S]/(l+a)* 

=i?(2*+2/2+5f)/(l+2)», wheie 

and 4= g 

H pg'+X(i3H-g)+/t iJ^+2Xj3+;u 

Similarly, **+2X'a!+ (zH2/'2!+f7')/(l + 2 )^ 

where S', f, gf are the same functions of p, q, ft!, oa H,f, g 

are of p, q, X, /t 

Hence Q=«oB'£^'( 2 *+ 2 >+Sf)(z*+ 2 /'z+Sf')/(l+ 2 )^ 

We shall be able to make / and f zero by taking p and q 
SO that 


W+X(y+?)+)M=0 and y9+X'(p+gr)+/=0, 

_P£_=,£±S 1 _ P-q 

fi—fi X'— X — x){XyM'— XV) 

Now V-/*')'-4 (X'-X)(Xm'-XV) 

sV+/-2XX')*-4V-X*)V'-X'")=i?,say 

So /«')/(X'— X) and p—q—KI{\'—X), whence 

p and q are found 

This completely determines the necessary transformation, 
and we shall show that K is real, so that m all cases 
p and q are real 

The form of Q is now reduced to 


Qsoo HJ? V +sr) (2*+fl^)/(l +z)* 
Also dz=(g— j5)<fo/(l+2)* 


Therefore 


dx 9—p 


dz 
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14!64 Next, to examme the Reality of K 

(i) When the roots of Q=0 are all imaginary, \^<m and 

< juf 

Let /i=X*+p*, /=X'2+p'^ Then 
£*= (p+ ai'- 2XX?- 4 (/i-X*)(/ -X'*) 

=(X*+p‘+X'*+p'*-2XX'f-4pV'* 
=[(X-X')*+(p-p')^] [(X-X'f+(p+p')*] 
and IS essentially positiv e Hence K is real and p, both real 

(ii) When Q=0 has two real roots and two imaginary, 

X*— ju and have opposite signs, and 

X*=(p+p'-2XXT-4(p-X*)(/-X'*) 

=,(ju+^'_2XX')*+ a positive quantity =+” 

Hence K is real, and therefore also p, g aie both real 

(ill) When the roots of Q=0 are all real, say oj, oj* “8-04 
arranged in descending order of magnitude, we may take 

2X=-— (oi+og), p=Oiaj, 2X'=— (uj+a*), M'=a8“4> 
JE*=(p+M'-2XXy-4(p-X*)(p'-X'*) 

=[“l®‘2+ °8®4~ i (“ 1 + n !)(°8+ “ 4 )]* 

— i [ 4 aiaj— (0^+ Oj)*] [40304— (03+ 04)*] 

= («i- n4) (“2~“s) ("i— “s) (“2— “ 4 )> 
which IS again positive, and theiefore E,p, q are all leal 
In the case/=/', we may put z+/=^ 

Then Q^,HH'(u*+g-f^(u^+&'-f^), and the required 

form IS taken without further reduction 

1465 II Case when ao=0 
In this case Qs4ai!r*+6aga^+4a,a;+04 
The case 04=0 need not be considered, as the integral would 
then reduce to a standard form 

One factor of Q must now be leal Let e be the leal root of 

0=0 

Then 0s4ai(a;-e)(!r*+2X®+p), say Then, putting 
®=(p+gz)/(H-z), as befoic, 

x-e=[{p-e)+{q-e)!s]{l+z)^(l+zf=H'{^^+y'z+S^)|(l+^iy 
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say, and a/*+2Xaj+^=i?(2;*-f-2/»+^)/(l+2:)2 as before Then 
pioceedmg as in Ait 1463, 

2ff'/'=p+j-26, 

and making /=/'=0, ^?+gr=2c and j[>q+X(p+q)+iuL=0 
Therefoie ;p+g'=2e, pq^—2€\^iJL, whence 

i?— j=2\/(€+X)*+/a~X® 

Thus, (i) if the factors of x^+2Xx+jul be imaginaiy, 
X* Cifitp-^q 18 leal, and tlierefore p, q are both i eal , 

(ii) it the factois of x^+2Xx+fjL be real, let the roots of 
Q=sO be fij, fig* ^31 arranged in descending order of magnitude 

Then we may take X=—^ ^ - \ and 

which IS real, since 

also And the rest of Ait 1463 still applies, and the reduction 
to the Legendnan foim is effected as before, Q becommg 

4ca^HH'(z^+g){z^+g')/(l+zy 

and ^ 

VQ ^/{lfi+g)(z*+g') 

1466 We have therefoie in all cases reduced the differential 

^ to one of the forms ^^rrr— where C may be 

s/Q N/±(2*±a*)(«^±)8') 

taken a red constant function of aQ, o^, a^, a^, of known 
value and a, botli real For if JaJSH' or JifOiHE' be of 
unreal form, we may replace them hy J—aoHH' or 
carrying the negative sign into tlie other radical 

The case *J~-{z^+a^)(z^+/3^) is obviously unreal and need 
not be discussed, as we are now dealing with real functions 

1467 III We have theiefore only to consider the i eduction 
of tlie five cases 

(1) >/+(2^-a*)(z^-/S^), (2) 

(3) s/+(^+a«)(z‘-i8^), (4) V-(2^+a*)(2*-j^>. 

(6) N/+(2*+a*)(2?+)8*) 



REDUCTION TO LEGENDRIAN EORM 


585 


The final substitutions to i educe these five cases aie all of 
the form z^={A+BBm^6)/{C+DBm^6), 'wheie the values of 
the ratios A B 0 D are to be suitably chosen We consider 
each case in detail 


1468 Case ( 1 ), ^/(«*- a®) , a® > fl® This is unreal if 

lies between a® and j 8 ® 

(i) a>j 8 >« Put 2 !=j 8 Sind, 

^ §c^ede 

" Jo a*) (z"-/3^) '/S Jo N/(a*-j8*&in*0) cos»0 


de 


0\/l— Psin^d a 


=M*— 

Hence 2 ;=jSsnai/ , mod jS/a 

(ii) 25 > a > Put 25 = a cosec fl, i=j 8 /a 


=- am“^ d 


.. r ir 

\/(25® — a*) (25®— a J 0 


_ If® — g cosec d cot d dd 
^/cot® d (a® cosec® d — j 8 ®) 
^ If^ dd 1 


Hence 2 ;==a/sn aw , mod ^/a 

dz _ ir ^ 

“ J.V(iWX^=F) «J.r'/l- 


Also u'- 


«Jo \/i—A^sin®d a 
dd 


am"^d 


4(f:-D 


A;®sm®d 


- =l (if-am-ie), 

^/l— A:®sin*d tt'' 


where K is the complete elliptic integral 
Hence 25=a/sn(X— au')=a dn(aM')/cn(ai^O 


1469 Case ( 2 ), V-(25®-a®)(53®-i8®) , a® > /3® This is un- 
real if «® docs mt he between a® and j8® 

Put 7^=c?—[o?—p^)%VDL^dj %e a®cos®d+i8®sin®d 
Then a®-25®=(a®-jS®)sin®d, z®-^®=(a®-/3®)co8®d, 

^ / s iOfi\ Sind cos ddd 

^ ^ Va®-(a®-^®)sin®d 

r dz _lf® dd 1 

“ J*V-(2*-a*)(z*-/3*) aJo^/^^ 

wheie 


ain“^d, 
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Hence 


«*=a®cn®(aM)+^2sn®(aM), le z=adn(au), mod 

1470 Cdse (3), s/{z^+a^){z^—^^) This is unreal unless 
2 j 2 ^ 2 = j8 sec 0 

-T <8 sec 6 tan 9 dd 


‘=r. 

=r^=j== 1 f ^ (]^ f!!_\ 

Jo V;8^+a*C08»(9 n/Z*+^Jo Vl-jfc*sm*d’ V a*+^V’ 

dd 

® Jo n/1 — 


V(**+ a*)(«?-(8^) Jo v'i(S»tan*0(j8*sec*0+ a*) 


* 

“ am“^d 


-A®sin*0 a 
Hence 2 =^/cn 

1471 Case (4), V— ( 2 ®+a*)( 2 ®— /8^) This is unreal unless 
2 !*<^ Put 2 ;=^ cos 0 


«=r_ 


( 2 s 


P — /8 sin e (29 


* V— (z*+a^)(s*— J* N//8*Hm*0(a*+;8^cos*0) 


f ^ . 

=“am“’^8 (h^— 

_ /3* ^ 

Jo N/1--A;®sin®0 

Qauj. {y^ 1 /V — 

'a‘+i8»/ 


Hence s= /Sen {^), mo(i ^ 

\kj’ Va^+iS* 

1472 Caae (5), s/( 2 ^+tt*)(s*+je*), a*>/3* Puts=/3tan0 

—r {• ie 

Jq Jo N/) 8 * 8 in* 0 +a^cos ®0 

Hence z=/8 tn {au) ^mod y'^— 

For convenience of reieience we exhibit these cases in 
tabular form 



1473 Table oe StrBsrmmoNS, 
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1474 The More General Case 

Here M, N are any rational algebraic functions of x, and 
ft as before, =(ao, 1)* 

By a proper choice of p, q, the transformation 

»=(^+?«)/(l+2) 


¥ 

N JQ 


has removed terms of odd degree from ft MfN becomes a 
rational algebraic function of z separable into two paits, the 
one an even, the other an odd function of z, expressible as 

MIN^(l>{f)+zx{z^) 


Hence leducible to 


By putting the second integral is immediately reduced 
to a form integrable by eailier rules 
We have theiefore only to consider the first integral 
Now 0(z*) IS itself sepaiable into two parts, the first in- 
tegral, the second fractional, and is expressible as 




f f dz 

But both and integration by 

paits, or the use of reduction formulae, be connected with 
the integrals 


[ r2*(fo f dz 


; (Alta 271 to 274) 


Accoidingly all functions of form where M, N, Q 

are of the forms specified, can be reduced to a senes of 
known integrals, together with one oi more of the integrals 

(i) f*-_^== M f‘" 

JoV(l— !B*)( 1 — ^»a!*)’ ^ Jo 7 (l— /fc*®*)’ 



dx 

( 1 + ^) n /(1 — a ^) (1 — 
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The second of these, viz 

-1 f’* l-(l-^ai^) 

-F f. Vl-F.m-9 ~ 

f M dx 

^ can be eflTected 

1)7 aid of the three standard Legendnan forms 

F(9, h), S(0, A), n(0, i, n) , fc < 1 (See Ait 371 ) 

The same is true of the more general foim 


discussed m Art 144f3 


la-hDVo 


1475 The Case when the Factorisation of Q is unknown 
To effect the foregoing reduction, a knowledge ot the 
factorisation of the qnartic Q has been presupposed When 
there is a preliminaiy difficulty in this factorisation, we may 
still obtain the desired foim by a uf>e of the invariants 1 and 
J Suppose the quartic made homogeneous by the intro- 
duction of a suitable power of y, and expressed as 

=(^0> v/)^> 


and let it be reduced by the linear transformation 

to the form <, a{, a')(X, If 

Let ZjWi, viz the modulus of the transformation 

Then xdy^ydx=:i^(XdY—Y dX) 

, xdy—ydx .XdY — YdX 

and — — =A 7= , 

■JQ 'JQ 

%e writing a;/y=t^, XjY^U, 


du 


dU 


where 
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Also 

— 4aja3-|-3fl^2^, J 

aie connected with 7', J\ the same functions of the accented 
letters, by the relations r=A*I, whence PjJ^^r^jJ'^ 

m which we have an absolute invariant fiee fiom the co- 
efficients of the transformation formulae 
Supposing the ratios to have been so chosen as 

to make a/=0 and a 3 '= 0 , as has been shown to be possible, 
with real values of these ratios, Q' takes the form 
a^'U^+ da^'lP+a^', 
which can now be supposed expressed as 

<iTP+p)iV^+q)> 

and we have to show that jp, q can be found in terms of the 
original coefficients aQ, a^, 

We have 


^(^=(^{p+q)> <= 0 , a'—a^'pq 

I =0.' +?)*=^[(3>+?)*+ 12p?], 


j^'=< 


a.'« 


^=^!=27 [(y+g)"+i2wi* 

{.p+qnZQpq-iP+qn' 


whence 

or putting p=pq. 


/3_27«7® pq(p—q)^ 

4 27 P^'lip+qf+UpqY' 


p{p-lY _ P-VIP 1 
0>*+14p+l)s 4 27 J» ~16K’ “'5^’ 

27 /s 

where Z= — and is a known function of the 

original coefficients This is a sextic equation to find p, viz 
the ratio oi p q 


1476 Solution of the Sextic 

The equation le obviously of the reciprocal class, and tbeiefore its 
solution may be reduced to that of a cubic, and the cubic may be solved 
by Cardan’s method 


Writing the equation as 


(p^,p-»)4 1 

0)-l-p-i+14)«“l6X’ 


put 
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Then p+p~‘+ 14=16 equation becomes 

Now adopting Cai dan’s method, put 9=^rj-\-^ , then 

+ 0+-^=o , 

and taking 

rp+^ ;^+jBr=0, a quadiatic foi rj 

Hence rj and f can be found, and therefore also $ Suppose 9i a real 
root of this equation, then — p'’^=4/n/ 67^^, and theiefore 

pi+p“i =2^/5pP3/v/^5^^ 

Thus Ayp=(2+N/^^i+3)/V6/i--l and p = (7 + 0i+4V6^i4-3)/(0i — 1) 
Then a value of the latio p q has been found, say Pi where p^ qi 
aie specifically known numbers, so that plPi=ql^i — ^i say, which remains 
to hs found 

dw __A dU 

^ N/(ao, «!, Oa, Ogj 1)* Voo 

Putting U—>JsU\ we have 

du A s/tdU' 

n/(«o, «!, “a? «3> «4)(Wj 1)* ^N/qp 

Finally, A=^=^^{p>+l4pq+^)^^^W+l4pai+9v^’ 

whence and s IS now knowTbf which completes 

the deteimination of p and q We therefore have 
f du l bi‘+i*Piii+li‘ [ 

J V(a„ ai, Oj, (Tg, atXu, 1)* ^ J \/(<7'‘+Pi)(U'’+S,} 

1477 Cayley points out that if one of the roots of the sextic foi p be 

. (p^+Up + l)3_(a2 + 14a + l)’ , 

pssasjS*, the equation is of the form — a(a- i)* * 

that the solutions of the equation may be written 

Ci?)' (m (i^)‘ m- 

which the reader may verify [Elliptic Functions, p 320 ] 


1478 When a reduction to the form 

r dU _ r dU 
J y/ao'U*+6as'U^+a^''^J >/ao'(U^+p)(U^+g) 

has been effected then in case p and q are both real, i e this 

factoribation will suffice But in a case wh en p and g aie imaginary, 
i e 9a2'*<aoV, we put 17= A.\/(H- T)l(l - T), and we observe that a^, a/ 
could not be opposite signs, for if so 9a2'^>ao'«/ 
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We sLill choose A= a/^, which will be real We ha\ e 

* Cif \ 

dT 


<«o ‘ 
dV=\- 


and 


a,'l7<+6a,'l7^ +o«'=-[a.'A‘(l + " 7®)+«4'(l - - Tf 

= aRa/ - 3a,'X^) 7® + (a/ + 3o/A®)]/(l - Tf 


and 


dU 


dT 


V + a/ - 3^2^^ \l (I ^ T^) ( T^-{- 

^ ' Joa^a^-da/) 

which IB now of leal form, since ao^o/>9a2^^ for the case consideied 


1479 Illustrative Example 

It will be instructive to considei one case from eeveral points of view 

_ , /■* dv 

'> Vii'- 8 t«+ 4 ®+e 

{a) First let us reduce it to the Legendrian form 

a;®-&c®+ 4 «+ 6 =s(^- 3 )(r®- 2 r- 2 ) 

Put a7='(jo+3-?)/(l+^), di7=(g - 3 >)dr/(l 

^-3=[(i>-3)+(g-3)«](l+£f)/(H-«)2 (See Alt 1466) 
r^- 2 r- 2 =[(p + g'a)®- 2 (jP+g 2 )(l+«)- 2 (H-«)®]/(l 


Putp - 3+gr-3 = 0, pq-{p + q)-2^0t le p + g=6, pq=& 

Take the solution ji= 4, gs 2 
Then 

a-3 = (l-«*)/(H- 2 ()^, a,a_2r-2 = 2(3-0^)/(l+-!:)^ dz= --2dzl(l-hz)^ 
Also v=Z gives 2 i=sl , 


do 12 p de 


(a=sm ( 


=sN/|(ir-8n”*«), K being the real quarter period, mod l/v^ , 
«= sn (^ - >/|) 5= CD (74 V J)/dn (i*VJ ), 

« dn^^N/STI-cnttVsTs j , / /s 


(6) Next let us reduce to the Weierstrassian foim 
^-&c®+4a?H-6 being already a cubic expression, it is only necessaiy to 
remove the term involving the square of the vaiiable Put 
26=3 gives j 

“=^ (f -f ) 
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C|=— h^s =^ — ^*=3 


, ifc''*=tann5", 


<i>i= r~~^ ^~ /n 0- ^414), 

v^i+Ts 

^not being the same as K in solution (a), the modulus being a diffeient one 

Bn^(X->/2^fj 2 W £_ 

V 2/ (r-3)+(2+Vd) 

cn»(ttco8l3°) 1 

dn''(ttcosl6“) (a;-3)tenl6' + l 

«d (^-3) Un iy» - 1 = 

cn^(ttCosl5) cn^(ttcosl6) 

» e iir-3=tau 16** tn8(ttcos 15®) , mod V3 (n/.T- I) 

(fl) The results arrived at by these two processes aie of diiferent form, 
the moduli hemg different 
[0 

Take the integral ■^====occuningin the Legendnan reduction 


1 - cot 16® cot* 


2^/cot 16®cot < 


TKavi _ _/j iiVWKJIU C06 q> 

'’“‘^“l+cotl6-cot4’ '^^‘ T+cotU’oo/i, 

, A _ 2\/cot 15® co8ec*<j^ d<l> 
l+cotl6®cot*<^ * 

and 1 ^ a/i_^ l+4cot 16*oot*<;^+cot*15®cot*<;f> 

5 3 (1 +cot 1^* QOt^<l>y 

_2 cot* 16® coseci*<;^ cos 30® 

”3 {i + cotl6®cot*<;>)^\^ co^6®®^*^ ^ 


Vdij N/r^^sin^d" y3J^ y/cotlb^ 


-- /"> 
Al — A,^sin^d>’ \ 


s/coaJo" 


1 rv 1 -« 

cos 15 /,^ Vl- A^sin*^ COB 16 

Thus ,i=am (lf-«cos 16»), (mod , 

'Whence sin<^=sn(X-ttco<»16*)=^4^i221i^ mod 

' ' dn (w cos 16®)’ ^ cos 15® ’ 

cos^=cn(r-«co8l6-)=tanl6»^g^i|;j (Art 1352) 

Hence cot <^=tan 16® tn(ttcos 15®), 
and A? — 3 = cot 16® cot*^ = tan 1 6® tn* (w cos 16®), 

which IS the same result as that obtained in solution (6) 
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1480 Landen’s Transformation 

From the above example it appears that the reduction of 
an elliptic integial to the Legendiian foiin is not unique 
The transfoimations 


£ 0=3 


1— smO 
l+sm0 


and 


a;=3+cot 15° cot* tp 


both succeeded in such a reduction, but the moduli in the 
two cases were diffeient 

For the general theory of such tiansformations the reader 
18 refeired tofCayley {E Fnnctwns) or Greenhill {E Functions) 
One well-known transioimation, however, must be noticed 
before leaving the matter, viz that due to Landen 
Taking two variables dj, dg connected by the equation 
sm(2di— d2)=/iSind2, so that and dg vanish together, 
we have cot(2di— d2)(2ci!di--dd2)=cotd2dd2 , whence 

2sind2ddi _ ddg ddg _ 

sm 2di cos (2di — dg) ^/l— )U*sm*d2 
Also sm 2di cot dg— cos 2di=)u, cot d2= (/ii+ cos 2di)/sin 29^ , 


cosec* d2=(l+/A* -1-2/4 cos 2di)/8in* 29^ 

2 - dd. 


1 +/* 


1 


am' 


-ju^8m*6g 




or, what is the same thing, 

8indi=sn^^^^iz, ^mod sind2=snu, (mod /4), 


a?jssin di, 052“®^“ ®4» 

dx^ 2 dx^ 


or putting 
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so that ■u,=sn-i(a: 2 , and therefore 

u 18 expressible m eithei ot these ways as an inverse elhptio 
function 


Writing \ for and X'=Yqp^. ie X*+X'»=l, we have 
2 2 

Yq~^=l+X', /A=Y _p - y , and the connection between and 
IS obtained from the initial formula 


sin( 20 i- 02 )=/xSind 2 , viz 2x^Jl-x^^ - (1 - 2 x^^)x 2 = jmx ^ , 

Therefore 

sn-i(a!i, 1-X V’ I+X'} 


This 18 known as Landen’s Transformation 

For many such results and other transformations, see 
Qreenhill, EF, pp 55, 56, and Chapter X Greenhill gives 
a very elegant interpretation of the above transformation 
with reference to the motion of a pendulum (pages 318, 
319, JSrF) 

In such transformations, when F(9 , L) becomes k'\ 

F representing the fust Legendiian Integral, M is technically 
known as the “ Multiplier,” and the relation between k and E 
IS known as the “ Modular Equation ” Thus, in the foregoing 
case the multipliei is ®'’^d the modulai equation is 

X(/x+1 )=2 n/// 


1481 Illustrative Examplfs 

Ex 1 Reduce ■- ^ 

•'vn-» V**+8v^H-20r®+56^ — 20 

to standaid Legendnan foim 

We have ^7sJ,4+8»3 + 20^^+56l7-20s(^^^-2J +10)(i3+6r-2) 
Here, with the notation of Ait 1463, X = l, jut^^lO , X' = 3, /a'= -2, 


te 


W+(i»+ff)+10“0,\ giving p+g=6, \ 

l)2+3(p+g)- 2=0, J pq- -16, J 


p=8, I 

gr= - 2 ,J 


and 


p-{-qz _ & — 2z 



696 


CHAPTER XXXm 


a»+an-l0=10(9+*»)/(l+*)i', jB>+6t-2 = J0(n -*»)/(l+a)» 
dr=-10&/(l+«)*, 

dx & 

'JV~ V-(r*+9)(a^-ll)’ 

which 18 Case 4, Art 1473 Put «=>/n cos 6 

dx _ 1 d$ 

Vll sin»6l(20- H sin^6»)~i76 Vl-iJsm-*#’ 
and the limits for /r corresponding to 0 and $ for ft are ^/^T - 3 to jr 

Therefore ^ f-JI 

SVoJo 2^/6 10/ 


Then 


and 


2i»n/6=ch-i^ (mod ^\/66) 


Ex 2 Examine the same integral without factorisation With the 
notation of Art 1476, 

ffo~lj ^2^^) 06 ^= 14 , 064=5 —20^ 

2=ao®4-4aiag+3rt2®= 

J^=aoaja4+2aia2a3-a^,ag2-a4ai*-aj®=: 

JP-21J^ 32 5* 11 
108P ~ 2^ 37» 

Hence, following the notation of Arts 1475, 1476, our equation for 6 is 
23 37» .. 

^“32 6* 11 

To simplify, let ^ » 

5« / 2 37 , ,\ 74, 25 

^ 3^ llV“^^~V’ ^"99^~99* 

of which an obyious root is i = — 1 


— . * 7 d. 1 

Hence 6=—^ and p+i+14- 


16x74 
99 ' 


^e p=^^ov-^ 


Pi=-9. 9'i=ii 


and 


Therefore 

Then A=.^^(S‘-U 9 ll+ll^=^/^ 

_f dU' 

Let ?7'=38ecd' Then «=->/u-3 gives C=0, V'=Z, ff= 0 , 

Sseeytanydy x /•«' 1 _ 

'>^9tan^d'(9seo^e'+ll) 2v/6 I -s/r-^sinV~2^'*'^^'^^®®^> 
which agieee with the result of Bx 1 
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/** djc 

Ex 3 Considei the mtegial — — - [Legendie, Exercices^ p 56] 

Jo V 1 — aH 

This does not become infinite m the vicinity of ^=0 (Art 348) 

Put* = (l+**r*, l-^*=(3+3*»+^«)a;^/(^+2“)^ 

,r * 

L \/;^ + 32^ + 3 

The factorisation of the destredform {U^+p)(U^-\-q) 1*^ 


Therefoie p and q are complex Following Ait 1478, put 




and s=oo gives 5r=l, and 

^+ 3 i» + 3=[(6-3V3)7^+(e + 3N/3)]/(l - T)* , 
p ifadT 1-T 

Jr .13 . ^ ...r™ . /n/3 + 




si p dT 

“2 an 16V, V(i- ys^r^+ooflS”) 

3i 3* 

=-x‘Cn-iT=-s-cn — 7==T^^ ~S — J = — » 

3^^«-il-2\/at^cosl6® , j 

<M=: — cn ‘ , imod sin lo ) 

® H-2N^r^sinl6‘* 
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PROBLEMS 


1 Find the values of I and J for the quartic function 

and show that 4A®-7A.-J=0 Form also the Hessian of the 
quartic, and the discriminant 


2 Examine the modification in the i eduction to Weierstrassian 
form which accrues from the quaitic Q having one root zero, 


te a^ = 0 

Show that in this case 

«i = 



<®8=«o‘^rP( — + )» 

* ^ 12 \oj Ojj oj/ 

and that 

M_ V“S“ V“» 

IK-l/o* 

3 If 

^ s do (an - Ojy) (a - a^) (a - Ogy) (a - o^^), 

and 

-P=“8-“s. 0=a8-»i. i? = «i- 02 . 

P' = o,-a^, Q' = a^-a^, i{' = o,-o^, 

show that 

/= ^ {p^F* + e*e'* + 

FF) {BK - PF) (PF - QQ), 

and 

As /* - 27 J* = ^ FQiF^F»Q:^F^ 


Also, if = show that 


12, 

-3-^1, 

2fi'j 

2Q 

CO 

1 

2^8, 

-35-, 

(M 

-35„ 

1— • 


4 If and the Hessian 


* ^ j 4^!cy9 ^yy \ 

show that H ’-k<l> IB ii perfect square if A; » A, - i(A + 1 ) or - |(A - 1) 

6 Show that 76, - 120) = ^Bn-^4^, mod ^ 

2 n /2 sJg+5’ 2 s /2 

6 Show that 28, -24) = idn-i mod — 

V 6 yz+ 3 ’ 

7 
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dx 


8 Keduce the integiel 7r-70^ + 283ir^-327«« + 17 9x- 36 

to Weierstrassian form, and show that u = y ^ Show also 

that it can be expressed in a Legendnan form with a modulus 

, 1 
i, VIZ ti = ^sn- 


1^13 


X - I 

7^-5 


9 Show that if e^>e^>e^ and + + the substitution 


*«« + - 


e,-e. 


^ will convert the Weierstrassian Integral 

f" d. 


it s/4:(z-ej){z-^e^)(z - e^) 
into the Legendnan form 

1 f* da 

s/(l-z2)(1^^2a.2)» 

■v^here and conversely that the substitution 

will convert\he*standard Legendnan form into the W eierstrassian 

1 « da 

, .r...= to the Legendnan form 
1 r« dx 

and show with the usual notation that 
r dz 

I 

J * dx 

0 s/(l -^^)^l -) 

the degenerate forms assumed when ^ = 0 and when fc=l, and 
state to what forms sn"^®, cn-^sc, dna; and tn c ultimately degenerate 
in these cases 

13 Discuss the integration of the degenerate cases of 

f ^ 

J V(aj - - fi){x-J){z - 5)* 

(i) when a=jS, (ii) when a = ^ = 7 , (in) when a = ^ = 7 = S 
14 Discuss the integration of the degenerate cases of 
dz \ 


11 Show that 


= = sn“^ - -^= 

s •Jz(z^ - 4) slz-\'2 


discuss 


r 


(i) when =* ^8 > (p) «i =* ®2 = ^8 
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15 Express both in Weierstrassian and in Legendnan notation 

the integration roo 

16 Make use of the substitution a:* + arS=*2r^ to reduce the 

integral u=| to the form of an elliptic integral, and reduce 

it to the standard Weierstiassiaii form 

17 Use the substitution ^ = (1 + a; + a:^}/(l - a.)^ in the integration 

f* — y , and show that 0, l) 

Jia-a:S)^ \V3 / 


18 Show that if 


2u- 


I2 ^(x-j 


dx 


(2<a<2 2), 


I J{z - 2)(5fl; - ll)(llT - 21 )(3a; - 7) 

“-■-■(ff-j. ««. („«i ^4) 

19 Show that the solutions of the sextic equation 
(p‘ + Up + lf 088 + 14j8* + l)S 
p(p-iy W-])^ 

”• h (^7 im' 


20 


dx 

Transform the integral I =■ into one in which 

Jo(i 


[Ca\li.y ] 
Z IS 


the variable by the relation (1 — a:®) = and the result by putting 

3® = 1/(1 +y®) , and lastly, by the furthei transformation 

tan^ , 

showmgthat (modsinl5“) 

Hence show that tt = 1 927622 , and verify this otherwise 

[BBRTBA^D, / C 7 , p 687 ] 

21. Show by Landen’s Transformation 2 sin (2<^ - d) = sm ^ that 
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22 Express by means of the Weierstiassiau elliptic functions 
(r(i«) the results of the following integiations 



zdz 


(i<»), (ii) £ 


tfidx 


( 2 <«), 


dz 



^ 

(®- l)(a;-2)>/a^-5a;^-f 4aj + 6* 

xdx 

n/j,* -12a;8 + 64iBa-100a; + 57’ 


{ 3 <x), 

{^<1) 


( 2 <«), 


23 Expiess by Weierstrassian functions the second Legendiian 

standaid form J ‘sJl-k^sia^ddS 
Jo 

24 Express by Weierstrassian functions the thud Legendnan 

standard form f . ^ - ,, ■■ 

26 If u = Wnf* — - ■ prove that 

^ JoV(a* + a;+l)(3a;» + a + l)^^ 

aj(\/ll cnw-snM)~2snw, (mod ^/^) [Ox II P,1913] 

26 If w = 16 f* , ■ ^ 1 prove that 

JiN/ll05a:*-904a:»-210a;« + 8a; + l ^ 

'i:(3cnu-2dntt) = dnw, (mod 1/6) [Ox II P,1916] 

27 If = f ^ r express a. as a single-valued function 

Jo (1 + t*- 2 t;*)* 

of u by help of (i) Jacobi’s functions, (ii) Weierstiass’ functions 

[Math Trip II , 1914 ] 

Prove that a:^/3 dn {uJS) = sn (i*n/ 3), (mod •J^) 

28 Show that the integral 

f* {(a - a,)(a - Oj) (x - a,) (a - aj}"^<ia 
J«1 

is transfoimed to the integral 

2 {(<*4 - ® 2)(®1 -<* 8 ) r * j || {(1 
by the relations ^ = (ftg - aj (« - " ^i) “ ®4)» 

” (®2 ” (®8 ” (®2 “ ^ 4 )* 

and obtain an expression for the general value of the former integral 

[Maih Tbif II , 1913 ] 
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29 A heavy particle attached to a fixed point by a light thread 
of length a oscillates under the action of gravity in a vertical plane 
Show that the height of the particle above the lowest point of its 
path at tune t from the lowest position is 

2a Bin^ ^ sn® ^ , ^mod sin , 

where 2 a is the whole angle of swing 


30 Show that the potential of a uniform thin ring at any point is 

A r* ^ 

where y is the constant of gravitation, m the mass per unit length, 
a the radius of the nng, i the distance of the point from a point of 
the nng, and jg the least and greatest values of ? Prove also 

that the potential may be expressed m tbe form where 

X is the complete elliptic integral of the first kind with modulus 
02-h)/(»2 + ^) [Ox II P.19i4] 


31 A hea-vy elastic string which is uniform when unstretched is 
passed through a smooth semicircular tube which is held in a vertical 
plane with its vertex upwards The radius of the tube is ? The 
modulus of the elastic string is equal to the weight of a length r of 
the unstretched stiing It is ohsei-sed that the two equal portions 
vhich hang veitieally outside the tube are each equal in length to 
the radius Show that the unstretohed length of the portion which 
lies within the tube is 


4? 

3 


dn"i 



[Ox II P . 1916] 


32 Assuming that the law of central attractive force under which 
an orbit can be described is given by PjlM =* ^ +• show 

that if a particle describes an orbit » cu under the action of 
a central attraction the modulus of the elliptic function is 3”^ 

[Ox II P , 1913 ] 


33 A particle of unit mass is projected horizontally with velocity 
% and moves undei gravity in a resisting medium such that the 
path is a portion of a circle of i adius a Show that the motion will 


cease after a time 


(mod 2”^) 


[Ox II P , 1913 ] 
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34 Show that the area A bounded by the y-axis, the asymptote 
»=! and the curve y^{^- l)(^-3){(a;“4)^ + 3} = 1 is 

1 1 14 — 3\/3 . j 

^ cn-i — , (mod sm 76 ) 

35 If A be the area in the positive quadrant bounded by the 

cuive the coordinate axes and an abscissa ar, 

show that ^ - 1) ^ dn Alcn A, (mod tan ir/6) 

36 A ring is generated by the motion of a circle such that its 
plane passes through the centre of an ellipse and a peipendicular to 
the plane of the elhpse through the centre, and the centre of the 
oiicle lies on the ellipse Show that the volume of the ring is 
4iTrKbo^, where h is the semi-axis mmor of the ellipse, K the complete 
elliptic integral of the first kind with its modulus equal to the 
eccentricity of the ellipse and c (<b) the radius of the circle 

[C S , 1895 ] 

37 Prove that the equation of the osculating plane at any point 
of the curve x^asau, y^bcnu, «=cdnw, (mod k), is 

^ (1 - J*) snStt - 1 en8« + - dii»it - 1 - 

a ^ ^ b c 

[Ox II P . 1902 ] 

38 An elliptic wire of semi-axes a and h moves so that its plane 
IS always parallel to a fixed plane while its centre describes in a 
perpendicular plane a ciiole of radius c which is gi eater than either 
a or b, and the minor axis is perpendicular to the latter plane 
Prove that the nng surface formed by the ciicumference of the 
wire cuts itself in two hyperbolic edges, and that its volume is 

where K and E are the complete elliptic integrals of the first and 
second kinds with modulus ajc [Math Tbip 1886 ] 

39 If the modulus h and the amplitude <#> of the elliptic integral 
-F(<^, Ic) be given by = cos ir/12, cos ^ = 2 - \/3, then will 

r(J)} 

[ J 0 Malet, E T , 9877 ] 
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CALCULUS OF VARIATIONS (Seciion I) 

1482 To ascertain tlie greatest oi least values of which a 
given function is susceptible under specific conditions, it has 
been found necessary in the Differential Calculus to allow %t 
to grow, and then to find the magnitude attained when the 
rate of growth stops And methods have been formulated 
by which this rate of variation can be ascertained and tests 
constructed for the disci imination of maxima values from 
minima values and from othei stationary values winch the 
method may discover 

The functions cousidered in the Differential Ccdcuhis have 
all been expressed directly or indirectly in terms of a set of 
one or more independent vanables not usually involving signs 
ot integration, and if any dependent vanables have occurred 
in the functions under discussion then connection with the 
independent ones has always been specified and known 

We now have a problem of different nature We are to 
consider the maximum or minimum value of a function 
usually expressed by an integration, in which the integrand 
contains not only an independent variable or set of inde- 
pendent vanables, but also one or more dependent vanables 
and their differential coefficients, for which the rdationship 
between the dependent ones with the independent ones is not 
specified, hut remams to be discovered, in order that a stationary 
value of the integral may result under any conditions with 
regard to the limits of the integration which may be imposed 

1483 Freliminary Ideas as to the Mode of Procedure 

As before, it will be necessary to allow the function to grow 
and to ascertain the rate of its giowth under the imposed 

604 
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conditions when the variables it contains are made to vary 
in an arbitrary and independent manner consistent with 
the retention of the continuity of tlie function and consistent 
with the imposed conditions 

We shall first take the case of one independent vaiiable 
only, VIZ X, and we shall suppose that the form of the relation- 
ship between x and the dependent variable y is required 
which shall be such that the integral with respect to £C of a 

given, function V of sc, y, ,viz|Fcfa;, acquires a 

stationary value For amongst the stationary values the 
maxima and minima values he To fix the ideas we may 
regard x and y as the Cartesian coordinates of a point And 
here it will be observed that y is to be regarded as a function 
of sc, but that the foim of this functional connecting relation 
18 unknown and is to be the subject of investigation 

The form of 7 is supposed known The limits of the 
integration may be regarded as being from a point P, (scq, y^), 
to a point y^), which will be referred to as the terminal 

pomts or terminals, and which may be specified either as 
jixei points, or as yoints which lie on specific locu 

It IS then our object to discover the relationship between 

X and y which will compass the object of making dx assume 
a stationaiy value with such terminal conditions 


1484 Foi instance, if we lequire to find the shortest path in the plane 
xg fiom the given line to the circle j:®+y*=a®, we have to 

make J ds, oi what is the same thing J >/l •hy'^dx, assume a niinununi 

value, where the things at our choice aie (i) the positions of the temimal 
points on theu respective loci, (ii) the nature of the path fiom one 
terminal to the other And the solution we should expect will be that 
there is a linear relation ly^mx+n between v and y, and that the values 
of m and n will be such that the line cuts both the terminal loci at right 
angles , which we shall presently find to be the case 


1485 The Symbol S of Arbitrary Variation 
When a known and definite relation exists between x and y, 
say y^f{x)y and when we pass from a definite point P^, (», y), 
on the graph to an adiacent point Pj, (r+dz, y+dy), travelbng 
along the curve, there is a relaUon between the differentials dx, dy. 
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VIZ dy=f'{x) dx, to the first order of infinitesimals, where /'(a?) 
represents the differential coefficient of /(a?) with regard to x 
We may, howevei, assign quite arbitrary independent 
infinitesimal vaiiations to x and y, and thus pass from the 
point Pi to a point Qj, not necessarily upon the curve y=/(a^), 
but indefinitely close to P^, and we shall denote such inde- 
pendent and unconnected arbitrary variations by Sx and Sy 
Thus, m Fig 431, P 1 P 2 P being the graph of y=f(x) and PiNi, 
perpendiculais upon the axis and a parallel 
to the flj-axis cutting and P^N^ at S and ft respectively, 
we have dx=N^N^t dy=RP^, 8y=SQ^ 



1486 Arbitrary Variation of a Path 

If every point of the P-path be thus treated and the 
variations of the several P-points are such as to give a senes 
of Q-points which he upon a continuous ciirvCy we may regard 
the P-path as being deformed in an arbitrary manner from 
point to point into an indefimtely close Q-path, and the 
arbitranness m the deformation is such that the deformation 
at Pi from P^ to Qj does not in any way fix the law by which 
the position of Pg is deformed into the position the only 
lestiiction upon the removals of the various pOmts P^, Pg, P 
upon the P-path to the corresponding points Q '^pon 

the Q-path being that each such removal shall be through an 
infinitesimal distance, and that the aggregate of the Q-points 
shall form a contmuous curve This deformation of the 
P-path, whatever that path may be, whether f(x) be a function 
of known form or not, is therefore entirely, point by point, 
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at our choice along the whole path of P, with the exception 
of the terminals, which in any particular case may have 
definite loci assigned to them, where there will be definite 
relations between the terminal values of Sx and 8y at each 
end, but the vaiiations at one terminal being quite inde- 
pendent of those at the other 

The piocesaes of the Calculus of Vaiiations aie essentially 
conducted by means of the consideration of such arbitiary 
differential variations as the Sx, Sy here defined 

1487 Results ot the Differential Calculus which do not 

involve the nature of the connection between the variables 
occurnng remain the same with the one set of variations ix, 
dy, as with the other Sx, Sy, Thus, if 7 be a function 
of any set of variables a\, a-g. , say, V=(j>{a\, x^, x^, ), 

and if these variables receive two sets of variations, 

dx^, dx^y ) and Sx^, Sx^, ), 

then, if d7 and SV be to the first ordei the corresponding 
changes in 7, we have, whether the variables be connected 
in any way or not, 

1488 S and d Commutative 

We shall now piove that d{Sx)=S(dx^ 

Let AA^ be any curve y=<p{x\ and let P, be contiguous 



points upon it, viz (aj, y) and (x+dx, y+dy) respectively 
Let the curve AA^ be deformed to a contiguous curve PPi 



jr ^8 
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that the atbitrary point to point deformation displaces 
to Q, Pi to Qi, etc Let the ordinates NP, i/Q, 
drawn, and P8T parallel to theas-axis cutting the oidinates 
of Q and Pj at S and P, and let Pi7, the tangent at P, cut the 
ordinate of Q at J7, and let V be the point in which the ordinate 
of Q cuts the curve AA^ Then NN^=dx, NM^Sx The 
change in NM due to a change from x to x+dxc is d{NM), 
%e d(^x) But d(NM)=N^M^—NM=MMy—NN^, which is 
the arbitrary change in NN^ due to the deformation of the 
curve, and is therefore S{dx) Hence (Z(5fl5)=d(da5) 

1489 It follows that M{dx)^dB(dx)=dd{Bx\ etc, and generally 

So?* V sa V= V , and so on (See Lacroix, Cal( P?/ , ii , p 668 ) 

1490 Oommutative with regard to the Sign of Integration 


Let ^='1 ^ ^ Then dz=V dx, and dSz=8dz=8(7 dx) 
Therefoie integrating &=Jd(Fdaj) 

That is dj F(fa;=|d(7da;) 


14<91 The Quantity o 

Again, TJQ=SQ—8TJ=8y—y'8x, where y' stands for or 

the tangent of the slope of the curve at P We shall call this 
quantity co It is the amount by which Q is raised by the 
vaiiation Sy above the tangent line at P, and the distance UT 
18 a second-oider infinitesimal Thus, to the first order, an or 
Sy—y*Sx IS the amount by which Q is raised above the curve 
y=<^(x) at the point V 


1492 Differential Coefficients of oo 

dv 

Supposing y=(p(x\ considei the vaiiation in where 

X and y aie aibitrarily changed to cc+to and y+^y respec- 
tively We ha\ e at once 

dy^ d{y-\-8y) dy/dy dSy\L . dy 

dx d{x-^Sx) (fa? \(fa? dx J\ dx ) dx 


d ^ , d , 


to the first order of infinitesimals 
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Hence 

Sy'~rSx=-^Sy-y'^Sx-y'>Sx==-^ {Sy-y'Sx)=^==<,'. say 
Sunilarly, Sy"-y"'Sx=w", Sy'"-y"Sx=u)" , and so on 
1493 Geometrical Proof 

Let 7i==if(x) be a cuive such that j r)dii — y,iey lepresenta the aiea 

bounded by the curve AP (Fig 433), the ordinates AL^ PN^ viz X^a 
and X=», and the a-axis 

Let the curve APP^ be displaced by an arbitrary infinitesimal point to 
point deformation to the cuive BQQi, A going to P to §, to §i, etc 



O HI NM N,M, ^ 

Fig 438 


Let (x, ij)j (x+dscj ^+617), (x+dx, rf+difj) he the coordinates of P, §, Pi 
respectively, and draw the ordinates AZ, BJJ^ etc, and PB^ PiHi parallel 
to the 4f-axis 
Then 

‘»7ci!z=area LNPA , 3 y= 8 J rjdx=Me& L'MQB-Biea. LNPA, 

and 

^(%) (^rea L'MQB) - d (area LNPA)^ aiea BMiQiQ - area NNiPiP (1) 
Also »7 Sa!=area NMRP to the first older , 

d(r) &r) =ar6a B1M18P1 - area NMBP ( 2 ) 

Hence d (8y) - d (?; &c) = area MMiQiQ - area NiMiSPi 

-aiea iiTiViPiP+area iOrBP=area BSQiQ, 

^ e d|^8 j ridx~rj 8t?^=area BJSQiQy 

and to the first order BQ^^-r/dx , and 

MMi = BBi+NiMi - BM^dx’k- 8(af + dx) - 8a;»dx+ 8 dx 
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So that to the second order, area RSQiQ=(BTj-y( Bx)dx , 

Tjdx-rjBx^^&rf-Tf'Bxy and > 

6u7]=:8/-y"Sfl!, and 8y'-/&c=»(i)' 

This geometrical proof appears to be due to the late Dr E J Eouth 


1494 HotatioE 

We shall use accents to denote difTerentiations with regajrd 
to the independent variable x, and when accents become 
inconvenient by their number, we shall replace them as 

(jU^y 

elsewhere by an index m brackets Thus 2/' '= 3 ^* 

We shall represent by V any known function of x, y, y', 
2 /'^ 1 i independent variable being x, and y a function 

of X of unknown form, and therefore, also, its several 
differential coefficients being of unknown foim 

For the present it is also assumed that V is independent 
of the hmits of integration We shall adopt the notation and 
follow the method of De Morgan (D'lff and Int (7afc,p 449, 
etc ) In this notation Capitals denote pa/rtial differentiations 
of V Thus 






y_dV 


etc, 


the suffixes indicating the particular differential coefficient 
of y with regard to which the partial differentiation of V is 
effected Also accents will be used in these ca«es also to 
denote total diffeientiations with regard to x Thus 




Lagrange, to whom this Calculus is in the first place due, 
uses a different notation, convenient when no differential 
coefficients of y beyond the second order occui, but not so 
convenient otherwise In Lagrange’s notation p stands for t / , 
q for y", etc , and 
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1495 Variation otyTdx 

Supposing 7^0(05, y, y\ y'\ , where the relationship 

of y and x is unassigned and held m abeyance, remaining to 
be chosen to suit circumstances which may aiise, let us take 
AA^ (Fig 434) as the graph of a supposititious case ot such 





O 

Fig 434 


relationship, and let us suppose it subjected to a point to point 
deformation to a contiguous position of the kind described 
Then we shall find the consequent variation in the integral 

wheie the integration is taken from one terminal 

point A to another terminal pomt which, like other points 
on the curve, may be subject to small variations of position, 
which may, however, in these terminal cases be paitially pre- 
scribed by the terminal circumstances, A going to B, P to Q, 
P^ to Qi, etc Then, since S is commutative with regaid to an 
integral sign, 

cZa!=|5(F c?®)= j(^7 d£c)=|(5F dx-\-Vd, Sx) 

=1^7 dB+[F cIF=[f daa-iV Sx), 

the integral being taken throughout the vrhole length of the 

curve from A to A^, and the square brackets [ ]^ round 

the integrated poition indicating that the included portion is 
to be taken between the same hmits, viz ((Cq, the coordi- 
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nates of 4 to {x^, y^) the coordinates of Now to the first 
order, 

Sy=XSx+Y ' 

and dV=Xdx+Ydy+Y,dy'+Y„d'!/’+ +y(«)d2/“’. 

. . SV dx-dV Sx= Y(Sy-y'Sx) d!B+ Y,(Sy-y'' ^ 

+ Y„{6y"-y"' Sx)da>+ 

to the second order 

Hence to the first order 

a|Fda!=[7dajJ*‘+j** {Y(e+Y,w+Y„a"+ +Yi,fA*'>) dx 


1496 The integrand admits of a considerable amount of 


integration 
|Ya)(2a; — 

Jy,a)'diB = 
|Y,,u)"dcB = 

Jr,„a."'daJ= 


We have 



jywd*, 

y,a> - 

^Y'lxdx, 

Ynx-Y;,w + 

Jyi'wiaj, 

Yft/do" — YfftO)' ■■\“YrrtOl> 

Jy;'«<te. 


Now make a further abbreviation, and write 

KsY sr-r;+K-y«+ +(-i)"il:), 

y,s y,-y,:+y,"- 

y„3 y„ -y;;,+ +(-i)’^*y(«r‘’> ®*® > 

^ j7i®=[F Sx+Y,w+ y„«'+F»«"+ +F,n)«‘"-“ J+l_^ 

which may be written for short as 

^j 7 da!=Hj-flo+JjS:w*c or [Hf^+^Kwdv, 

which gives the variation of the integral to the first ordei 
Terms of the second and higher orders of the vaiiation are 
not needed for the present We shall recur to a consideration 
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of such terms later 'when we come to foimulate an analytical 
test foi the difecnmination between maxima and mmirna 
values But m a laige number of cases the nature of the 
stationary result found will be obvious from the circumstances 
of the problem without any formal analytical discriminatory 
test 

149T We shall now count up the number of fiist-ordei 
variations involved at the teimmals Written at full length 
to exhibit all these variations, we have, to the first order, 

" ^\ySx+Y.[Sy-y'Sx)-\- Y„W~y" &)+ + 

-\y &e+ 7,{Sy-i/Sx)+ f.{Sv’-~y" &c)+ + 
+^(,Sy—tf'Sx)d!c, 

the suffixes to the square brackets having their usual signifi- 
cance There aie m each square biacket n + 1 variations, viz 
Sx, Sy^ 8y\ Sy ^^^ , but these are not necessarily all inde- 

pendent 

(i) If the terminals be hxed we have fov/r equations of 

condition, 'viz 0 and dy =0 at each end, and n—1 arbitrary 

variations are left in each bracket, viz Jy', 6y", . , 
depending upon the direction of the tangent to the path, the 
curvature, etc , at each terminal 

(ii) If the terminals be not fixed but constrained to he upon 

assigned curves, say y=Xo(®)» <5yo=Xo'(«o) 

®o that t-wo conditions aie imposed and two 
variations, viz Sy^ and Sy^ cease to be arbitrary, which leaves 
Ti mdependeut arbitrary terminal vai lations in each biacket 

(in) Other teimmal stipulations may be made For instance , 
if the end Xq, yQ is to be fixed, and also the direction of de- 
parture from that point and the curvature at that point also 
fixed, this will entail and the 

number of arbitrary variations left in that biacket is -n.— 3 
Similarly, any specific data may he assigned for the other 
extremity 

Thus, on the whole, there are in the two brackets 2n+^ 
terminal variations Every imposed terminal condition ex- 
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pressible by one equation, such as which is 

to hold at a terminal, reduces the number of independent 
tenmnal variations by unity Hence, if there be p equations 
of condition, there are 2n+2—p independent terminal vana- 
tions Eg li the terminal {Xq, y^) be given, and the abscissa 
of Xiy and the direction and curvature of the direction of 
approach to (asi, y^) be given, there are 6 equations of condition 
and 2n— 3 independent teiminal variations 


1498 In the remaining part of the total variation, viz 

^Kaydx or ^Y{By—y'&x)dXy 

there are an inhmte number of vaiiations, each pair &y 
indicating the displacement of a point (a;, y) of the curve to 
be found to a hypothetical adjacent position The function 
7 or IS a lineai function of the total differential coefficients 
with regard to 05 of the partial differential coefficients of 7, 

Bfcimdiiig for r- r,'+ y"- +(- i)»r{3 

In general itself contains y^‘^\ and therefore in general 
Y contains a term y^^'^ Hence, if F be equated to zero, as we 
shall see will be necessary in a search for a stationary value of 

dxy r=0 IS in general a differential equation of order 2ii, 

of double the order of the highest order differential 
coefficient occuiiing in 7 The solution of such a differential 
equation will contain 2n arbitrary constants This is less by 
2 than the number of teiminal conditions + the number of 
independent terminal variations, which is 2(w+l) 


1499 Conditions for a Stationary Value ot^Vdx 

The same line of argument as that employed in the Difermtidl 
Calculus (Art 496), in searching for the maxima and minima 
values of a function of several variables, will now apply in a 

r*i 

search foi the stationaiy values of I 7da5 It follows that 

Jxo 

the first order terms of the variation of this integral, viz 

1 a>E dxy must vanish, and further that the coefficients 
J«6 
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of the several independent aibitraiy variations contained in it 
must sepaiately vanish 

Now one system of clioices of these independent variations 
will be that in which all variations at each terminal aie fixed 
so that H is made zeio at each end Theietore we must have 

in all cases 1 K{&y—}/ 8x)dou^0 Moreovei, as Sy—y'Sx is 

aibitrary at every point of the path, it follows that K must 
vanish as a piimaiy condition Hence the aggregate of the 
teims in [ffjJ must also vanish in any case And further, 
since it has been seen that if the number of presciibed 
terminal conditions be p, the number of independent terminal 
variations is 2n+2— ji, there will be 2w+2— p relations arising 
from equating to zero the coefficients of these independent 
terminal variations 

It has been seen that the solution of the difierential equation 
K=0 contains in general 2n arbitrary constants (Ait 1498) 

It then appears that as the conditions for a stationary 

value of P F dx, we have 

^ Jaso 

( 1 ) Y or jK= 0, the solution containing 2n ai bitrary constants, 

(2) 2w+2— p independent equations arising fiom [^]5=0, 

(3) terminal equations 

Thus we have 2w+2 terminal equations in all to find the 
2n constants, which fix the nature of the path and tw’^o other 
quantities, usually the abscissae of the terminals The pro- 
blem 18 therefore in general completely determinate, as will 
be seen when we come to discuss examples of the method 

1500 Cases of Integrahility of K=0 

The chief difficulty in this problem lies in the solution of 
the differential equation Jf=0, and often this cannot be 
obtained 

(1) There is one case in which at least a first integration 
can be effected in general terms, viz when V does not ex- 
plicitly contain cc , y', y", 

For now 

Z=0 and ^=ry'+r,y"+y»r+ +y(«)y"+"’ 
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But 


^Y^dx = 

jry'&i, 

\Y,fdx = 

yy- 

II 

Y„j/"-Y:,y'+ JyiVffo, 




Hence 7^{Y.^+Y.y"+Y,„f'+ 
for the coefiicient of y' in the integrand of the unmtegrated 
part IS K, which vanishes 

(2) Another case of mtegrability (to a first integral) of the 
equation K=0 is obvious, viz when 7 does not contain y, so 
that Y does not appear For Z=0 then becomes 

y;— Yn+ Yw— =0, of which a first integral is 
Y/-Y/, + Y,«— =con8t, ^e Y/=(7' 

(3) If V contains neither x nor y explicitly, we have also 

V^C'y'+C+ZY+Y„.y'"+ +Y(«,yt-) 

1501 A very Oomiuon Case 

If 7==^(y, y'), in which x does not explicitly occui, and 
no differential coefficients of y beyond the first, we have 
7==Y/y'+0, with the condition V 8x+Y,{Sy—tf at 

each terminal, % e 

[C Sx+Y,Sy]o=0 and [C8x+YrSy\^0 

(1) If the terminal points be fixed, the terminal conditions 
are identically satisfied, and the two constants which will be 
present in the final integration of V=Y,y'-\-C will be de- 
termined by making the curve obtained pass through the 
specified points, whose coordinates are in that case known 

(2) If the teiminal points are to he on specific loci 

y=xo(®). y=xi(*). 

we have <5yo— Xo'(»o) ^yi=Xi'(®i)&»i> 
and theiefoie 

[0+y,Xo'(®o)]o=0 [0+r,Xi'(“i)]i=0 
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And supposing y=F{x, 0, G\ the solution of the equation 
jr=0, the substitutions of this value of y in the above 
equations, together with the equations 

0, O'), 0, oo, 

suffice to determine the values of the two constants of the 
difierential equation and the abscissae of the terminals of the 
path (See Art 1499 ) 


1502 Illustrative Examples 

1 Let U8 apply the rule to find the nature of the ahorteat diatanee between 
two g%ven pomta (®o, ^o), (^u ^i), the lesult to be expected being of course 
obvious (See Art 1484 ) 

Here JVl +y'^dx is to be a mimmum 

We have 

F-s/T+yi, x-0, r=o, F=ry+c 

Thus %e Vl 1/(7 or y = const =5«n, say 

Then m and n to be determined so that the straight-line 

path indicated shall pass thiough the terminals, t e 


yj 1 
^0, yo, 1 
^1, Vi, ^ 


==0 


2 Suppose we requite the shot test distance ft ova the cuAve y=\Q(x) to the 
Lwve y=Xi(®) 

Then, in addition to the above, ve have teiroinal conditions at each 
end, VIZ F8r+ 7,(8?/-/ &t)=0, %e C&t+/(78y=0 oi 
each end, ? e the stiaight line is to cut the terminal curves at right 
angles at each end 
Also the equations 

H-mXo'(a:o)=0, l+mxi'(4?i)=0, wia:o+w=Xo(^o), wufj+w = Xi(^i) 

determine the four quantities th, ti, ag, Vi 
It will be noted that maxima as well as minima distances aie 
included in the solution The disci imination depends upon the nature 
of the terminal curves, but in particular cases the nature of the result 
will usually be obvious without foxinal test 

3 Let ua engutre next the nature of the curve for which^ with apectfic ter- 

m%nal condttMnay ^ attatna a raxnarriura value [Lacroix, Calc D , 

p 704] ^ 

Here V=t/"\ 7,,= 2/', 7,„=0, etc 

jUsO gives 

^(2y")=0. *« ^=0 Of y=0,+0ip+0,^+0,^ 


( 1 ) 
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The tenainal variation conditions aie for each end 

F &P4- ( r, - n) (ay -y' a^) + r«{a/ - ?/" &r) = o (s) 

If we impose the condition that the curve is to pass thiough (0, 0), 
{a, 0) and its tangent to make with the a axis angles tan'^a, tan“ia' at 
these points, equation (2) is satisfied and 

0=^(7i Y +02^ + O3 af=0i, of = 


whence C7o=0, Oi=sa, 02= — 2(2a+a')/tf, Os=6(a+a'^)/a^ » 
and we have ?/ = or — ( 2tt + a') r^/a -h (a + a') a?‘ 

If a'<=-a, this becomes the paiabola ay-avi.a-x)^ in which case 
y"= and is constant thioughout the ciiive 

4 In ihe case of a head sliding fredy on a smooth wire in a v&rtical plane 
under the action of gravity, to find tiie form of the wire so thcU the time of 
descent from one point of the wire to another is tfee least possible Tins cfuirve 
IS called a brachistochrone 

The energy equation is i^=2^y, wheie y is the veitical distance of the 
bead at time t fioni the hoiizontal line of zeio velocity This gives 


•Jlgi sjy 




dx, 


which IS to be a minimum 



Here 

F=Vi+7‘7Vy, x=0, Y=—JTW^I^V^> Y.=y'lJ}/>Jl+2/'‘ 
V=Try'-\-C gives 0>/yVl+y^=l , oi, wilting 
y'=tan^ and 0=ll*J2a, 
y=2acos3’^ 01 2a-y=2fl6Sin®^, (1) 

which indicates an aic of a cycloid with cu«>p8 on y=0, i e on the line of 
zero velocity {1^0 , Ait 395 ) 
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At each terminal 7&r+ 7,(8y-^'&r)=0, i e 

08a7+7,8y=0 oi 8ir+/8y=0 (2) 

(i) If the teiminal points be fixed, equation ( 2 ) is identically satisfied 
Equation ( 1 ) is only a iiist integral, but sufficient to determine the 
nature of the curve 

To pi oceed with it, ^ = tan ^ » 

and putting y=s a ( 1 + cos 6)^ we have 

-a(l+cos *c i?-C'=s — a(^+sin 

So the equations of the curve are 

07 = O'- a ( 0 + sin d)\ 
y= a(l+cos^)/ 

Moieover, as y=a(H-cos 0 ) and also =a(H-cos 2 ^), we have 0 = 2 ^ 

If the curve is to pass through (^o, y©) 3 ^i)» supposed fixed, 

we have two equations to deteiniine O' and a, te the position of the 
cusp and the magnitude of the curve 

If the bead is to start from rest at (o*©* yo) point must lie on the 
line of zero velocity, 1 6, yo= 0 , and this point is then a cusp of the cycloid 
But if the end (^?oi yo) fixed, and the other end (z^, yi) is a point only 

known to he on a dehnite locus y= 5yo= 0 , S?/i *= x^(*i)^i> 
and the terminal equation at (j?i, yi) gives 8 a 7 +y' 8 y «0 at that point, t e 

y* ““ 1 j and the path cuts y = x(^) orthogonally, and the same is true 

if (ri, yi) be fixed and (r©? Vo) ^ fixed locus y=X 

must be such as to cut oithogonally the line fiom which it starts 
If both ends are to lie on fixed curves, viz y=Xo(^)s y=Xi(^)> 

the conditions y'^ 5 = —1 at each end, and therefore each terminal curve 

IS to be cut orthogonally 

If, for instance, the teiminal curves be ( 1 ) the line of zero velocity, 
( 2 ) a vextical line at a distance b fiom the staiting point, the starting 
point is the cusp of the cycloid, and 
the othei teiminal is the veitez 
The value of a is then found fiom 
the equation 8 =:ira, t e a= 8 / 7 r, and 
the constant C is It will 

be noted that the staiting velocity 
from curve must 

be that due to a fall to that point 
from the line of zero velocity, f e 

Paths starting fiom any Fig 436 

other given honzontal line, and 

therefore with the same velocity, and descnbing paths in the least time 
to a given curve cut the curve at right angles, but not the straight hne, 
except in the case when the line is the line of aei o velocity itself 
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The problem just discussed is the celebrated problem of J ohn Bernoulli 
which gave rise to the Calculus of Vaiiations It was proposed in the 
Acta Eruditorum, 1696 (see Cajon, of Math , p 234) The geneial 
problem of biachistochionism foi any conservative system of forces will 
be considered later (Arts 1637 to 1644) 

6 Tahmg tu)o given potrUa A, B aa terminala to find a curve connecting 
them awih that the area hounded hy the arc AB, the radii of curvature at A 
and B and the intercepted arc of the evoVute la leaat [De Morgan 1 

Here ^ J p j to be a minimum 

and 7 = + 20^ + gives ( 1 +y' = Oiy ' + , 

or, putting y'*=tan p=Ci sin ^+C72Cos if/^A am (^+B), say 

The curve is therefore a cycloid 

The teiminal conditions are 75 r+ X/ (Sy — y'&r)+7„ — at 

each end, and since &r=Sy=0 at each end, this i educes to X//Sy'=0 at 


each end 

Also 7,;= -(1 +/*)*//*, and the values of By' at each end aie 
arbitiaiy Hence y' must be co at each end, and the ladii of curvatuie 

must therefore vanish The ter- 
minals must theiefoie be cusps of 
the cycloid 

If a condition be added that these 
ai e consecutive cusps the cycloid is 
then deteiminate, the length of the 
choid AB being given, say Z, the 
ladius of the lolling ciicle must be 
Iftir If the cusps be not neces- 
saiily consecutive the aiea might 
be that contained between a set of 
such cycloidal arcs as shown in 
Fig 438, and their cycloidal evo 
lutes, and it will be obvious that 
if the numbei of these arcs be infinite, the area thus bounded becomes 
ultimately /eio, the ladius of the rolling circle having become infinitesi- 
inall} small 




Fig 43S 


If the terminals A, B be not fi'^ed but constrained to move on given 
curves, there is a relation between 8r and By at each end, but the values of 
By' are still independent and arbitrary , therefore 7„ still vanishes at 
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each end, which aie cusps of the cycloidal path, which may oi may not 
be consecutive , and other lelations also arise by equating to zero the 
coefficients of Sv for each end after substitution of the terminal conditions 
which give in terms of 

1503 The Oase when V depends npon the TemnnalB 
If V contains the cooidinates x^, and o^, y^ of the ter- 
minals and diffeiential coefficients of y^ and in addition to 
aJ, y, y\ etc, %e 

F=0(a;, 2/j y\ ®i» 2/o> Vv Vo* Viy )> 

the variation SV will include terms in addition to those of 
Art 1495, and now 
SV=^-3rScLf-\“76y"\~y'fSy “H 



and these additional terms in the variation dj give rise to 

the variations Sxq, 6x^, dyo> bemg functions of x 

but only of the limiting values of x, and the integrations 
being from sCq to as before These extra terms are all to be 
added to the terminal variation portion of the total variation 

djFia? The differential equation will be unaltered, and the 

general value of y in terms of x thence derived may be sub- 
stituted in the several additional integrals above, and their 
values may then be found and treated as part of the ter- 
minal variation [fl] 

1504 Relative Mn-wnua and Mmima Lagrange's Rule 
Many problems occur in which jvdx is to be made 
a maximum or a minimum with the condition that at the 
same time a second integral is to acquire a given value 

a, wheie W, like V, is also a tunction of x, y, y', y", etc For 
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instance, we might require the cuive joining two specified 
points, such that with the a;-axis and the terminal oidinates 
a maximum aiea is to be enclosed whilst the length of the aro 
between the teurmindls is given 

Lagrange solves this ielati\ e species of maxima and minima 
problems by making sj{V+\W)dx=0 unconditionally, wheie 
X IS some constant to be determined 


For clearly this gives S^Vdx+\S^Wdx=0^ te dx 
vanishes foi all such relations between y and x as make dx 


any constant quantity Now, upon solving this unconditional 
problem in the way described in the preceding articles, we shall 
get a relation involving X as well as the constants of integra- 
tion, say y=:0(x, x, 0^, Og, ) Then substituting for y in 

^Wdx and integratmg, we are to make such a choice of X as 

will give the integral ^Wdx the stipulated value a 

We then have 

variation of is zero, and the integral has a stationary 

value for such a relation between x and y as gives to j"TFda; 

the prescribed constant value a The constants of integration 
are to be determined as desciibed befoie fiom the terminal 
conditions 


5jFdi:+X^a=0, ^e S^Vdx^O, and the 


1505 ZUustrative Examples 

1 To ftoo points A, B given in pos^ion^ wliose distance apart is 2c, an 
ifisxtensible thread is attached by its ends, whose length is 2ca cosec a To 
eaxmvne in wTuU curve the thread must be arranged so that the area enclosed 
by the thread and the chord AB shaU he as great as possible 

Taking the mid-point of AB as origin and OA as i-axis, Ave aie to 
meke^Jpds a maximum with a condition Jds = 2ca cosec a 

By Lagranges rule we are to make f (p+2X)ds=s, maximum, i e 

in Cartesians J ’ 


^ “/(y “ + 2A v/l + 3 ^^) da IS to be a maximum 
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Here r=y-ay +2XN/r+P^, 7=1, 7,= -4+8X//^/^+^, 

7<=0, etc Along the path we are to have 

Fs7-7;=0 01 1=-1+2A.^ . y' . 

*>-Vl+y'“ 




and te (j;-a)>+(y-6)»=A» 



Fig 439 


Thus the thread must he on a ciicular arc of radius ± A of which AB 
IS a chord Therefore the centre lies upon the y axis and asO 

Let 2) be the centre and A DO — ^ Then A =: ± c cosec and the length 
of the arc = 2 (it - j8) (3 cosec which is to be 2caco8eca , whence 

jS=Tr-a, A=±ccoseca and 6= ± Acos)8as -ccota 
The equation of the arc is therefoie aH+(y+ccota)*=6*cosec*a 
In the limiting case when e=0, a=3r, and if i be the ladius 
LtcQota—LtrcoBa^’^i and Xic2(c08ec*a— cot®a)=c®=0, 
and the equation becomes where 

2?rr = I, the length of the thread The thread 
then forms a complete urcle 4;®+y^=Zy/ir 
Incidentally this shows that the closed 
curve qf given perimeter and greatest area is 
a Glide The piocess is the same if we 
require the curve of least perimeter tnih a 
given areOy which is therefoie also a circle 
Note also that if the length of the thread 
exceeds ttc, the cuive will cut the ordinates 
diawn at A and B and lie partly outside 

them For this reason we did not express the area as jydb?, for in 

that case the limits -c to +c for a? would not contain the whole area 
bounded, but onl^ so much of it as lies between the ordinates at A and 
jS, and there would be the difBcultj of assigning such limits for the 
integration as would give the whole area 
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A Case of Discontinuity 

If the condition be superimposed that the thiead in the above example 
18 not aXhwed to extend heyond the ordtruUea at A and B, we should pi ef er 

to begin by expressing the aiea as j^^ydv But when Z>7rc a discon- 
tinuity will be introduced by the imposition of the new condition We 


still have the condition Jy/T-t^dx—the given length— 2 
J(y+As/n-y'^)d!» 


Hence 


18 to be an unconditional maximum, where A. is a constant to 
detei mined 


Heie + AVI Xs=0, 1^=1, P/— Ay'/>/l +y^ » T„~-0, etc , 


be 


y-l-As/l+y^*=A 






+fe, 


where 6 is a constant 


( 1 ) 


Hence 

A 


^ -k * a \y 


(y 


(«-a)^+(y-6)»=A.* 


So long as Z > wc this will lead to the same solution as before But 
the arc is now, by the new condition, precluded from lying outside the 
oidinates at A and ft and therefoie, for the case where A > ire, we must 
le-examine the problem Now, it has been assumed in the reduction of 
equation (1) and in integrating, that / is finite thioughout 

But equation (1) can be satisfied by 
making y infinite, which indicates that 
part of the boundary of the aiea may be 
a straight line perpendicular to AB 
Examine next the limiting conditions along 
the oidinates AL^ BM at the extremities 
of the choid , du? is to be zero, but by is 
arbitrary Now, for the terms involvmg 
B O A the terminal vaiiations 

[r8*+r,(8y-/M]=o, 

and if the thread be arianged A L and BJf, straight portions, with an 
arc of a circle LMy which satisfies equation (1), we have at A, ft M, ft 
te at the teimmals and at the points where the thiead leaves the 
ordinates, &c=0 , whilst at A and ft by is also zero This reduces 
the conditions to \ T, Sy]=0 

That IS (F; ^at d - F, at L ) foi the line dZ-f (F, 8y at X- F , by at M) 
for the ciicular arc H-(F8y at M- Y,by at B) for the line J/Z=0, and 
by at L IS independent of by at M 
Hence T, foi the line AL at Z= F/ foi the ciicle at Z \ 
and F, for the line BM eXM^Y, for the circle at J 
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But in each case F,/A 3 - , ■■■•- becomes 1 for the lines, ^ being infinite 
_ «' VI +y'-' 

ciicle albo, both at L and at M Therefore 

^=00 for the circle at L and J/j and the ciicle toucJm both the ordinates 
The area in question is therefoie that of a rectangle sui mounted by a 
semiciicle, and is such that AL -\‘ which gives the lengths 
of the straight portions as when I >Trc 

2 The ends of a uniform heavy ciha%n of given length I ahde freely upon two 
smooth curves which he in the same vertical plane Let us investigate its 
form on the supposition from the energy condition of stability that the 
centroid of the arc will assume the lowest possible position 
Let the chain assume a position such as indicated by in Fig 442, 
the terminal curves being y=/o(ip), y=/i(^) assume it as obvious 



that the chain will hang in the veitical plane of the terminal cuives 
Tdbke any horizontal Ime in that plane as ^-axis For the position of 

this j>azis shown m the figuie we axe to make jydsj jds a minimum 
with condition jde^l Therefore, by Lagiange’s rule we aie to make 
j (y+A-)>/l a mmimum 


The equation F= Tty' + C jgives (y + k)s/l = (y + A) y'®/^/l -j-y^ + <7, 

le y + X =5 C\^l = (/sec wheie y' = tan^ This is enough to 

indicate that the chain is to he in the arc of a certain catenaiy cuive 
Pioceeding further with the integration, 


Ody 


^/(y+X)^-0S■ 


t e 


y+X 

C 


= cosh 


v-hC' 
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wheie 0" IS a new consUnt The catenary is therefoie one “with it 
vei tex at ( - C'', - A. + (7) and with paiameter C 
As to the teiminals, we aie to have [r&F+ Jr,(5y-y 8i7)]=0 
But = %o=/o^(*o)^^o> so that only two of the four 

variations at the terminals aie independent, and we have C8i + Cy'By=0 

at Ctich end, te AJid theiefoie each of the 

teiminal ciiives is cut at right angles by the cuzve of the chain 
The seven quantities Xq, Vo* ^i>yu ^ A aie determinable from 
the seven equations 

VB=fo{'Oo), -5^1^=eosh^l^, 

/o'(®)sinh^i^=-I, /i'(»,)smh^*^^= -1, 

C sinh ~ C8inh^^= ? 


3 A vessel which ts tn iheform of a swrface of revolution with parallel 
circular ends of given diarruters ts just filled with an inelashc fluid The 

capacity of the vessel is given and ihe whole 
fluid 18 made to revolve about the axis at a 
definite angular velocity cu It xs required 
to find the shape of the vessel so that the 
** whole pressure^' upon the curved surface 
IS a minimum^ negUcting the effect of 
gravity 

Take the oiigin at the centre of one 
end and the axis of figure as a-axis Let 
the ladii of the ends be a and h and 
the length of the axis Taking the 
density as unity the hydrostatic pressure 
equation gives dp = fa*y dy^ where p is tlie 
piessuie at any point, whence 
foi p vanishes along the axis by the 
condition of the vessel being jvst^ full 
Now, the quantity known as “whole pressure” is given 
where jS^ is an element of surface 



Thus 


Jiry*(Z»*=a given quantity 
Hence J(y®Vr+^+Ay)d5a? 


IS to be a minimum with condition 


IS to be an unconditional minimum 


So y*Vl+y'^+Ay*=?yV*/N/l+y^+(7, is ipl^\ Ay*= <7, and for 

the terminals [FStH- j;(Sy-^&i?)]«0, and at the end through the 
origin lx and ly both vanish, whilst at the other end 0, for the radius 

IS fixed, X e CSx=0, and therefore as 8v is not necessarily zeio, 0=0 
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Then + ^^/=y(3/^+y''‘)/(l + y'^)® , whence 

te Xy2_2^8m8^co8^=C (1) 

For the teiminals [^8®+ F,(Sy-?/Sa;)]=0, ? e [Ofia;+ 7,8^] = 0 



Pig 44() 


The oiigiD being taken at the centre 
of the flat ba&e (Fig 446), and the base 
being given, we have 8x and 5y both zeio 
for the teiminal of the generating curve 
which lies on the y axib Also CSx+Y, 8i/ 
must vanibh at the other terminal Re- 
jecting the bupposition of a discontinuous 
flat-nosed surface, this other teiminal 
must be on the ^-axis and = 0 But 8x 
18 aibitiary Hence C=tO Rejecting 
also the solution of an end-on straight Ime 
experiencing zero resistance, we have 

yts^sin'^^^'COb^ 


It follows that |(3sinV-4bm«^)= -|8m3^ 


and 


«=g^co8 3^+const, 


which indicates that the generating curve is pait of a thiee-cusped 
hypocycloid, and the values of k and the conbtant may be found from 
the given data 


1506 The Case where FcS ^ is a Perfect Differential 
We have assumed so far that j Vdx jb not diiectly integiable If 
howevei this be so, the function is fiee from an integial sign and merely 
depends upon the terminal values of a?, y and the differential coefScients, 
and IS independent of the path of integiation from the one terminal to 
the other We are therefoie not much concerned with this case Such 

a case would occui if, for instance, F— — T^ i for then 



1507 Tests of Integrability 

Oui method of piocedure, however, yields a test of integrabihty Foi 
supposing F to be the differential coefficient of some function of foim 
y, y\ 

® jC ^ *'=8 [■*'{’?> yi y'l 

and assuming the variation to be one which does not affect the teiminal 
values of the variables, this vanishes independently of any assigned 
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I elation between v and y That is the i elation F—O is identically 
satisfied And the conveise is also tiue, and the condition is sufficient 
as well as necessary 

Foi the demonstration of this converse the student may be lefened 
to Todhuntei, Gah , p 365 


1508 Two or more Dependent Vanables 
Let 7 be a function of one independent variable x and two 
or more dependent vanables y, z with then differential 
coeflScients with regard to x, and suppose we are to search 
for the nature of this dependence which will give a stationary 

value to J 7 dx 

Here 7=jp(x, ) We may proceed to find the 

£rst order variation of the integral exactly as before, bat it is 
necessary to extend onr notation 


Let 





^"+'> Sx, f Sx, 

r,.,-rU)+y(U)- =yw. 

Then, just as before, the first order vanation of | 7dx is 


Ztn)—Zln^l) +ZJJj+2)— — Z(„) 




7^x 


+ Tf9j-jrY,ffj^+ 

+Z/f + 


]+((r,+zf)<to 


or =.[H]+{(r,+zo<fe, 

a result similar to that of Art 1496 

Obviously, a similar form will hold however many dependent 
vanables there may be 


1509 The Suhseanent Procedure 

As in the case of one dependent variable, in a search for 

the forms of the functions y and z which will give J 7dx a 

stationary value, we are to put 5 J 7dx=0, and now two cases 
anae, viz 

(i) When y and z are independent functional forms , 

(ii) when they are connected by an equation Zr=0 
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(i) In the first case, ^=Sz—z'Sx are inde- 

pendent variations, and we get y=0 and Z=0 separately, 
which form two differential equations to determine y and z 
m terms of x 

(ii) In the second case, ^ and ^ are not independent varia- 
tions, but we have Yri+Z^=0, together with L=0 

We shall consider these cases in detail 

1510 Case I y and % independent 

Here 

rsr-F;-fy;;- =o. z=:Z-z;+z;;- =o 

Besides these equations, in the event of Y not explicitly 
containing as, we have, as in Art 1500, 

V^(Y,y'+Y.,y'+ )+(%^+Z.,z"+ )+G 

And further special cases arise For instance, if y and z 
aie also absent from 7, we have 

y:-^y;;+ =o and z;-z;+ =o, 

whence Y,=Cj^ and Z,=-C^, 

-f 0-1- y f,y'' -f- Z„ /'-f , 

and similarly in other cases 

Also, if other dependent variables be piesent, a corresponding 
modification ot these results will obviously hold 

1511 Case 11 The Case when the Path lies on a Specified 
Snrfiace 

Before considering Case II in detail, viz y and z inde- 
pendent, we may point out one very useful case which 
follows immediately from what has been said, viz the case 
where the equation i=0 is a relation between a?, y and z 
alone This equation is that of a surface on which the path 
to be discovered must necessarily lie And the case is useful 
for the very large class of problems dealing with maxima or 
minima conditions for lines drawn upon a given suiface 

In addition to yj;-l-Zf=0, we have 

L^dx+Lyiy+L;^z=^{^ and L^Sx+Ly&y+LzSz^O 

Multiplying the first by SxjAx and subtracting, we have 
whence, eliminatmg rj and YILy=ZILg and 
L=0 for all such cases 
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1512 Next suppose the equation of condition to contain 
X, y, z and differential coefficients of y and z with regard to x, 

)=» 

Lagrange adopts a method similar to that of Art 1504, 
and makes 

5 j* (F +\L) dx=^0 without condition, (1) 


where he regards X as a function of x only 

It IS clear that this will make dx vanish for all such 

values of the variables as make L=0, which is what we requiie 
Now 


^ XL ^X"|“Xdb5 ^L-|-XL dSx^ 


=[XL^x]+| X(SLdx--dL ^icdX) 


The first term is a function of the variables and vanations 
at the terminals only, and vanishes with L 
The thud term is the only one in which variations of X 
appear And it will be noticed that if X be legarded as a 
function of x only, say X=x(®), then since d\=x{x)dx and 
5X=x (®) cfa— ^ccdX=0, so that the suppositions 

(i) L=0, (ii) X=x(®) pioduce in that teim the same lesult 

Therefoxe, in finding the variation S^(V+\L)dx without 

condition, it is unnecessary to considei variations of X when 
we consider X to be a function of x alone The variation 

of ^\Ldx therefore produces in the unintegrated part of 
5 f (7+XL)(fo, the additional term | X {sL—^ <5a5^ fo 


1513 Regal ding X therefore as a function of x alone, and 
writing y+X£ instead of 7, let us put 

[r]^|(7+Xl), [T,]^^(7+Xi) etc. 
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the square brackets indicating that the substitution of F+XL 
tor 7 has been made therein Thus 


S 


I (7 +\L) <&:= |[7] Sx 


+[F,],+[y„]„'+ 

+[z,]f+[z„]r+ 


} 


and as the variation is nneonditional, we have vj and f inde- 
pendent and [Y]=0, [Z]=0, that is 

|(r+XI)-4|,(F+M)+^A(F+XI)- .0 

«^|(y+U)-^|,(r+xL)+^|,(7+M)- -0, 


%e \ being a function of x alone, 


s , , 3L d ■dL\ , dL\ 
and ^+^2iz dx\^ dz^)'^da^\^^')~ 

which, with L=0ij 

give three equations to determine y, z and X as functions of x 


1514 It will be observed that the teims after the first 
in the first and second of these equations, are those which 
accrue fiom the treatment of the term 

in the vanaton of |xL dx, after the manner of Art 1496 

We may note further that when L does not contain differ- 
ential coefficients of j/ or « with respect to x, these equations 
reduce to T+XZ^=0, Z+XL,=0, i=0, 
and therefore give again the result of Art 1511, viz 
7ILy=ZIL, and L=0 


1515 Illustrative Examples 

1 As an example of Case I of Art 1509, let us find the shortest dtstmce 
from ihe surface F{x, y 2)=0 to the surface f{x, y, z)=Q without my further 
condition as to the path Tins should obviously be a stiaight line cutting 
both surfaces peipendicularly 
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Weaieto make j^~J '>/l+y^+i'^dr a miuimum, with specific tei- 
iiiinal conditions Heie 

F=Vi+2^+*'^ Z=0, 7=0, Z=0, 

r,^-. 5’-^'. *— «-“>■ 

The equations 7=0, 7=0 give 

r,.o„ z,.o., 

Ant 

and therefoie 

That IS, the tangent to the path is iii a constant diiection, and the path 
itself IS a stiaiglit line 
At the terminals we have 

[F8«+r,(8y-y&c)+2,(&-*'8r)]=0, .c [?H^^^]=0, 

and the vaiiations at one end are independent of those at the other, 
t e 5r4-y' Sv +/ &s must be zeio at each end, t e 



at each end But the variations 8% Sy, 8z must lefer to displacements in 
the tangent planes of the teiminal suifaces, foi which 

J’a&2?+J'j,8^+J’g&=0 and /«Sar+/y8^+/,&=0 
Hence the path sought must cut each suiface orthogonally 


2 As an example of Case II of Art 1509, examne hy (ttd of these 
equoiUcms Lagrang^s first ruhj Ait l'i04, where we have to find a fwnctum y 

such that sjv dx=:0 under condition j W dx= a constant a 
Putting z=JwdXf we may wiite this as 17=0 

Then we make 8j{F+A(«'- 17)}da=0, A being a function of x alone 
We have |,X(»'-TP)+ =0] 

But |x(s'-T7)=-X^. ^X(s'-TF)=-X|^.etc 
J=0, ^X{^-W)=0, |,X(*'-Tf)=A 


Hence these equations become 

(.dW d rdW\ 


— — XT// 


dX 
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The second shows that A. does not contain j?, and is a constant , and 
the first may then be wiitten 

7-T,+ Y1,- )=0, •« [r]=0, 

wheie [7] refeis to the operation 

d 0 0 \ 

dv 'dy'^dx^ 5^' / 

upon F-A,Tf, legaiding A. as a constant, which is the rule of Art 1504 

f 6 di p 

3 Ccmstder the stationary vcdue of I — da Conipanson of the two 

Ja y 

cases [Ohm Todhunter, Hxst , p 36 ] 

Let z= j ydv Then 2 '=^, z"=y' We may either 
2 * 

( 1 ) consider / —di. unconditionally, 

Ja 2 

or ( 11 ) j (Zr, with condition 2 '—y =0 


(i)Heie 7=^7, i=0, Z=-^„ 

9 z 


2f/S=0, Z„— “J772 


The equation 7 = Z, 4* Z„ %'* + 0 gives 7 *= (2f, - + C, * e 




(^)+0', 


( 1 ) 


a first integral of the equation to find 2 ; as a function of x 
( 11 ) Or make [r]=0, [2]=0, with condition L = z' 

d f z\ . ^ I d\ . , . 

F“S=°> *-y=o 

Eliminating y and A, we have 

J|__d^ fj_\ 


( 2 ) 


If (1) be differentiated to eliminate C, we find a lesult identical with 
(2), and equation (1) is a first integial of equation (2) The first method 
has therefore earned us one step onwaid m the integration, whilst the 
second has produced the oiiginal differential equation itself 


1516 It s {ov t) denote the independent vanable, and x, y, 
z, VIZ the Cartesian or other coordinates, be the dependent 
vaiiables, it will be desirable to alter our notation a little in 
conformity with such requirements 
We take the case of three dependent variables It will 
make no difference in the investigation however many there 
may be Accents will denote differentiations with regard to 
the independent vanable 
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Let 


y=^<t >\ «. y, l/, f, 

\ z, 


and shall wnte 

37 o y '*’■ v(.) -7(0 4. 

£(rl=!^0_a(r+«^5^ i,(0=^yr)_^r+l)53_ f(0=aa(0— 

x=z-x'+x;;- , x=x-x;+x;- ,etc, 

with similai meanings foi Y, Y„ etc , Z, Z„ etc 
Then we have, to the hrst oidei, 

a|7&=[7as+(X^+Xf+ )+(F„+r;„'+ ) 

+(Z,t+Z,t'+ )]+{(Xf+?v+Zf)d8 

s[fl]+|(X^+T»j+Zf) ds, say, as m earlier cases 


1617 As before, i£ it be desired to discover the functional 

forms of X, y, z which will be requiied to give Jf ds a 

stationary value, we have to make the above first order 
variation vanish 

There are two cases to consider, (i) when y, z are inde- 
pendent of each other, (n) when some relation L=0, or 
some set of such relations exists between them 


1518 In Case (i), in the absence of any such relation, the 
arbitrary variations from point to point of the path, f, fj, f, 
are independent of each other, and we have 

2=0, T=0, Z=0, 

three differential equations, whose orders aie, in general, 
double the older of the highest respective differential co- 
efficients contained in V, and whose solutions severally con- 
tain the same number of arbitrary constants as their ordei 
Secondly, there are as many equations arising from [H]=0, 
by equatmg to zero the independent terminal variations therem 
contamed, as there axe independent terminal variations 
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Also, as in Art 1500 (i), if T does not contain s explicitly, 
so that i8=0, we have 

V={Zx'+X„x"+ )+{Zi/+Y„y"+ ) 

other special cases may arise For example, if 

F=^(a;, y, z, x\ y, %'), 

the mdependent variable being absent, we have 
Y^X,x'+Yr^+Z,z'+G 
It 7=0(a?', y\ is', 05", y", z'\ we have 

F=(Z-X>'+X,a:"+(r.- Z:)y'+ Ynf 

+(Z,-Z;)»'+Z.»"+C, 
and also X-Z.;=.Ci, Y,-Y!.^C,, 
viz the solutions of Xs — XI+X/;=0, etc, 
so that V=:^G+G^x'+0^y'+G/+X„x''+ Y.y''+Z,z" , 
and so on with other cases 

1519 In Case (ii), when there is a connecting equation L=0, 
we make (F+Xi)ds=0, according to Lagrange's rule, and 
consider X a function of 8 only 

which, with the two similar equations in y and z and the 
connecting equation L=0, give foui equations from which 
y* X are to be determined as functions of s 
When L contains only cc, y and z, so that L=0 is the equa- 
tion of a surface on which the path hes, these equations reduce to 
X+XLa.=0, F-l-XLy=0, Z-|-X2/a=0, 

X/L,= F/Zy=Z/L„ with L=0 
These equations could be denved otherwise, as in Art 1511 , 
for we have 

and L^dx+Lydy’\-Lzdz^() ^ 
and, smce fj=Sy-^y'S8, ^=Sz—zfS8, 

we get I'a^+I'yri+Lz^=0, 

an equation which constitutes a hnear relation amongst the 
otherwise arbitrary variations rj, which involve the four 
vanations S% Sy, Sz 
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We also have 4- Yri+Z^=0 Let one of these vanations 

be taken such that f=0, then 2[/Z/»=y/iy ^Similarly taking 
another variation in which ij=0, then X/I/«=Z/i* Thus we get 
J/L*=r/£»=Z/i„ with L=0, as befoie 

1520 When z and its differential coefficients are absent 
from Y and L, we obtain over again the relations of Art 1511, 
VIZ XILg—YjLy and L—0 

1 >21 In any case, where we are to make jFds a maximum 

or a minimum and s is an arc of the path and as, y, z, Caite&ian 
coordinates of a pomt upon it, we have the relation 

and we may make 

ditional maximum or minimum Heie JX has been written 
instead of X for later convenience If 7 be a function of 
a, y, z alone, not containing 8 explicitly, we have 

m-f , [n-f . . 

[il-w, [i'.]=x»'. 

[r]=etc, [Z]=etc, 

and [V]=[X;\x'+[Y,]y'+[Z¥+G. 

t e 7+1 (a!'*+ y'^+z'^-l) (a!'*+y'®+*'^)+0, 

te 7=X+0 . (1) 

1522 Agam the terminal equations give 

[[7]58+[Z]f+[r,],+[Z,]?]=0. 

t e [{7 +|(i!'H 2/'®+2^-1)} d8+Xa!'(da!-»' Ss) 

+\y'(Sy — l/ d«)+X2 !'(&— s^58)J=0, 
or [(7-X)i8+X(a;'d®+2/'dy+*'52)]=0, 

or [0 5e+X(a'da!++)]=0, 

% e C (asi-i8o)+[x {x'Sx+y'Sy-\-z^ &)]^=0, 
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and therefore C(8Si—SSq)=0 and |^X(a5'^£c+2/'<52/+2f'62)J^=0, 

for the terminal variations of s are independent of the terminal 
variations of a, y, z 

In isopeiimetric problems, those concerned with an arc 
of specific length, vanishes, but in other cases ^6^ 

and Ssq aie not necessarily equal, and then 0=0 Thus, 
for isopenmetiic cases, y=X+0, and the value of 0 is to 
be determined by the length of the arc, for non-isopen- 
metnc cases with an undefined length of arc 0=0 and 
7=X 

In either case, provided X be not such as to vanish at either 
terminal, we must have x' Sx-j-y' Sy +z' 8z=^0 at each terminal 
Tliat IS, if the terminals are to be on specific terminal curves 
the path must cut each orthogonally But if the terminals be 
fixed points this expression will vanish identically by virtue 
of the vanishing of Sy^ Sz 

Since in non-isometiic problems F=X, we may write 

J[7+5(®'»H-2/'*+2^-l)]d8 as 
at once (See Williamson, I G , Ait 296 ) 

1523 If Y be any function of cc, j/, z alone, and |7d8 is to 

be made of stationaiy value for curves to be discovered lying 
upon a given surface y, z)—0, and with fixed terminals 

or fixed teimmal curves, we have and we may 

treat the variation db xmho as follows 

We have (SV ds+Vd Ss)=0 

But 8Y=Vg,8x+VySy+Vg6z,B.nd d88=xdSx+y dSy+z'dSz, 
so that 

S^T d8==^{(Ya.Sx-\-Vy8y+VaSz)d8+V{'i'd8x+y'dSy+z'dSz)} 
=[V{x'Sx+y'8y +z'8z)] 
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So that we must have [F(aj'5a5+/^y+2'^2)]=0, as the 
terminal condition and 

along the path 

We also have a linear connection 

between the otherwise arbitrary point to point vanations 
S'tj Sy, Sz Hence 

(f*— ^ Fa?'— X^a,) &+ (7y — ^ 7y'— (Jy 

+(Vfi—’I^Vz'—\ip^8z—0 

Now, two of the variations are arbitrary, and X is at our 
choice /7 

Take 8z=0, and choose Sx not equal to 0 and X=— — 

<py 

Then it follows that 7*— ^Fa/— X^a,=0 , and similarly we 
may show, by taking ^sc=0, that F,— ^Fa?'— X0*=:i.O 

Tta 

<px 0v <l>z 

The terminal condition [V(x'Sx+y'8y+zfSz)]=0 shows that, 
provided F be not zero at the terminals, the path rmist cut 
each of the terminal curves orthogonally 


IMPORTANT APPLICATIONS 
1524 Geodesics 

To find the shortest line, or geodesic, on a given surface 
y> ^)=0, from one given terminal curve to another drawn 
upon the surface 


Hereu=jcte, V^Jx'^+y'^+z'^ 


Z=0, X= 




x=z-^x — r — f. Z — 
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Thus, by Art 1619, osculating 

plane at each point of the curve must contain the noimal to 
the surface at that point 

The terminal condition is [7^8+X^+ Y/i7+^/f]=0, 

^ e [S8+xXSx—x'S8)+y'(Sy—y'S8)+z'(8z—z'SH)'\=0y 

^ e [x'Sx+y'Sy+z'Sz]=0 

Now fix one end, then x'8x‘\- y'Sy+z'8z=0 at the other end, 
so that the line sought must cut the terminal cuive at that 
end oithogonally Similarly foi the otlier end of the path 
Thus the path must be such that 

(1) the osculating plane at each point contains the noimal 

to the surface at that point , 

(2) it must cut both terminal curves orthogonally 


152*3 We might, without quoting the geneial theorem of Ait 
proceed as folloi;vs, a course which is usually preferable 

Since w€ aie to make 8 =s o, we have 


1619, 


j n =°' 

&c +3/83^+*^ 4 **^^ 8 *) (Z®=0 1 

and along the path we'have 

a?"8a;+y"8y+2i"82=0, with condition <^xS^+<^y5y+<^»&=0, 
te - X<^,) 8v+ (y" - By + (js" - X<^) S« = 0 

Now of the three 8r, By, Bz, two are independent, say By and Bz 
Let 82=0, and take 8y •jfcO , X is at our choice , take itssa;"/^^'* Then 
y" =s k<l>g 1 hus 4?'7</>a = y'7<^» I and similar ly = 

We also have the terminal condition ^'8l>+y'8y+/82 = 0 at each end, 
and the path cuts the terminal curves oithogonally 


1526 Geodesic on a Surface of Revolution 
Let the surface be, say, x^+y^=J[z), the aj-axis being the 
axis of revolution Then x"lx=y"ly, le £D?/'--ycc"=0, or 
xy'—yx'=Qowt =Ji, say Referring to cylindrical coordinates 
{p> <t>> %e psinx=A where x is the angle between 

the path and a meridian at any point of the curve This is 
the leading property of such geodesics 


1527 Geodesics on a Quadnc 

For geodesics upon an ellipsoid we have the relation 
^=const, where is the perpendicular on the tangent plane 
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to the eUipsoid at any point on the curve and i is the semi- 
diametei parallel to the tangent to the curve at that point 
For proof of this and for the general properties of geodesics 
on a quadnc, see Smith, Sohd Geom , ch xii 


1528 Required, the nature of the pr<^ectMn tfjKm the z-plane of geodesics 
upon ihe hekcotddl surface z^aian~^ylx 
Here 8iiia/a-yco8«/a=0, ^^=—coBela 

The geodesic eqaations give te , 

changing to cylindncals cos 6, y=pB\n By z=a$y ds^=dp'+p^dB^+da^ 
Then indicating differentiations with regard to ^ by suffixes, and those 
with regard to « by accents, V=pi*+p*+a*, te SiS^^pipi+ppx 
Now p*=i:*+y*, pp*=xx'+yy 

Hence pp^+p'*=a?y'+yy'+a?'*+y'»=y*+y'*=p'*+p*^'* , 

pp'=f^0'‘ and g (|y=A *« 
whence (/»A-ft.«i)/«i*“P/n. *« 

te (pt-p)(pi*+p*+a*)=pi(pipt+ph) “ (»,0)*+a*)-2/)pi*=|s(p‘+o*) 
Let p=a cot X, then pi=-a coaec'x ^ ^ (^)” X <»s X . 
(^)*= - sin* X+p » where p m » constant > 1 , 


and x^'smff+aY where a 18 a second arbitrary 

« vl-ib*8in*x ' 

constant Hence the projection of the geodesics on the z plane has an 
equation of the form raa ctn^|+a^ mod ky k and a being constants 

depending upon the position of the terminals 
The readei will have no difficulty in showing that if ^ be the angle 
which the tangent at any point of the geodesic makes with the generatoi 
at this point, and yfr the angle the normal to the sui face makes with the 
axis of the helicoid, then sin ^ibsin ^ , and hence that if be 

any closed geodesic polygon drawn upon the surface, and be the 

angles which A^A^^y A^^+i make with the generator through A^y then 
n sin n sin <i>/ 


1529 Suppose we are to ohtam the stationary vakie of 


»jE+2Fy'+Oy'^ fo, 


where E, F, 0 are hmon fimctions of the vanahles x and y 
Here 

where sufiSxes denote partial differentiations 
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The differential equation to be satisfied ib 7=7— Y/==0, 

27 ^dx 7 

After differentiation and considerable reduction, this leads 
to an equation 

A+B^+Gy^^+By'^+2i,F^--EG)y^'^{^, (1) 

where A=EEy-2EF^+FE^, B==^FEy-2EO^-2FFai+GEa,, 

C-=-BFG^+20Ey+2FFy-Eay, I)=-6Ga:+2GFy-FGy, 

for the terms in y'\ y'ij", y'hf all cancel out 

The equation (1) is incapable of general solution, but many 
cases arise in which at least a first integration may be effected, 
and sometimes the complete integration 


1530 (i) For instance, if E, F and 0 be constants, A=J? = 0=-D = 0, 
and the solution is that of y^=0, t e a stiaight line 
(ii) If E=0—L-M where i is a function of a? alone and M a function 
of y alone, and if JP«=0, 

A=‘{L-M){’-M,\ B=-(L-M)L,, 
C=(L-M){-M,), i)=:-(L-Af)L„ 


and equation (1) becomes 

2 (L - Af) / + (1 +/•) (M, +y'L ,) = 0 


or 

t 6 


2 // LAI W^) 0 

L-M ^ L-M 

^[log(l+y'*)-log{i- Jf)]+r. , 


l+v'«_ 


Hence a fiist integral is -L= - X, %e, » 

%t J -j=^— j ^^L^+const , a second integral, 

foi by supposition L is a function of x alone and Af a function of y alone, 
so that the vaxiables aie ‘‘separable” in such cases 


1531 The case of Art 1529 is an important one, for it will 
be lemembered that if the coordinates of a point upon a surface 
be expressed in terms of two parameters u and v, the element of 
arc may be expressed in the form ds^==E du^+2F d/udv+Gdv^ 
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Hence the determination of a geodesic upon the surface 
depends upon the possibility of integrating the differential 
equation (1) 

1532 The direct investigation of the geodesic may be sometimes 
effected by a tiansfoimation For example, if the sqiiaie of the linear 

element on a suifa<!e be given by 

let us take a thud vaiiable w such that M*+t>*+w*=l, whence 
iidu^-vdv-^-wdw^O 

Then = {(w* +i^) du^ + dv* + 2uv dti dv}lw^ 

= {(m du-\-v dv)^ + vf (dtt* + = du^ + dv* + du>®, 
so js/ dtt* -I- dv^ + dw\ with condition w* + v* + w* = 1 

That IS, the arc of the curve on the oiiginal surface is the same length 
as the coiiespondiiig arc of a coiiesponding curve on the unit sphere 
in a system of lectaiigulai cooidinates ti, u, w And the geodesics on 
the sphere aie given by the great ciicles, by equations of the form 
au+hv-{-cw +0 f henc e the geodesics on the original surface are given by 
aa+6t;+c>/l-w‘-u*ss0, where a, 6, c are constants 

1533 Prmciple of Least Action 

Suppose a particle of mass m to he in motion under the action of any 
conservative system of forces and either to he moving freely or under com- 
pulsion to remain on a smooth surface from any one point to any other 
point Then, if v he the vdocity at any time U omd ds an dement of the 

pathf we shdU show that the integral mjvds has a stationary value 

The quantity A defined as mj vds is called the Action, oi the 

Chaiactenstic Function, by Sir W B Hamilton, and the pnnciple is 
known as the Pnnciple of Least Action 

1534 If X, T, Z be the foice components pei unit mass, H the normal 
pressure exerted by the surface, if any piessuie exist, and X, ft, v the 
direction cosines of the noimal, the ordinary equations of motion aie 

ui=Z+jRX, y=F+i2ft, e—Z+JtVf 
and the energy equation is 
v^ r 

m - I (Zdi7+ Y dyH-Zcfo)=wxte, y» «) say, 

for the expression Xdx-^7 dy-¥Zdz satisfies the condition of integrability, 
since the forces form a conservative system, le are such as occur in 
nature 

Hence, we have 


vSvs=;Z6^+ Y hy-^Zhz 
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But we also have so that ad^^xdZx-^ydhy-^’zd^ 

and the variation in il, te &4«»mS j vda^m J(Svds+vd8s) 


= m J {(X8i!+T8y+ZSz)dt+xdSi+yd^+itdSz} 

=m[a; 8v+y 8y+z dz]+mj ((X-x) Sa?+ (V-y) Sy+(Z-z) Sz} dt 


=w[a:&r+y Sy+a&8 ] J Ji(X&p+jnSy+v8z)dt, 

and since the direction defined by X, /a, t e the normal to the surface, is 
necessaiily pei pendicular to any displacement 8v, 8y, 8z on the surface, 
X^t+zx^y+v^ Aanishes, as also does each of the teiminal values of 
x8x+y8y-^z8z 

So that the variation of A is zero and the “action” has a stationary 
value Couveisely, if we assume that if j v da has a stationary value, we 
can establish the general equations of motion of the particle 


1535 It follows of couise that if X, T,Z be all zero, » e if the particle 
be 111 motion on a smooth surface under the action of no forces except 
those due to the constraint of the surface, then v is constant, as shown by 

the eueigy equation, and J v da being of stationary value, so also la Jds 

That is, the particle searches out for itself and travels along a geodesic 
on the surface (See Tait and Steele, Dyn of a Particlef Art 233, also 
Bouth, Dyn of a ParUdz ) 


1536 Path of a Ray of Light m a Heterogeneous Medium 
When a ray of hght travda in a medium of vandble refractive index /x 

from one point to another, it does so in such a manner as to make j f^ds a 
minimum It is required to deduce the equations of the palh of the ray 
This case is similar to the one just discussed 
We have 8 ja.ds=0, te J(8fids+fj,d8s)=0, 

and dsdSs=da;d&B+dyd6y+dzdSz , 

J {Sjiids+fjL(x'd8x+y^d8y’i‘z'dSz)}^0, 
and 8fM=fjiJ8x'hfif,8y+iJiJ8z 

Hence [fia/8x+yy'8y+yz'8z] 

and smce the ray is to pass from one definite point to another, the 
integrated poition vanishes at each terminal, and the variations 3a?, 
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8j^, & under the integral sign being aibitrai 7 from point to pomt, 
we must have also 



which form the differential equations of the path of the ray 

1537 Brachistochionism The (General Prohlem 

A parhde ts %n motum under the action of a g%ven conaervaUve eyatenn of 
forces It ts reguwed to find the path aiUmg which it nmst he ctmslratned to 
move so as to accomplish that path from one given point to another , or from 
one given surface to another, in the shortest time Such constrained paths 
are called Brachistochrones The case of brachistochionism undei the 
action of gravity has already been considered 

Lot y, z) be the potential energy of the force system, m being the 
mass of the paiticle 

Then the eneigy equation gives + y, 2 )= const 

The force>components per unit mass axe being the 

rates of decrease of potential eneigy By vaiying v, we have 

V 81;+ + <^),& = 0 

A]ao dsdBs^dvdBx dp dSp+dzd 8 z, is 

Now we are to maJke ^ = a minimum 

So 

Therefore J|i(«'d8a! + +)|+ j |^(<^&«r++)|*=0, 

and 8^, Bz are arbitrary all along the path and independent of each 
other, and of the variations at the terminals Hence 

1538 The Terminal Conditions 

If the teiminals be fixed points, the expression in square brackets 
vanishes identically at each end of the path 

If the path stait fiom a fixed point (slq, and terminate at the 

suiface F{r, y, then 8a;, 8y, 8z vanish at the starting pomt, and 

provided the velocity be not infinite at the othei terminal a'Sx+y'By+z'Sz 
must vanish theie , that is, the path must cut the surface F(x, y, z)=0 
orthogonally, for the only admissible variations 827, 8y, 8z at this end are 
such as he on the surface 

If the path start fiom a pomt pQ, Zq, which is only defined as lying 
upon a surface y, z) =0, a similar result will hold, provided that the 
whole energy of the system be a given quantity, and that J^o=bO be an 
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equipotential surface of the foice systeui If the surface jFo= 0 were not 
an equipotential surface, terms depending on Syo? ^ would make their 
appearance in the integial, and buch terms if existent would have to be 
included with the lest of the terminal terms 
If the motion terminate at a given curve instead of at a given suiface, 
the terminal conditions may be discussed in a similar manner 


1589 The Normal Pressure m the Case of Brachistochronous 
Description 

From the general equations > which may be written 

— vnfaf - =0, etc , 
we have, by eliminating and w', 

aj', 

= 0 , 

<!>. 

so that the resultant force at any point lies in the osculating plane of 
the curve 

Moreover, multiplying the equations etc, by 

pa?'', py", p«" respectively, p being the radius of absolute curvature, 
we have by addition v®/p=<#>,pa?"+<#>ypy"+<#>,pe"= -jV, where ^ is the 
normal force component 

If, however, R be the pressure per unit mass upon the curve, the 
normal resolution gives the equation c^/p = N+ R 
Hence 22= — 2 jV That is, the pressure upon the curve is equal to twice 
the normal component of the forces, and acts in the opposite direction 
Now for a free path under a conservative system of forces for which 
the components in the direction of the tangent and piincipal normal are 
T and N', theie being no component m the direction of the binormal, we 
t? d/o 

have and — =N', whilst for the same path to be brachistochionous 

under fnctionless constiamt under the action of a corresponding set of 

forces whose components are T, N, 0, we have and — = -N 

(te =N+22 where 22=- 2N) ^ P 


1540 Hence we have Townsend’s theoiem “If for the same velocity 
of description any curve, plane or twisted, be at once a free path foi one 
conservative system of forces and a brachistochionous path under fric- 
tionless constraint for another conaei vative system of forces, the resultants 
of the two force systems must at every point of the cui ve be reflexions 
of each other as regards both magnitude and direction with respect to the 
current tangent at the point ” 


1541 The principal oases are 

(а) When the motion is under a single force in a given direction 

(б) When the force tends to or from a fixed point 
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1542 Case (a) Force m a Given Direction 

Take the y axis paiallel to this diiection Let m be the mass of the 
pai tide, mF(y) the potential enei gy The foi co to increase being the rat© 
of decrease of potential eneigy, is -wJP'(y) The piessure on the cuive 
IS iSs %mF\y) cos xp being the inclination of the tangent to the v axis 



Let y=ahe the line of zero \elocity , then we have = 


and v^lp=^F'{y) cos \p 
Hence 


pdoaxp 


F\y)^ 


vdv 
dy ’ 


% e 


1 

V d8~ da 




pcos 


whence v—uQos\p, where u is the value of v when xp=0 
Also the y xp equation of the brachistochrone is J u’cob®^= ^( a)- J’(y) 
It IS convenient to use the angle », the angle between the oidmate and 

the current tangent, in place of and ^ 

Then the law of force necessary foi biachisLochronism is given by 
~ (sin^t), pei unit ma&s, lepulsive from the ^-axla, with a line of 

zero velocity found by the vanishing of ♦ Also the piessuie upon the 
curve IS jR=2mjP'(y)cos -2mPcosi/' towards the centie of cuivatuie 


1643 Case (b) Central Force 

Take the ongin at the centie of foice Let mF{r) be the potential 
eneigy Theiadialfoicefiomtheoiigin is -wP'(r)and E=2mF\r)Bin<l>, 
wheie <p IS the angle between the tangent and the ladius vectoi Let a 
be the ladius of the ciicle of zeio velocity 

Then lv* + F(r) = F{a) and va/p= -P'(r)sin 

psin<^ ^ dr ^ V dr r dr p p d/r 


Hence 
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Therefore w/p= const say Whence the pedal equation of the 
brachistochrone is +JP(r)=F{a), and the law of force is 
lepnlsive irom the oiigin, with a circle of zeio velocity whose radius is to 
be obtained by the vanishing of p 



The pressure on the curve towards the centre of curvature is 
- 2mP '(r) sin (p = 2mP sin </> = 2mP ^ 


1544 OompansoiL of Analogous Results 
It is worth while for the student to note that 
(a) Por parallel forces 


jv dass min , v cos ^ = i* (a constant) , 


(i) for a free path 

fds 

(ii) for brachistochrone / — = » v/cos ^ = w 

(6) Per central forces 

(i) for fiee path 


jvd8=T\ 

(ii) for biachistochrone 


vp=h (constant) , 
vlp=h 


Compare the following laws of central force for various circumstances 
(a) Particle in free motion 


d/p 

(6) Particle m brachistochronous motion P—h^p-^, 


pvssh 

v/p=h 


(c) Equilibnum of meztensible string 
(cf) Equihbiium of extensible string 


P. 

P 


h ^ 

^ dr* 

h dp V A* ^ 


Tp^h 


Tp = h 


1545 Energy Condition for an Equilibrating System 
If F be the potential energy of a field of force in which any system of 
material pai tides has assumed a position of equilibrium, it is known that 
the configurations of stability and instability aie those of minimum or 
maximum values of V 

Cases in which a stationary value of V occurs without a true maximum 
or minimum give neutral equilibrium, in which there may be stability 
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for some displacements, instability foi others The Calculus of Vanations 
supplies a very powerful instrument for the discussion of such problems 


1546 Ex An indaaitc siring of uniform density and length I is attached to 
Udo fixed paints A and B Find ihe condition that it disposes itself in a 
curve of specified shape under the action of a central force in a fidd of 
potential V 


Let m be the mass per unit length Then the potential energy of the 
whole string is JmVds, and for stability we are to make J(V-hX)ds a. 
minimum, 7 being a function of r alone Then, with the usual notation 


of polars. 


sJ(V+X.)'JPTP^d0=O, 


f^2 


(F+X)>/;3^=(F+ A.) 


Hence 


^ r* dS fsin(^>* 


7+A 0 


<f> being the angle between the tangent and the radius vector, te 

F+X=^, (1) 

C being a constant 

This gives the law of potential of the field of force 
Thus P (viz the repulsive force from the pole) = ^ (2) 

7 being supposed a known function of r, we now have a relation from 
(1) in terms of r, d, A,, C, and another constant which will be introduced 
when we have integiated equation (I) to get that lelation into the r, d 
form Two of the equations to determine the thiee constants will be 
obtained by making the curve pass thiough the terminal points , the 
othei IS provided by making __ 

I \^F+P^d0=l 


If T be the tension, a resolution along the noimal gives 

^mPdlBai<t>=Pd» 

P ^ 

% e Tp—P ^ F+ A. 

That Tp 18 constant is also obvious by taking moments about the 
centre of force foi any poition of the string (See Art 1644 ) 

Taking the more general case of a string of length ?, attached to two given 
points A, By and of vanahle line-density p, winch is a function of s, the arcual 
distance of any point from A, and constrained to he upon a given smooth 
surface /{*, y, z)=0, and in a fiM of force of which the potential is V, 
now a function of x, y, z, we are to make 

«= Jl>F+A/(*,y, 
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a mmimum, A. and fi being functions of 3 alone, to be determined ao that 
and that /( a, y, «)=0 

The terminals being fixed, we vaiy c, y, « alone, keeping s constant 
Then 8u=|[p(7.&+ +)+X(/.&i+ + )+/*(a'^S» + +)]* 

The terms of the third group may be integiated by paita 

etc 

Hence, foi a minimum, we have 

pv,+\f.~(fiy)=o, 

w ith two similoi equations 

These three equations, combined with — 1 and /(r, y, 2s)=0, aie 

sufficient to determine A, /i, r, y, e in terms of s 


PROBLEMS 


1 Given that (Ui, y^), (x^t Vg) are two points movable in a plane, 
and such that their distance apait is always equal to a definite 
constant a, what must be the circumstances of the motion in 
order that we shall always have 

&Ci + ajg&Bg +yj8yi ^ygSyg = 0 'l 

[Dk Morgan, C7 , p 456 ] 


2 Prove that to the first ordei the variation of the integral 

J Vi p) "^ith constant limits, is Jw ^ C^)] ^ 

(j} = Sy-jpSz and = ^ 

Determine a curve joining the ongin to the point (a, 1) for which 

the integral \{v'^ + n^y^)d% has a minimum value , 

J ^ ^ [Math Trip , 1896 J 

3 Prove that the shortest time path between two cuives which 

be in one plane when the velocity vanes as the distance from a line 
in that plane, is the arc of a circle cutting the cuives orthogonally, 
and having its centre on the line [Cor leg fs 7, 1893 ] 

4 Find the relation between y and j? in a curve which makes 




I H-jp^dc a maximum Obtain the polar equation of the cuive 

whose pole will generate this by rolhng on a straight line 

[Colleges, 1877 ] 
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5 A particle is moving under the action of a force perpendicular 
to and proportional to the distance from the line of zero velocity 
Show that the brachistochrone is a circle [Tow^sBND ] 


6 Find the law of force parallel to the y axis for which each of 
the following cuives is brachistochronous, stating in each case the 
hne of zero velocity and the pressure upon the curve 



Curve 

X axis 


Curve 

X axis 

1 

Circle, 

diameter 

2 

Parabola, 

directnx 

3 

Parabola, 

axis 

4 

Catenary, 

directrix 

5 

Tractnx, 

directiix 

6 

Evolute of Para- 

axis 





bola, 


7 

E^olute of 

directiix 

8 

Four cusped hypo 

line of oppo- 


Catenary, 



cycloid. 

site cusps 

9 

Beet Hyp, 

asymptote 

10 

Bifocal conic, 

axis 


[Townsend ] 


7 Find the law of central force for which each of the following 
curves is brachistochronous, stating whether the force is attractive 
or repulsive, the radius of the circle of zero velocity, and the pressure 
on the curve in each case 

Curve Pole Curve Pole 

1 Parabola, focus 2 Equiang Spiral, pole 

3 Cardioide, pole 4 Circle, point on 

ciicumf 

5 Lemiscate of node 6 Beet Hyp , centre 

Bernoulli, 

7 cos 710, pole 8 Invol ofCiicle, centie 

9 Epi- or hypo- cent of fixed 10 Reciprocal Spiral, pole 

cycloid, circle 

11 Central Conic, centie 12 Central Conic, focus 

[Townsend ] 


8 Show that the curve of quickest descent under giavity from a 
given point to a given vertical straight line is a complete somi 
cycloid with cusp at the given point 


9 Determine the minimum value of 


JoW 


dr, having given that 


Vn=l and i -^6Zz=-l, 

Jo Vi 

where y^, y^ are the values of y at the lower and upper limits 
respectively, and is subject to vaiiation 

[St John’s, 1883, Todhuntbr, Iltst of Oak Far] 



652 


CHAPTEE XrXIV 


10 Fmd the e(][iiation of a curve such that the area between it 

and the a^axis has a given value, whilst the area of the surface of 
revolution, bounded by it when revolving about the a; axis, is a 
minimum [Oxf II P , 18S0 ] 

11 A piece of string of given length in the plane of the curve 

has its two ends movable on the two branches of the curve , 
find the form of the string when the area between the string and 
the curve is a mammum, and when that is the case prove that the 
stnng at each of its ends is at light angles to the curve 

[St Johit*s, 1889 ] 

12 A surface of revolution has a given area, and its generating 

curve intersects the axis in given points , determine the form of 
the surface so that its volume may he greatest [y, 1899.] 

13 Show how to connect two fired points by a curve of given 
length, BO that the area hounded by the curve, the ordinates of the 
fixed points and the axis of abscissae shall be a minimum 

[Math Twp , 1887 ] 

14 Find the curve in which at every point 

IS a maximum or a minimum Interpret this problem geometrically 

[Lacroix, OWc II » p 689 ] 


15 Prove by means of the Calculus of Y anations that the minimuin 
value of dx is (%-yo)*(»-®i)(“-*o)/(®i-“'o)» where 

Va* Vi values of y corresponding respectively to the initial 


and final values of £c, and supposing that ^ does not become 
infinite between the hmits jj p ^355 ^ 

16 Find what functions of jc, satisfying the conditions y =* 0 , when 

dx stationary in value when 

[Math Imp , 1876 ] 


and when x^I, make 
J y^dx IS given 


£(!)’ 


17 Show that the eG[uatiou m polar coordinates to the plane 

curve of given length, for which f~ is a maximum or minimum, 
18 of one of the forms ^ 

-cosm(^ — a), j = cosh m{6 - a) - v/l -i- wi® 

[Oxp II P , 1890 ] 
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18 A lamina of given mass is symmetnoal with respeot to an 
axis, and its density at any point vanes as the square of the abscissa 
measured from one end of its axis , if the attraction upon a particle 
at that point of the axis be a maximum, prove that the lamina is 

V 32 ^ 

^^cos^, where m is the given mass 

and O’ the density at unit distance along the axis, assuming the law 
of attraction to be that of the inverse square of the distance 

[Math Trif , 1875 ] 

19 A curve passing through the point whose polar coordinates 

are aoos“^s, is such that taken along the arc of 

the ctjirve between the initial line and the given point, is a minimum 
Prove' that, provided that 2r“^ is always finite and greater than 
zero, the required curve cuts the initial line at nght angles in two 
points, the sum of whose distances from the ongin is 2a , and find 
the equation of the curve [Oxf II P , 1903 ] 

Interpret the result dynamically 

20 If hhs a maximum or minimum, and A, fi are 

independent of p and of any higher differential coefficients, and the 
differential equation resulting is satisfied by y^ax + b for all 
constant values of a and &, prove that A and p must be mere 
constants [Oxf II P , 1918 ] 


21 A swimmer who can swim at a given rate v starts from the 
bank of a wide straight nver, and the strength of the current 
vanes directly as the distance from the bank He wishes to get 
as far down the nver as he can in a given time T Show that 
he must start from the bank at an angle whose tangent is 
proportional to T Show also that the tangents of the angles 
his direction of swimming makes with the bank at equal intervals 
of time are in anthmetical progression, and that at the end of the 
time T he is swimming directly down stream If the x-axis be 
taken along the river bank, py the velocity of the stream and a his 
mitial angle with the bank, show that he is ultimately swimmmg 

at a distance 2v sec ®^^ p cos a from the bank 


22 An oval curve of given length rolls on a straight hne , find 
its form when the area traced out m one revolution by a given 
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point on tlie plane of the curve is a mimtnum, the houndanes of 
the area hemg the curve traced out by the moving point, the given 
straight line and two perpendiculars upon it from the extremities of 
the curve [Math Trip , 1870] 


23 If the velocity of a cauiage along a road be proportional to 
the cube of the cosine of the inclination of the load to the horizon, 
determine the path of quickest ascent from the bottom to the top of 
a hemispherical hill, and show that it consists of the spherical curve 
desonhed by a point of a great ciicle which rolls on a small circle 
desenhed about the pole with a radius Tr/6, together with an arc of 
a groat circle How is the discontinuity introduced into tbs 
problem [Math Tbip , 1873 ] 

24 If = aiidds®=da;®+dy* prove, assuming such results 
of theory as may be convenient, that the curves along which from 

point to point 19 dia is a maximum or minimum are rectangular 
hyperbolae •' [Oxf II P , 1886 ] 

25 Find the curve of given length joining two fixed points, 
which IS such that the distance of the centroid of the arc from the 
chord connecting the two points may he the greatest possible 

[OxF II P , 1887 ] 

26 A variable curve of given length 9ras/2/4 has one extremity 
at a fixed point (3a, a) and the other on a fixed line x—2a Show 
that when the aiea enclosed hy the curve, the axis of x and the 
lines a=2a, £L=3a, is a maximum the curve is one-eighth of a circle 

[Oxp II P , 1888 ] 


27 On the surface of an ellipsoid a cur-vo is drawn which 
intei sects at a constant angle all the geodesics passing through a 
given umbihc Prove that its total length from umhihc to umbilic 
IS I sec a, where I is the geodesic distance between that umhilio and 
the opposite one [Math Tbip 1 , 1888 ] 


28 Find the form of the function j?, in order that 

may be a maximum, subject to the condition that 
constant^ and interpret the result geometncally 






IS 


[Oxp II P, 1889] 


29 A man swims from a point on the bank of a stiaight liver tc 
a point in mid-stioam, with a constant velocity relative to the water 
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Prove that, in order that the passage may occupy the shortest time, 
his actual course must be straight if the strength of the current is 
constant^ but that if the strength of the current is proportional to 
the distance from the bank the path must have for its equation 

+ 1 oosh”^ cb_^ _ 6 ^ 

where the starting point is the ongin, the bank is the axis of y, 
b the distance fiom the bank where the velocity of the stream is equal 
to that ot the man relative to the watei, and c is a constant How 
IB c obtained [Collkges, 1896 ] 


30 Apply the pnnciple of energy to determine the equation of 

equilibrium of an mextensible stnng under the action of a central 
force, its ends being fixed [St JoH^*b, 1881 ] 

31 A heavy particle moves on the surface of a smooth circular 
cone with a vertical axis and vertex upwards Find the brachisto- 
chrone from a fixed point on the surface to a fixed generating line 

[St John’s, 1881 ] 

33 Show that the curve, such that ” ds between two fixed points 

in the plane of the curve may be a minimum, is = a"+^sec(ii + 1) ^ 

[TBI^ Coll , 1881 ] 


33 A man walks up a umform incline from a given point to reach 
a given height His velocity vanes as the sine of the angle between 
his path and the line of greatest slope on the incline If he exhausts 
himself at a rate proportional to the product of the whole height 
ascended, and the square of the cosine of the inclination of his path 
to the hne of greatest slope, show that he will get to the required 
height with least exertion along a curve whose equation is 

y® = aa5^ [St John’s Coll , 1883 ] 

34 Prove that the minimum value of ^{xydoidyf^ between the 

hmits y^h and y^b' is equal to - 52 )* 


36 A curve is drawn on the surface x(y-\-z)^a^ such that 


f 



a maximum or a minimum, prove that 


/ds\^ ^ 2a^ + a* 
\S/ “ 2c^ - 


c being an arbitrary constant 


[St John’s Coll , 1882 ] 
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36 Show that the surface, whose superficial area is given and 
which encloses the greatest possible volume between itself and a 
given plane, has the sum of its curvatures at every point constant 

[Math Thip , 1888 ] 

37 Geodesics are drawn upon the surface formed by the re\ olution 
of the curve x»2cisecu, y = a(sec«tan«-cosh“^sectt) about the 
y axis Show that the projections of these geodesics upon a plane 
perpendicular to the axis of revolution are of the forms of the 
inverses with regaid to the ongiu of a certain Cotes’s spiral 

38 Show that if 8^ H be two fixed points at distance apart 2a, 
and 0 the mid-point of SH^ the law of repulsive force fiom 0 under 
which the curve 8P HP = c* can be described m a brachistochronous 
manner is one varying as +d^) {SOP* - d*)IOP^ wheie a*+d*=ci* 
Show also that the normal pressure upon the curve vanes as 

{OP*-{-d*f{SOP*-‘d*)jOP^ 

39 Find the vanation, to the first order, of the integral 

y. *)<*» 

taken along an arc of a curve traced on a surface <^>(as, y, «)=0 
between two given points of the surface , and show that if the 
integral hav$ a maximum or minimum value the curve is found from 
the differential equations 



The bne joining the centre of curvature at any point P of the 
above curve to the centre of curvature of the corresponding normal 
section of the suiface meets the tangent plane at P in 6r, QT n 
perpendiculaar to GP, and PT is the tangent at P to that curve of 
the family const which passes through P Show that 

V I — = GT 

I ds ' [Math Trip , 1897 ] 

40 A heavy particle moves on a smooth surface of revolution 
+ the axis of which is vertical and -vertex upwards 
Find the brachistochrone from a fixed point on the surface at a 
depth c below the vertex to a given meridian, and prove that the 
brachistochrone cuts the given meridian at light angles, and that 
-the area swept over by the radius vector on a honzontal plane is 
proportional to the Action If the brachistochrone be from the 
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fixed point to the curve defined by the equations /(N/aJ® + y*), 

y+af=3 2c, prove that, if r and 6 be cylindiical coordinates, the lower 
end of the brachistochrone is given by the equations 
rsin^+/(0 = 2c, 

[sm (?+/'(, )?=oos*«[l + l] 

[St John’s Coll , 1884 ] 


41 Show that ^(a?) - ( - l)**^(g) 

differential 

43 Show that the conditions that I is integrable per se, 

where r=^{i, y, y, y'"'}, are ^ 

ZV dZV^'^ d^ZF . 

dy ~ dxZy’'^ dx^ Zif ~ da? Zy'*^ 

, ZV .dZV .cPZV . 

Z!f~^dxZf'^^dx^Z^"~ 

[TODHUNTEK, / C , p 369 ] 

43 Show that the conditions that JJJ Fda; da; da; is integrable ;pei se 

are those of Question 42, together with 

, .dF ^ .d ^ dF , dF 
^ 

and generally, that F is integrable n times <p&t se, provided that each 
of the functions F^ mF, x^F^ af^^Fhe so integrable once 

[Todhuntbr, / C , p 369 ] 


44 Show how to find the relation between x and y which will 

make the expression J /(a;, y, 3;^, y^, a-^, jp, p^) dx a maximum 

ora minimum, it being given that -T j, y^ are connected by an equation, 
and that a;^, y^ are also connected by an equation 
A curve of given length I is drawn in the plane x, y so that one end 
IS on the axis of the parabola a;^BB4ay and the other end on the arc 
of the parabola If the figure revolves round the tangent at the 
vertex of the parabola, show that when the surface generated by the 
curve Iff the greatest possible the form of the curve is that of a 
portion of the catenary 


I cosh ^ + a oosech ^ - y smh cosh 0 sinh 


[Math Tbip , 1886 ] 
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45 It IS required to find a smooth guiding cuive for a particle 
moving under gravity fiom rest, such that the hmizmtal space 
described in tune t is the gieatest possible Show that the curve 
must be a cycloid, and that the space is 

[Math Trip II , 1914 ] 


46 Uniform elastic wire is held bent by proper forces between 
two points A and B so that the area between the wiie and AB 
being given, the work expended in bending the wire may be the 
least possible Show that the curvature at any point vanes as 
where AB^2ii and i is the distance of the point from the 
middle point oi A B Show also that if the wire be bent completely 
round to satisfy the same conditions, the form of the wire will be 
given by 78 = c»cos 3^ [Math Trip , 1878 ] 

[It may be assumed that the work done in bending the wiie is 


47 A right cone is capable of revolving freely round its axis, 
which IS vertical A groove is to be cut in the surface of the cone 
such that a particle of mass m sliding down the groove without 
initial velocity from a given point may in the shortest time reach 
a given point in the hoiizontal plane through the base of the cone , 
show that the dififeiential equation of the particle^s path projected 
on the horizontal plane is 




sin^a. 


where a is the semi-vertical angle of the cone and its moment 
of inertia about its axis [Math Trip III , 1885 ] 

48 A curve is drawn to touch two fixed straight lines at the 
fixed points B and Q The area included by its pedal with respect 
to a fixed point 0 and the perpendiculars from 0 to the fixed 
tangents is a minimum, whilst the aiea included between the curve 
and the stiaight line^ OP, OQ is constant fcJhow that the curve 
18 part of an epi- or hypo cycloid 

49 If a point move in a plane with velocity always proportional 
to the curvature of its path, show that the brachistochrone of 
continuous curvature between any two given points is a complete 
cycloid 

Prove that in the 01 dinar y gravitation brachistochrone (which is 
also a cycloid), the velocity is inversely as the curvature of the 
path, and state the connexion between the two results 


[Math Trip , 1876 ] 
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60 Provo that the curve of a uniform chain of given length 
joining two fixed points is given by an equation of the form 

when the moment of inertia of the chain about a given 

d 

fixed line, in a plane with the two given points, is a maximum , 

and by an equation of the form ymK^ = h, when the moment of 

inertia is a minimum, the given straight line being taken as the 
3 axis [Math Trip III , 1^84 ] 

51 Use the method of the Calculus of Variations to show that 

the general equation of the geodesics on a right circular cone, whose 
equation in polar coordinates is 6? = a, is 7 cos {(<^>- jS) sin a} -=rt, 
where P and a are arbitrary constants [Oxf II P , 1914 ] 

52 Prove that the polar equation of the projection of a geodesic on 
a catenoid formed hy the revolution of a catenary about its directiix 
upon a plane perpendicular to the directrix is of one of the forms 

1 sn 1^ = const , ? sn ^ = const , 7 tanh 6 « const , 

and distinguish the cases 

[Math Trif 111 1884,11 1913, Grubnhill, ^ ^ , p 96] 


63 Prove that if, from any point of a surface, geodesic lines of 
equal length be diawn in all directions, the curve which is the 
locus of their extremities cuts all the geodesics at nght angles 

64 Piove that on the surface of revolution determined by the 
equations 

^ = aA cos <0 cos <#>, y ^ ok cos (0 sin <l>f VI -^^sin^oido), 

the equation of a geodesic line is sink(<l> + P) 

Prove also that the locus of the extremities of geodesic lines of 
length drawn from the point at which w = fi and <#> = 0 is 
cos l<j> + tan 0 ) tan 12 = 0 

[Math Trip , 1896 ] 


56 Prove that the projection of a geodesic on a surface of 
revolution on a plane perpendicular to the axis is in polar 
coordinates r-^ — a-^cn^p.O + p-^sii^fjLd, if the meridian curve of the 
surface is the roulette of the focus of an ellipse rolling upon the 
axis, a and P denoting the greatest and least values of the focal 
distances 
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Show that if the geodesic cuts the mendian plane at its maximum 
distance at an angle y, then 

jti =* cot -//(a + P)i — (a® - tan ®7 

[Math Tbip III , 1886 ] 

56 The line element of a certain surface is expressed in terms of 
parameters u and v by the equation 

- {{du)^ + (dv)^ ^{udv--v duy ) /(I - - ^2)2 

Prove that the equations of the geodesics on the surface are of 
the form au+hv-^c^O, where a, b, c are constants 

[Math Trip II 1920] 

57 Prove that a surface for which 

d^={dx^ + dy^’-{xdy-y dxf }/{l - ai® - y^Y 
has its geodesics represented by straight lines on the plane oi xy 
and Its geodesic circles by conics having double contact with 
a;2 + y2 - 1 = 0, and the geodesic distance p between (a-Q, and {x, y) 
being given by 

(1 - V “ yo^) (1 - - y^) cosh2/) = (1 - a»o - yy^Y 

Prove also that the specific curvature is constant and equal to - 1 

[Maih Trip II , 1919 ] 

58 Show that the conditions that the parametric curves may be 
geodesics on the surface of which the line element is given by 
ds^^Edu^ + lFdudv + Qdv^ are respectively that (E du-^- Fdv)lJlS 
&nd{Fdu+Gdv)l»/B must be complete differentials. Show also 
that if these conditions be satisfied, the specific curvature at a 

point of the surface is where V^=^EG~F^ and cd is the 

angle between the parametnc curves at the point 

[Math Trip U , 1919 ] 
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DOUBLE INTEGRALS, ETC CULVERWELUS 
METHOD OF DISCRIMINATION 


1547 Double Integrals The Case of two Independent 
Variables 

Suppose there are two independent variables and a depen- 
dent one z which is a function of x and y, but of unspecified 
form Let (p, g), (r, e, <), (u, ty, m), etc , be the paitial 
difierential coefficients of z with regard to x and y, of the 
first, second, third, etc , orders That is, 


32 32 3*2 3*2 ^_ 3*2 



, etc 


We shall also use capital letters with the following signi- 
hcation, viz 


7-?r 

‘ay’ Bp’ 

and the notation 


Q 


-3?* 


D 37 , 

Bs— , etc, 





lRxx=a 


3* E 

32® ’ 


etc. 


the dots being mtended as a remmdei to the leader that the 
letters x and y not only occur explicitly in the se^ eral subjects 
of partial differentiation, but also implicitly through the 
presence of z and its partial differential coefficients 


1648 


We propose to discuss the variation of 



where 7 is a function of a?, y, 2 , p, g, r, 5 , u, etc, 

and the integration ranges over the region bounded by a 
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given contour in the x-y plane Moreover, we shall assume 
that V and the several differential coefficient«i occurring remain 
fimte, continuous, and single valued at all points of the region 
bounded, and at all points lying upon its contour 

For each point a;, y we shall suppose an mfinitesimally 
small variation of position arbitiary liom point to point and 
denoted as before by Sx, 6y 

Now X and y being independent, 8x ought not to vary %n 
ccmsequmce of changes in y, nor should 8y vary in consequence of 

changes in x We should therefore have — ^a?=0, 

For convenience in the analysis, then, we shall suppose the 
vaiiation 8x in x to be the same for all points which lie on 
the same ordinate in the x-y plane, and similarly the variation 
dy in y to be the same for points which lie on the same line 
parallel to the a 5 -axis The vaiiations being quite at our choice 
from point to point, we are entitled to do this In other 
words, we shall assume Sx and <5y to be iespecti\ely inde- 
pendent of y and x And this supposition m no way limits 
the results arrived at The supposition that Sx and Sy might 
be functions of both x and y is discussed by Poisson {Mim de 
Vlnstitutj T xii ), and the investigation there given leads to 
precisely the same result as that obtained by the supposition 
here made [See De Morgan, D and / 0 , p 464 ] 


1549 Prelmmary Considerations 

If any function ^{Xy y) be varied by changing x to x-^8x, 
we have, as in Art 1492, 

§ ^=|<^X-Xx^*-Xv «^+X^ 


le 


<5xx-X** ^®-Xxy^y=^(^X-Xx^®-X»^y) 


Thus, if we write a> for 6z—p Sx—qSy, we have 
Sp—rSX’—sSy=(Oxf Sq—8 8x—tSy=(ay, Sr—ti dec— 

Ss—vSx—wSy==(aa;y, St—wSx—mSy^coyy, etc 

equations similar to those of Art 1492 for one independent 
vanable 


* Laoroix, CD et I ,T ii , p 679 
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Again, to the fiist order, 

57 =XSx+Y 6y-\-ZSz+PSj)+Q8q+RSr+SSs-{-I6t+ 

3 V 

wlnlst +Zp +Pr +Q 5 -\-Ru +Sv +Tw + 

Y +Zq +Ps +Qt +Rv +Sw +Tm + 

SV ^ Sx Sy = Zoi) +P (egs + Q(Oy + PWfla + fi'a)ajy + T (tyy -|- 

to the firflt Older 

1550 Variation of II 

Let the region of integration be bounded by any specific 
closed contour, consisting either of one closed curve or of a 
system of arcs of different curves in the x y plane, each of 



such arcs being itself subject to variation Let the region in 
question be such as shown in Fig 449 We have 

d|| 7 (te dy — ||i (F (te dy)— 11^7 cfo %+ II 7(2 da; dy +||f (te 
Now J|Frf5a!dy=J[j7^<te]d2^ 

Integrating ^ strip QiQaQjQi defined by con- 

tiguous lines MQ^Q^, Q 1 O 4 parallel to the cc-axis, we have 
[F5a-]at«.-[F5®]at« Sx)dx, 
and this is to be integrated with regard to 1 / to add up the 
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results for all such strips Let eZer be an element of the arc of 
the contour , then 

for, if we integrate with regard to cr travelling in the positive 
or counter-clockwise direction, the value of dy in passing from 
to Qg IS of opposite sign to that of dy m passing from to 

Thus, this integiation yields taken round 

the perimeter Hence, double integration refen ing to integra- 
tion for the whole area bounded by the contour, and single 
integration to that taken in a positive direction lound the 
peiimetei. 

In the same way, with || V dx dSy, we have 

for a strip PjPgPjP^, dejBned by the contiguous lines 
PgPj, parallel to the y axis, which is 

and this is to be integrated with regard to a; to add up the 
results for all such stnps , then 

— — round the perimetei 

Hence jjT^*5d5?/===- 


Therefore the total result of the variation is to the fust order 

round the perimeter, 

+||(-^«+Pa>*+P€Ov+Pa)a.a,+>ScOfl^ Tniiyy+ )dxdy, 
over the area 
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1551 In proceeding futthei it be sufficient foi our 
purposes to limit the discussion to the case wheie 

V=</>(x,y,z, p,q, r,8,t), 

contaimng no partial differential coefficients of z of higher 
order than the second For this will include all cases likely 
to be useful, and in any case if higher order differential 
coefficients should occur the piocess to be followed would be 
the same 

Now, by Arts 471 and 472, writing o) for TJ, 

and |f(Pa.«,+S«^+Pa.v,)rfa; dy 

where in each case the line integial is taken in the positive 
direction round the contour of the region 

Thus we have dxdy^^lffl+^^Kta dxdy, 

The terms of the group H depend solely upon the variations 
at the boundary of the contour The terms in the suiface 
integral are multiplied by the variation o), ^ e by 6z—p&x^qSy, 
which vanes arbitrarily fiom point to point of the area 
bounded by tlie contour 

1552 Conditions for a Stationary Yalne 

As in the case of one independent variable, if the functional 

relation of z with x and y is to be determined so that ^^Ydxdy 
IS to have a stationary value, ^6 so that d|j7da;d2/=0, we 
must have in the fiist place Jf=rO, viz a differential equation 
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between z, x and y, and in addition the coefficients of the 
several independent variations in the limit terms [H] must 
also vamsh 

1553 The Differential Equation 

For the case considered, viz 7=^(aj, -y, z , p, g , r, s, t), the 
equation JI=0 is a partial differential equation, in general 
of the fourth Older 

Forsyth {Diff Eg , Gh X) discusses the solution of some 
foiras of Partial Diffeiential Equations of the second and 
higher order, but so far, even in the case of partial differential 
equations of the second order, it is only possible to perform 
the integration in special cases 

The chief methods available are in the cases in which the 
equation takes the form 

(а) AT+B8+Gt= IT \ where -d, B, (7, A 

or (/ 8 ) A')+B8+Gt-\-D{)t—8^)=Uy}t\mciions of a;, y, z, jD and 
for which we have the methods of Monge and of Ampfere 
(Forsyth, Arts 232, 265) 

These methods, however are purely tentative and may fail 

( 7 ) We have also an important method known as the 
Piinciple of Duality, which amounts to reciprocation with 
regard to a quadric, usually taken as an elliptic paraboloid 
(Forsyth, Arts 1 97 and 242) 

(б) For equations of form A=(r^— s®)"J?, where A is a 
function ot^, g, ?, s, <, homogeneous with regard to r, s and t , 
and B a function of x, a/, z, p, q, remaining finite when 

we have Poisson’s method, which begins with the assumption 
of a functional relation between p and g, and which thereby 
limits any solution to be found m that way to developable 
surfaces satisfymg the equation 

(c) We have the case where the differential equation is of 
the class “linear with constant coefficients ” 

(f ) There are also various miscellaneous methods applicable 
in particular cases 

The solution of the equation K=0 is therefore in any but 
very simple cases, in the present state of knowledge of the 
mode of treatment of Partial Differential Equations, an 
insuperable barrier 
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When r, s, t are absent and F=^(a 5 , y, z, p, q), we have 
'b JP b 0 

K^Z — — X=0 IS in general an equation of the 

second older, and if it be of one of the forms enumerated a 


solution may perhaps be effected 


Ex It %8 required to discover the class of surfaces for which j f(p^ + ff*)dar dy 
has a 8Udv)ruiry value 

Heie Z=0, P = 2p, Q = 2q, and K=0 becomes + 

whence z = Fi{x +iy)-\-F^v-Ly) 


1554 It im 11 be seen, however, that in some cases, even 
when the solution of the equation K=0 in general terms 
IS impossible, important geometncal propeities of the class 
of surfaces satisfying it may nevertheless be deduced 


1556 If y be of form V^A+Br+2C8+Dt+E(rt—8^)f the 
capitals Ay B, G, D, E being functions of x, y, z, p, q, it will be 
found by ordinary differentiation that the function K is an 
expression of tlie same type Thus Jf=0 becomes in this 
case an equation of the nature to which the tentative piocesses 
of Monge or Ampere may be applied 


1556 The Boundary Conditions 

Taking the case V^<l>{x, y,z,pyq, r, 8, t), we have 




which IS to vanish wlien taken lound the contoui of the 
region 

There will be as many equations resulting from this as 
there are independent boundary variations amongst the 
three Sx, Sy, Szy and this will depend upon the natme of 
the boundary 

Take the case r, s, t absent, te V=<l>{Xy y, z , p, q) 

Then [ffl=|[(7<5a!+a,P)^-(75j^+«Q)^]<i<r, 
wheie (jo=Sz—p SX’-qSy 
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1557 The ordmaiy cases occurnng m geometrical applica- 
tions are 

(i) When the boundary is altogether unspecified 

(ii) When the surface to be discovered is to pass through a 
given plane curve fixed in space 

(ill) When the surface is to be bounded by a curve which 
lies on a given surface but is otherwise unspecified 

(iv) When m the latter case that given surface is a plane, 
to which the si-plane may be taken as parallel 

Take the case 7s^(fl5, y, * , p, q) and consider these cases 
(i) Boundary unspecified Heie Sx, Sy, Sz are all inde- 
pendent at the boundary Hence 




that 7=0 are to hold at all points of 

the boundary for which all conditions are unassigned 

(ii) Boundaiy a given fixed curve m a plane parallel to the 
x-y plane 

Here z is incapable of variation at all points of the 
boundary, i e Sz=0 Also at all points of the boundary, 


6x dx* 


%€ 


Sx^^Sy 


dx 

do- 


Hence P ^”'0 points of the fixed boundary 


(ill) If the boundary of the surface sought is to be on a 
fixed surface, ^(a;, y, «)=0, but to be otherwise unspecified, 

we have 0*52=0, le Sz= — ^ Sx—^Sy , Sx, Sy 

bemg independent variations 
Hence 





THE BOUNDARY CONDITIONS 


and therefore 

Remembering also that dz=pdx+qdy at all points of the 
surface to be discovered, and that 4>xdx+ipydy+<l>zdz=i) along 
the boundary, we have {(pa+pi>z) dx+(</>y+q<l>z) dy=0 along 
the boundary, % e dxj{<l>y-\^ 9<pz)=^—dyli<t>z+P<l>z) 

Hence the equations obtained above become 

{P(<px+P<t>z) +Q(^+30«)} y (<l>x+P^z) ^2=0 
and {P(<px+p<pz)-\-Q(<Py-\’^^z)} 

%e they each reduce to V^z=P(<l>x+P<l>z)+Q{<l>v~^^4^i)» 
(7’—Pp—Qq)<l>z=Pi>x+Q<l>y» which IS to hold At all points of 
the bounding line upon the given surface 

(iv) When the surface is merely a plane 2 ^=con 8 t, 

^jp = 0, ^=0, <f>Z~^7 

and the condition becomes V—Pp—Qq^O, which is to hold 
at all points of the bounding line which lies on the given 
plane 


1558 Relative Maxima and Minima 

In the case where a maximum or minimum value of 

IS sought conditionally upon a second surface 

integral Wdaody retaining a definite value a, the same 

process applies as already employed in the case of a single 
independent variable (Art 1504), viz to make 




an unconditional maximum or mimmum For it is obvious 
that if w IS to be a maximum or minimum, w+Xa is a 


maximum or mimmum, % e 


||(7+XTF)dfl5dy is so also 
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1559 Snifaces of Maxunom or Mmimnm Area , Bubbles 

Apply the theoiems now established to obtain the condition that 


J j sfTT^^Tq^dxdy 


shall have a stationaiy value 


That IS, we aie to 


fjid the nature of a suiface which, whilst satisfying ceitain bounding 
conditions which may be subsequently imposed, is to have a maximum 
or minimum curved aiea 


The equation Z=0 gives ® 

r p(prH-g8) ^ J g(pg+g0 

(l+p2 + ^2)i (1+^2 + ^2)4 (l+pi + g2)i (l+^2 + g3)f 
» f +Q=i3V+2pga+g*t, 

or (H-p*)<-2jjgfa+(H-ff^)r=0 

This 18 a second order partial differential equation to determine z as 
a function of x and y Without pioceeding to its solution, it will be 
noticed that since the equation giving the principal ladii of cutvatme 
at any point of a surface z^f(x, y) is 

(r«-s^p?-VT+jt?+^{(l+/>*)i-2j3g'a+(l+g®)»}p+(l 
this equation reduces foi such surfaces as we aie searching for to 
p’=(l+y)«+gW-»0 

llie roots are equal and of opposite sign And if p 2 be the loots, 

Pi+P2=0, 01 what 18 the same thing, — =0, »e the sum of the 

P\ Pi 

pimcipal cuivatuies is zeio, and the surface is an anticlastic one with 
this peculiarity Moieover, this is the condition of equihbiium (stable 
or unstable) of possible shapes of soap-bubble films with equal piessuies 
on opposite sides of the film For the hydrostatic equation for that 

difference of pressure is p = -+-^, where t is the suiface tension And 
P P 

it will be recalled that a number of known surfaces satisfy this condition 
and aie possible forms foi soap bubble films, e g the catenoid formed by 
the revolution of a catenaiy about its directrix , and this is the only 
possible form if it is to be also a suiface of revolution The helicoidal 
surface and the surfaces e^=cos^8ec^, 8ins=&inha7 8inhy aie shown by 
Catalan to satisfy the same differential equation (Joi^maZ de VEcdU 
Pcdytechnigne, 1856) See Besaiit, Eydrom^y p 217, who lefeis to 
Darboux, TMor%e OMrdU de Surfaces, T i , Liv in , foi a full discussion 
of minima surfaces 

Since the Potential Eneigy of a soap-bubble film is JrdS, where t is 

the burface tension and a constant, it will be evident that if the potential 
energy is to be a minimum the surface is to be a minimum 
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If the pressuze on opposite sides of the film be not the same, ve have 
and the mean curvatuie w constant but not in this case zero 

p p t’ 

1560 If the boundary is to be on the surface y, *)=0, the equation 
( 7 - Pp - Qq) </)* =P^x+ of Art 1557 (in) gives <j>z =p<l>x + q<l^in indicat- 
ing that the minimum surface is to cut <f>{v, y, 2)=0 oithogonally at all 
points of the bounding curve 


1561 Let us next find the conditions that must hold vheu, for a 

given volume expressed by / I z da dy, w e have a surface of niaximuni oi 
minimum area 

We are then to make J J (s/l + \z) dx dy an unconditional 

maximum oi minimum Hei e 


F-VT+^rT?+A*. 2= A, X=r=o. 

and K=Z — ^ ! ^ — ^^=0 girea, Bimilarly to the work ui the last case, 


SO that in this case we have — a constant, which is the case of 
Pi fit 

soap bubble films in equilibrium, with a constant difieience of pressuze 
on opposite sides, such as might be maintained by closing the ends in 
the case of a film in the form of a suiface of involution and maintaining 
a constant an prebsuie in the interior, so that, provided the temperature 
remains constant, the volume also remains constant 
It may be noted that a sphere and a right circular cylinder are siii faces 
^hich batisfy this difierential equation, but that neither of them satisfy 
that of Alt 1559 

1562 Case of a Suiface of Revolution 


This case may be discussed in an eleiuentaiy way by making j 27ry ds 
a minimum whilst j try^dv is constant , le 8 J 


Here V=y^/^+y'^■hXy% Z=0, Y^^yy'/y/l-hy'^, 

V hence yy/l+y'^ + X?/^=yy^/y/l+y'^+0 or y/vT+^=0- A.y® 

One of the radii of curvature (p') of the suiface is equal (in magnitude) 

to the noi mal (n) ssy^/l+y'^ Thus, ^ 

For the other, we have 


dx G 






1 __ ^Idy C. 


and 
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vrhence — =2X, und if p' be measured m the same direction as p, 
fi ^ I I 

so that -+-7 = 2X=con8t , the same result as befoie 
P P 



Fig 45a 

1563 It is convenient in many cases to choose a less 
general variation 

Let us take Sx and Sy both, zero, but vary z and the partial 
differential coeflBcients of z We shall then have 

«=&, (jOy^Sq^ (lOaac'^Sf, tl>«y=5«, (I 0 yy=st 

With this variation the hmiting terms [fiT], -when r, s, t are 
absent, reduce to 

[fl]=[j52 (Art 1556) , 

and for the very important case frequently occurring in 
geometrical apphcations, in -which the region to be considered 
18 bounded by a fixed closed curve in the plane of r-y, we 
have ^z=0 at every point of the bounding curve, so that [fl] 
vanishes identically 

The partial differential equation E=0 will, when solved, 
usually give 2 ; as a functional form containing x and y, and, 
in the case cited of a fixed boundary, the functional form 
occurring in the solution will have to be so chosen that the 
surface obtamed passes through the bounding curve 

Ex Fwd whether a ieodopabU svrfact can he found uihxch passes 

ihrovgh Ihe circU 3 = 0 , and for tokich j dy has a 

staUonary vatm. *' 

The partial differential equation to be satisfied is 
(1 +!»*)< - 2j)ge4-(l +g*) r-O 
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If the surfiice ib to be developable, we mubt take q=‘f(p) 

This will give [l+{/(l>)}’]-2j)/(p)/'(i))+(l+j)>){/'(p)}>=0, 

or /(2>)=?/'(p)+^-l-{/'W 

which 18 of Clairaut’s form (see I C for BeginnetSj p 230), with a 
s>l ition/(p)=^p+\/-l- tc Ap-q^- -V-l --4^ 

Applying Lagiange*a method to this (Forsyth, D Eq , A.rt 184), 
dx d\f dz 


whence ^+-4y=5, z~y^ 

t e a =y + <j!> (^ + ?y) is the functional solution sought 

If we take to be zeio and A to be ^/- 1, we have a solution of our 
problem, viz a = 0 The circular disc bounded by 5?® + y* = a* is the dev elop- 
able suiface vihich has a minimum area, and the piincipal curvatures 
of the plane suiface are both zero, so that all the conditions are satisfied 


1565 Consider the stat%ona/ry value of viheie dS is <m 

dement of the surface represented by a supposititious relation be- 
tween X, y and z, and suppose that there is an accompanying 

condition that [[wdxdy—a, taking U and W to be functions of 
X, y, z ahne 

Heie 17 V 1 + g® + X IF, 




d P CdV.3U\ 


(i+p*+a>)* 


+ 17- 


(i+p>+aO* 


t+17 


^ j>Cp>+a«) 

(i+j)»+a*)* a+i>®+2’)* 

t p_8(P£±2?L 

(i+i»'+a’)* (i+pHa*)* 


Hence becomee 


-(^+^ a)aa +i>Ha-)- +?*)<- aw’+d +a^r}=o, 

= l7[(I+i)*)<-2pa*+d+8*)’’] > 
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If Ij m, n be the direction cosines of the normal to the supposititious 
surfice *=«#>(«, y), say, vu (|-a')/(-i))^(9j-y)/(-j)=f-*, 

, -p -g 1 

* — »— 


^/l+J^+g®’ >/r+?TF* ^ ^/l+2)®+g-*’ 


and 


ft ft 


3£r , dU 




X 3Tr 


and when 


// 


IS unconditionally' stationaiy. 


-+-=n0 

Pi P2 


zu 

Zv 


+m 


zu 




If the surface in eithei case is to terminate in a line on any suiface 
tlie bounding condition becomes 

{V+\W^l +p'+s®)^,= 01 

and in the unconditional case p^»+q\py-\l/»—0, and the surfaces then cut 
oithogonally at each point of such bounding line or lines 


1566 A Method of Discrimination when the Limits are fixed 

If we consider the case of fixed limits of integration for such an integral 


as v= J Js/T+p®+?d!a?<fy, say fioni y=yo to :r = to to 


a=^i, the disci imination between maxima and niinima may be conducted 
as follows, taking such a variation as described in Ait 1563 

Suppose z becomes «+& and p, q lespectively and q+8q Then 
V becomes >/l +(p + 5p)' + (g + dqY This we must expand to terms of 
the second order, and we have 


r+;5F_/rT:f;rp3rn.l2p5^^^ l (2p8p-^2q8q)\ 1 

vh-i.+2|_i + 2 i+yi+gS "8 (l+p'+s')^ J’ 

g]r_ pdp+g6g ^ 8p^+8q^+(p8q-q8p)^ 

2(l+j.s + jS)i 

Hence the second older vanation in Bv is 


1 f rM± ^+(pSg-sSpy ^j 


wbich being euentially positive foi all vaiiations, the solution of Art 1669 
gives a true minimum solution 


T aking the case of Art 1561, the second Older terms in 8 V axe 
those in ^/^+(pT^PT(gTS^+X («+&), t e the same as the above, and 
are essentially positive We therefoie find a true minimum in this case 
also We turn, howevei, to a more detailed consideration of the second 
order berms in the geneial case 
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1568 CnlTerwell’s Method of DucnminatioiL between Maxima 
and Minima Valnes Beconsideration of the Vanatione to be given 
In estimating the vaiiation of 

us I ‘ 7<7®, where Y=<f,{x,y, y', y", 

•'JBb 

we have so far given to each letter, inclusive of x, an arbitrary 
change, so that the point oj, y is displaced to x+Sx^ y+Sy, 
and the direction of the path, its curvature and higher order 
peculiarities, indicated by y', y" and higher ordei differential 
coefficients, have also undergone arbitrary variations and 
become y'+Sy', y"+Sy'\ etc 

Many writers prefer to keep x unaltered, and to vary y and 
its differential coefficients alone (see Art 1663) 

Considerable simplification results in taking to to be zero 
For then we have a)=<5y, <jo=Sy', </'=^Sy", etc, instead of the 
more cumbrous expressions y'to, Sy'—y"8x, t/'"to, etc, 

for which they respectively stand But there is this dis- 
advantage, that when in an investigation to has once been 
taken to be zero it cannot be restored at a later stage, whilst 
if we retain the variation of x from the beginning we can at 
any time make it zero And in dealing with the terminal 
conditions, these terminals are not in general compelled to 
move upon lines parallel to the y axis, but may he on specific 
curves in which to necessarily vanes with Sy, and it has 
therefore been so far convenient to retain command of the 
variation of x as well as ovei those of the other letters 

1669 To make to=0 throughout cleaily means that the 
defoimation chosen of the hypothetical curve which represents 
a relation between y and a?, is one which is obtained by an 
arbitrary point to point variation of each ordmate That is, 
each point is displaced parallel to the y-axis, through an 
arbitrary small distance vntli coTisequent alteraUons in the 
values of the differential coefficients of y, which depend upon 
the particular variations arbitrarily assigned from point to 
pomt to the ordinates That is, takmg 2/=x(®) t>e a 
supposititious relation between x and which we are to test 
as to the possibihty of its giving a stationary value to 

^Tdx between the limits x=Xq and x=^Xi, then 
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where c is an infinitesimal constant not containing x, and 6(x) 
IS an arbitrary function of x understood to be finite for the 
whole range of integration, would be the equation of a 
contiguous curve to y=x(p)t such that the variation 
of y at any point is Sy=€d(x) We shall write x ® 
x{x) and 0(a;) respectively for short, and we shall take 6 to 
have been chosen so that neither it nor any of its dififerential 
coefficients up to the (ti— 1)^ becomes infinite or discontinuous, 
but that they each remam either zero or finite throughout the 
whole range of integration Then as e is taken independent of sc, 
Sy'=ed', Sy'=:€d'\ 8y"'=€9"\ and d2/<")=e0<»‘) 

But with regard to the last of these, viz we reserve 
to ourselves the right to make an abrupt change in the value 
we choose for it, provided such change be from one finite 
value to another fmite value With this supposition all the 
differentiations performed are valid operations, all the functions 
differentmied being fimte and continuous real functions of x 
between the limits of the integration 


1670 With such a system of increments, V is changed to 

r+8V=^^{x, 2^+60, y'+e0; y"+e&\ , 

and assuming 7 to be such that we may use Taylor’s Theorem, 

we have *8 

7+(J7=F+€A7+Ja*7+^R, 


31 


where A= + 0<">.5^,and^2^ isthe“ Remainder” 

oy ay o* 

after three terms This expansion mvolves the assumption 
that all the Partial Differential Coefficients of V of the first 
and second orders with regard to y, y\ y", are finite 

and continuous functions for values of y, y', etc , within the 
ranges from y, y', etc, respectively to y+e0, y'+e0', etc, for 
all values of x which lie within the limits of integration of 

the integral jpcte, ^ e from Xq to Xi 

Now X being taken as not subject to variation, we have 

Ja7dS»=ej(A7)Jx+^ dx, 


and by taking e sufficiently small each of the terms on the 
nght-hand side may be made greater than the sum of all that 
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follow it Hence, so long as j(A7)c?aj does not vanish, the sign 
of S^Ydx can be made to change by changing the sign of e 
Therefore the primary condition for a maximum or a minimum 
value IS that j'(A7)d!a; should vanish, the limits being the 
same as those of the integral ^Ydx 

Now AF-(«^+«'^+9-^+ +9»>^,). 

wheie 6 itself is arbitiary And this will be recognised as 
what the expression of Art 1495 

becomes upon putting 5a;=0 therein 
By integration by paits, as in Ait 1496, 

j(A7)da;=[F,e+r„d'+ +F(„)0(»-«]+jY0<fo, 

the term VSx not now appealing in the limit terms, as i»=0 
Now let us take one variation between the two points 
(»o> Vo) (®i> yi) ^ teromnal the values 

of ®> y< y'< y"> f^ vm%ed euive 

y=X+ed as for the supposititious curve y=x 'I’tself That is, 
suppose the two ouives to have contact of the (n I)**" order 
at the teiminals Then Sy, Sy', all vamsh at the 

terminals, and therefore also 6, ff, ff', all vanish at the 

terminals 

Therefoie, with this variation |(A7)£te=J F0 dx, and 0 being 
aibitraiy fiom point to point along the path of integiation, 
we must have y=-0 as a necessary condition that J(A7)(f!* 

should vamsh This is the differential equation before obtained, 
and its solution has been seen to be of the form 


y=F{x, Cl, cj, c*„), or shortly, y=F, say, 
in which we may suppose that the several constants occuning 
have been found as heretofore explained by aid of the terminal 
conditions existing, and their values inseited This relation 

18 that for which the integral | Vdx assumes a stationary value, 
and the graph is called a stationary curve This value of y 
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and those of its differential coeflScients may now be substituted 
in 7 


1671 The variation of the integral now reduces to 

in which we are to consider a variation /rom the statwnary 
ov/rve, the supposititious curve y=^x(^) been discovered 

to be of the now known form y=F 
As before, if we take e sufficiently small the sign of 

^ I (^W)dx governs the sign of the nght-hand side of the 

equation, so that the variation S\ Vdxi& positive oi negative 

( Xi 

(A®7)da5 IS positive or negative for all 
<co 

sufficiently small values of e of whatever sign 

fa?i 

Therefore if 1 (A*7)&c be positive, | 7cfo is mcreased by 

such a variation from the stationary curve, and if negative, 
decreased It follows, therefore, that the stationary curve 

y=F gives a maximum or a mmimum value to [ Fdcc 

(A^V)dx IS negative or positi\ e We therefore 

have to examine the second order terms 1 (A“7)<faj 

Jxo 


1672 In the iollowmg exammation of the second order 
terms, we shall follow the method given by Mr E P 
Culverwell m Vol XXIII of the P'toc of the Lond Math 
Soc , 1892 It IS only possible to give here a very abridged 
account ot the results arrived at in Mr Culver well’s researches, 
and his paper sliould be read carefully by the advanced 
student Vaiious modifications of his notation and procedure 
are necessarily adopted here to bring the discussion into line 
with previous work, but the mam course of his work is 
adhered to 


1573 Such a variation of a path y=x between two specific 
termmals P and Q, as has been described in Ait 1570, having 
contact of the {n — 1)**^ order with y=x ^be terminals, so 
that =0(«-i)=o at P, and at Q, is said to be a 
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''fixed limit ” variation, and is a legitimate vaiiation, provided 
the conditions for the existence and continuity of the several 
differential coefficients and the validity of Tayloi's Theorem 
are not violated 

1574 “ Short Range ” Vanation 

Let APGQB be any path y=x* PG'Q he a "fixed 

limit” variation of the poition PGQ Let the abscissae of 
P and Q be and respectively (^i > ^q), and let f be the 
abscissa of an mtermediate point G on the arc PGQ Then 

where n *4: J? > 0, for by the condition of Art 1573, 

If then the greatest numencal 
value of 6^^\x) m the range to ^ 
be called p, which is by supposition 
finite, we liave 

and therefore >(^i— ^o)p» - 

ue take a very shiM range from P ^ 

Qi ^ 1—^0 niade as small 

as we please Hence the numencal value of each of the 
quantities 0, d', d", d<*), may in such shoit range be 

regarded as indefinitely small in compaiison with the next 
in order Therefore 0, 0', 0", 0(«’i) are all negligible in 

companson with the last variation for a "shoit fixed 
limit” variation 

Now AW=(e^+d'^.+ +^"* 3 ^))*^. and for such a 
3*F 

\anation reduces to (0<”^)^ - 



Fig 451 


3(y(n))a 

Hence for this short vanation, 


and occurs with an even power, so that if ^ retains 

one sign within these short limits from P to Q, S\7dx is 




positive or negative accoiding as is positive or 
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negative throughout that range when e is taken sufficiently 
small 

Now, considenng jimte lange from to a?=a;i, the 


integral 7 dx could not have a maximum foi this range unless 
3*7 

da? remained negative throughout the whole range from 
x=Xq to a?=a?i, nor a minimum unless ^ remained posi- 

tive throughout the same range For suppose that there be a 
small portion of the lange fiom a?^ to a?i, say from to in 
3*7 

which ^ ceased to be negative and become positive 

We could then take a “short range fixed limit ” variation from 
P where a?=^o, to Q where aj==^i, without any vanation at all 
for other parts of the stationary curve fiom a?Q to Then 
for this short range vaiiation, 


and for the rest of the range from to x^ there is no vai lation , 

Cxi 

therefore d J Vdx for the whole range is positive for such a 
vai%aticn^ and the condition for a maximum is that it shall 
be negative Hence, unless retains a negative sign 

foi the whole range from Xq to a?^, a maximum value of 

I 7cZa; cannot occur Similarly a minimum could not occur if 
3*7 ^ , 

3 ( 2 ^(n)) 2 ^» staitmg with a positive value, became negative for 


part of the range 

Hence, supposing that %n the whole range froTa -4(a?=a5Q) to 
S(a;— 35^), X vncieasvng throughout^ there vs no povnt at whvch 

vanisheo, small short range variations such as that 


just descnbed from the point P to the point Q upon it can 
be supposed to be made, and if m each of these dx retains 
the same sign,! 7da? will have a maximum or a minimum 
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value according as that sign is negative or positive, remaining 
so throughout the whole range of integration 


1575 It will be noted that in the above statement we have 

written dx, including the aa a factor, because if in 

the case when m travelling from A io B we pass a point C 
at which the tangent to the path is paiallel to the y-axis, and 
X increases up to a certain amount, viz the abscissa of (7, and 
then decreases on approaching 5, dx itself in such cases changes 


TT O* V 

sign Hence also in such cases — must for a maximum 
or minimum also change sign at G in order to preserve an 


invariable sign in throughout the path 

We have now to consider the stipulation that there shall be 
no 'point between A and B, say with abscfissa X, at which 


f AW dx vamshes 
Jaro 




1576 Oonjugate Pomts on a Stationary Curve 
Let A,Qhe two points on a stationary path ACQB 
Then, if Q be the first pomt along the arc for which it is 
possible to draw a contiguous fixed limit variation ACQ, which 
18 'Uself also statiomry, the pomts A, Q are said to be ' conjugate ’ 
to each othei 

If both paths be stationary, we must have 8^7 dx=0 to the 

first order along each, and therefore each must be a solution 
of the same differential equation Y=0 Therefore, if the 
cuive AOQ have the equation y=^F(x, Cg, the vana- 
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tlou AC'Q must have an equation of the same form, and the 
corresponding ordinate may he written 

y+Sy=I(x, c^+Sci, 


so that 




Differentiating this (n— 1) times with regard to w, 


3c, 


etc. 






3yn-l) 

3Co 


dCgH- 




06*^ 


- dCo 


Now dy, dy', (5y<"-iJ aie to vanish at A(Xf^, yo) and also at 
Q(®> y) Hence we obtain by elimination of Sc^, Sc^, 
between the 2w equations ansing, a determinant with 2n 
rows and columns, viz 


dy 

% 

'dy 




dCi 







/o’ \ ^<2 )o 

/By 

' \ ^C2n )o 


m \vhich the fiist n lows, without suffix, denote the values at (®, y), 
and the second ii lows, with suffix o, denote the values at A, (iroiyo) 

1 his equation determines x in terms of Xq That is, it gives 
the various points Q on the first stationary curve ACQB, 
staiting from A, to which it is possible to draw a contiguous 
fixed limit curve AG'Q, which is also stationary And the 
first of the points Q which satisfies this condition is the point 
conjugate to A 


1677 Now let a point P (abscissa X) travel along the 
curve AB from A(Xo, y^) towaids y^), the curve being a 

stationary one for jFdir Then we have seen that for this 

curve to give a rnaximum value to the integral, it is a primary 
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'dW 

necessary condition that ' ^^yCn)yi ^ should be negative for all 
values of x from to B 

We shall show that as P travels along AB, the point con- 
jugate to A is also the hrst position of P for which 

[ A®Fdfl3=0 

Jajo 

Take a position of P very near A and connect AB by a 
** short range fixed limit” variation AQPDB having contact 



of the (n— ly*' ordei with the stationary curve at A and at P, 
and coinciding with it fiom P to B Then, foi this vaiiation 


* 

and ovei the blioit range Xq to JC, A® F is replaceable by 
which IS of necessity negative, and therefore within this shoit 
lange [ ^Fdsc is decreased by the vanation whatever be the 

Jxo 02 j/- 

sign of e when sufiiciently small Therefore dx negative 

18 a sufficient condition that the stationary path should yield 
a mommum value to ^Vdx for th%s short range 


Now let P travel onwards towards B Then, A® F being by 
supposition a finite and continuous function of x, it cannot 
change sign except by passing through a zero value Suppose 
that A®F, which started fiom as a negative quantity, letains 
that sign until P arrives at a point C on the stationary cuive 
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-4J5, and that at 0, A^F=0, and beyond G that A® F becomes 

positive Then |A®F(fa fiom to 0 is a negative quantity 

Suppose now that P travels beyond 0 to a point D such that 

|a®F= 0 when the integration is from A to D, the positive 

values of the integrand which accrue beyond C having can- 
celled the aggregate of the negative values occuriing before 
ai rival at G Take a ‘‘fixed limit” variation connecting 
A and D, viz ARDB, having Older contact with the 

stationary curve AGDB at A and at D, and coinciding with 
it fiom D to B Let X be now the abscissa of D Then 

and therefore vanishes to the second order of infinitesimals 
Hence to that ordei 

J Vdx for the fixed limit variation ARDB 

= J Vdx for the stationary path APDB 

It will follow that ARDB is itself also a stationary path 
from A to D 

For if any short portion of it, say LRM, were not of 
stationary charactei, we could connect RM by a stationary 
short-range fixed limit path LR'M, and therefore 

J Vdx (for LRM) >jrdx (for LRM) , 

j Vdx (for ALRMDB) > j Vdx (for ALRMDB), 

and * >^Ydx{lov APDB), 

and this would necessitate ^A*Vdx becoming positive between 

A and D, which is contrary to the hypothesis that D is the 
first point foi which the integral ceases to be negative 
Therefore the variation ALRMD must itself be a stationary 
curve between A and D, and D is itself the point conjugate 
to A 
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Since I A®7 (te is negative so long as x <Z, viz the abscissa 

Jxo 

>tD,\ V dx has a maximum value along APD for all values 
)f X which are less than X 

In the same way [ F (fo has a mimmum value for all values 

Jxq 

}f X which aie <X if A®F be positive at starting from A 

1578 If, however, the conjugate point of A occurs before B 

is reached, \ V dx, though stationary, will have neither a maxz- 

Jaco 

mum nor a mimmum, as we shall now show 
Take a short-range fixed limit vaiiation FQH connecting 
two points, F on ALRMD, H on DB having (w— 1)**^ order 
contact with these curves at the terminals F and H Suppose 



this variation to have been selected a stationary curve Then, 
since by hypothesis negative, this variation gives a 

maximum value for jFda? for that range, and therefore 

J 7 rf® (for FGH) > Jf (fa (for FDH) 


Hence J7(fa (for ARFGHB) > j7(fa (foi ARFDB), 
and therefore > f 7 (fa (for APDB) 
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Hence \Vdx along APDB would not have a maximvm 
J 327 

value , and it could not have a minimum value, for 

18 negative 

Therefore, if the conjugate point to A lies between A and B 
the stationary path AB gives neither a maximum value noi a 

mimmum value for j* F for that range 

We theiefore have the following test 



The stationary path AB having been determined^ %t will yield 
a maximum ot a mimmum value for J F d®, according as 


IS negative or positive Jrom A to B, provided there be no point 
conjugate to A lying between A and B But in case of such point 
being existent between A and B the stationary curve from A to B 
yields neither a maximum no) a minimum 


0*F 


In the case when vanishes at a point between A 


and 5, hut does not change sign, we could take a short-range 
fixed limit variation, including the point in question, vanishing 

to the second order, and the sign of 6\Ydx for this variation 

J*o 

depends on third-order terms, and unless these also vanish for 


the value of x at the point, the sign of d [ Vdx could be made 

to change by changing the sign of e Hence there would be 
neither a maximum nor a minimum fox such a variation But 

r*i 

for other variations I F dx has a maximum 01 a minimum as 
before 


lfi79 Illustrative Examples 

( 1 ) Talce ike case of the integral J (y'ydx of Art 1502 (3) To find the 

point cowjugaU to the point Xq, on the stationary curve 
The stationary cui ve is 

Heie fiy=8co+«8ci+^t?^8c2+^a;®Sc3, and 

these are to vanish at (j^of yo) s-ud at («, y) Hence the point conjugate 
to (a?o, yo) w given by 
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1 . 

X, 



0 , 

1 , 

'C, 

h'‘ 

1 , 

^ o» 

1 2 
21 ^ 0 . 

h'-' 

0 , 

1 , 

'I'Of 

ii*-’ 


=0, that IS 

and fc = ro IS the only 
solution 


Hencoi in this case, there is no point on the stationary cui ve which is 
conjugate to any othei 

We also have and which, being positive, the stationaiy 

cuive gives a tiue mimmum value to for any selected poition 

of the cui ve 


(ii) In Ex 1 oj Art 1502, vtz the shortest distance between two points, 
7=VT+ir". and H essenhally 


positive And there is obviously no point conjugate to any othei on the 
locus y=Co + Ci^, which is the solution of AF=aO The solution aiiivod 
at IS theiefore a tiue mtniraum solution, as is obvious of couise fiotn the 
natuie of the case 


1 580 The Case of two or more Dependent Variables 
Resuming the discussion in Art 1608 for the case 






and taking e^O, €^<f> as the fundamental variations of y and z, 
we have, upon putting 8x=0, 

rj=8y^€i6, r{=i€x6\ etc, 

f ^^ 2 ^ etc, 


and taking 




a 


a 


djy (ix=[ff]+ J(rei0 +Ze*^) +esA*)*7da;+|-,jfi <lx, 

and the general forms of y and z are determinable fiom the 
differential equations 7=0 and Z=0, and the constants 
involved obtainable from [ff]=0 as before explained And 
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the same theorems hold as in the case of one independent 
vaiiahle But the second-oider vaiiation will in its highest 
differential coefficients become 


in which the integrand is of the form 

and, as in Z) C , Art 497, the condition for an invariable sign 
is that rt—s^ shall be positive, and the sign in question will 
be that of r or of for since rt—^ is to be positive, r and t must 
have the same sign 


Thus it will be essential that 




0^no)2 


9*7 

9*7 

shall be positive, and for a maximi^m we must have 
negative, and for a minimum, positive 


1581 The case rt=^ in general necessitates an examination 
of the terms of (€iAi+e2A2)*7, which contain lower order 
differentials This case is discussed by Mr Oulverwell in the 
paper cited above, to which the reader is referred 

The method employed m the last article is clearly applicable 
if there be more dependent variables than two Following 
the same method as before, the second-order variation takes a 
form similar to that discussed in Art 602, Diff Calc , with an 
exactly similar result 


1582 Relative Maxima and Minima 

It has been explained that when we are to search for the 
maximum or mimmum value of v=^V dx, with condition 
to^^W dx= a given constant, say a, we are to ti eat J(7 -fXTF) cfa? 
as an unconditional maximum or mmimum, and we get 
d(v-|“Xw)=5j(7 -f-XT7) dic=^(d7 -}-X ^T7) dx 

=e|(AF+XAF) d[a:+^ j(A*7+XA»H0 
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and with the same precautions as before with regard to choice 
of legitimate variations which will not violate conditions of 
continuity in the several differential coefficients, and which 
will ensuie the validity of Taylor's expansion, the terms of 
first order having been made to vanish as a primary condition 

for a maximum or minimum, we have J(Ay+X AW)dx-=0, an 
equation already arrived at in Art 1604, and then 

and the terras of the highest order in the integrand A®7 H-X A®TF 
are all we require in the discrimination between maxima and 

mmima These terms are 

mum this expression must be negative throughout the whole 
range of integration, and for a minimum, positive In case of 
the existence of a point conjugate to (a?o> t/o)» as D of Art 
1577 on the stationaiy path, with abscissa Z, lying between 
the limits of integration, the variations chosen must be 

suchas to make if Wdx zero For (see Fig 455) beyond the 

•'“■o Cxi 

point D the variation S\ Wdx has been taken as zero 
Therefore Z must be such that I Wdx along the stationaiy 

fXi 

fixed limit variation ALRD has the same value as I Wdx 

Jxo 

along the original stationary curve APCDB, foi which in 
general the value of X is different 

The equation to find the position of the conjugate point is 
therefore modified by the introduction of X 
The equation of the stationary path is now of the form 
y=x(Xt X, Cl, Cg, c^) If, upon substitution of this value of 
y and its seveial differential coefficients we get 

w= 1 Wdx^F(Xf^, ajp X, Cj, c^, 

upon vanahon of the constants we get the additional equation 
and the equations arising from the vanishing of iy, St/, 
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at (»(,. yo) conjugate, which are now 

altered by the presence of X to 


+^Sc, +^Sc, + +^Sc^ = 0 ^ 


3X' 




"^2 


SX +^Sc, +^So, + +^Sc^ =0, 


=r 


3Ci 


^21 


etc, 




true at 

, (® 0 . Vo) 

}• and its 
conjugate 

(®.y) 


These 2n+l equations give, upon the elimination ot 
5X, <5^2, ^^>1) 



3y 

dca’ 



S^il. 

SC’ 

"by* 

'dr 

dca’ 

d/ 


3^ 


= 0 , 



dj/—*! 


■gyN-l) 

Sc., ' 

(ix),’ 


®)o’ 


V“^/. 


v^K’ 

/dyl»-ll\ 

w 

dF 

dF 

"dF 

?X’ 


3cj 



to determine the position ot a point (a?, y) on the stationary 
path conjugate to {x^, 

If such a point occurs between the limits a;=-a;o and a 5 =£Ci 
on the stationary path, this path will give neither a maximum 
nor a mimmum 


1683 When Y contains more than one dependent variable, 
and these dependent vaiiables are connected hy an equation 
I(=0, viz the case discussed in Art 1513, we proceed as there 
explained with the first-order variation to obtain the stationary 
solution In passing to the second-order ^ anation, we have 

i|A*(F+X£)c?!C, wheie A^eA+eA (-^rt 1580), 

where e-fi and are the fundamental vaiiations of y and 
Zy and € 2 ^^^^ those of and We shall suppose 
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that the orders of the highest differentials occumng in V and 
L are the same Then taking as befoie a short-range vana- 
tion, the variations 0, O', 0", may be all neglected in 

comparison with and 0, 0', </>", in comparison 

with The only terms of A*(F-|-\Z) which need be 

retained are therefore 


where 0^"^, are not independent but connected by the equation 

so that ( dL dZ 
I 3zt"> 3y'"> 

3«(7+X£) /3£Y^ 

+ 3(z<"')* W"V/ 

must retain the same sign throughout the mtegration if a 
maximum or a minimum is to occur , and that sign must be 
negative for a maximum, positive for a minimum 
For details of the case in which the orders of the highest 
degree diffeientials in V and L are not the same, the reader is 
referred to Mr Culverweirs paper [p 252, L Math 8oc Proc, 
Vol XXIII] 


1584 Bibliography 

Headers wishing to puibue the subject of the Calculus of Variations 
further are referred to Todhunter^s History of Ihe Progress of Hhe CdlcuhLs 
of Vanationa during the nineteenth century and Researches in ihe Cakutua 
of Vartattona, and to the treatises on the subject by Jellett and Stiauch 
Professor Williamson, in Chapter XV of his Integral Cakulus, gives an 
account of the ‘^bign of Substitution’’ used by Sail us m his Essay, 
Reoherches sur le Cakid des VanaJtwns, and makes much use of the same 
In his Chapter XVII the student will find much useful information 
with regard to the bounding variations in the case of a double integial 
and a discussion of some cabes which anse in the treatment of the partial 
differential equation as well as several other interesting matteis The 
papers by Culverwell, of which considerable use has been made, should 
be referied tom R 8 Trans , 1887, and in Proc of the Land MaOi 8oc , 
1891-2 Other wiitexs are Moigno and Lindelof leferred to by Dr 
Williamson (IC , p 465), Lagiange {Th des Fonct), Lacroix (Cate Int, 
pp 655-724), Jacobi, Legendre (3f4m de VAcad des 8c , 1783), De Morgan 
(Z) and 1 Cede , pp 446 474), Poisson {Mim de Vlnstitut, T XII ), Abbott 
{Cede of Var ), Any {Maih Tracis), Woodhouse {Isopenmebrtced Problems) 
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PEOBLEMS 

1 Find the stationary value oi^Vd%t taken between definitely 

fixed limits, where + and discuss its nature 

[Lacroix, C / , II , p 721 ] 

2 Mark out the range of limits on the parabola (aj + fl)®='4cy 

between which the integral J*' y (^j dx is a maximum, the range 

between which it is a minimum, and the range between which 
it 18 neither [Math Trip , 1890 ] 

3 The integral q)dxdy is found to be stationary 

when taken over the surface z=<l>(x, y) , show, by confining the 
actual variation of ;e; to a small area on this surface, that the vanation 
of the mtegral cannot always have the same sign within limits 
specified by a given curve through which the surface must pass, 

unless + always retains the same sign 

within these limits, and deduce a criterion for discriminating maxima 
and minima Show further that, for a tnie maximum or minimum, 
it must not be possible to draw a consecutive surface of stationary 
character which meets the original one in a closed curve within the 
given limits Are these conditions sufficient as well as necessary ^ 

[Math Trip , 1890 ] 
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FORMULAE OF LAGRANGE AND FOURIER 


1585 When a material particle is affected simultaneously 
by two harmonic oscillations, aiSin(Wi«+ai), a 2 Sm(ni«H-a 2 ), 
of the same period but their amplitudes and and 

their phases and 02 being different, they compound into a 
single simple haimomc oscillation -48ln(Wl^+a) of the same 
period but with amplitude and phase respectively 


N/ai*+ 2 aiasC 08 (a,-aj)+aa* and 

1 1! \ 1 2/ -2 ajCOSai+ajCOSaj 


and any number of such simple harmonic motions may be 
compounded in the same way, provided they all have the same 
periodicity 

Graphically the resultant motion may be represented by 
constiuctmg the graphs of the several vibrations on the same 


plan and forming a new graph by the addition of their 
ordinates And this always results in an ordmary “curve 
of sines ” 


1586 But if the periodicity of the two or more fundar 
mental vibrations be different, as in 

Oi sm (njt+ oj), sin injt+ cg), 

the above analytical process of composition breaks down but 
the graphical method still holds, the resulting graph, however, 
no longer being the simple curve of sines 
Taking for instance as a simple case the graph of 

^ 1 o . 1 R 1 K 

^y=sm:r-^sin3a?+psin6a:-^sin7j7+ , 

'wheie the periodicities of the constituent \ibrations of y are respectively 
2ir/l, Stt/S, 2ir/5, etc , and then amplitudes 4/7rl*, 4/ir3*, 4/ir6®, etc , we 
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have, hou the fiist thiee terms only, a figuie shown for the extent ^=0 
to 2 r«ir /2 m Fig 456 And even for three terms of the senes it will be 



Fig 456 


seen that the resultant giaph is lapidly approximating to a hioken 
system of portions of stiaight lines parallel to and y= —x alter 
iiately, the hreahs in the continuity occuinng at j*=Tr/2, 37r/2, 6ir/2, etc , 



Jjig 467 


and the more teims we take the closer is the approximation to this 
discontinuous system of lines (Fig. 467) 

1587 The Building up of a Function for a BefLuite Range by 
Means of Bbjmonic Elements 

Let us examine then whether it be possible to build up a function of su 


FOURIER’S THEOREM 696 


Yiz f(i), discoatmuous as zegaids its differential coefficients at 
3ir/2, 67r/2, and equal to 

/ Stt ^ . 7r\ / ^ ^ ^ ’tX 

/t 37r\ , /37r SttN . 

2 j. + etc 

Let us assume tentatively that it is expiessible as a uniformly con- 

pzaaa 

veigent senes of the form /(i.) = tfo+ 2 (aj^cosjpi+JpSinpjp), and let us 

j)=i 

attend to the portion ( - tt < r < tt) 

Then (i) integrating f i oin - tt to tt, 

Oo f(i)d%=t^ {-‘ir-j)di+P t di+J (ir-^)dAs=0 

(ii) Multiply l>y cosTTjr, and integiate from -tt to tt, 

Opj’ cob^pvdv=sJ~ (~‘ir-A)co^pjrdc+J rco8prdt+J^(7r-z)coapJcda7 




apTssO and Op^O 


(ill) Multiply by ampx, and integiate from -ir to tt, 




whence 


bpTT = — j sin 
pj 


pir 


/(^)=^2 ^sin^sinjt?a;=^^sina?-j2^m3a;+^sin6aj-|2''in7a!-h ^ 

If we write x+2mr foi x, each term of the senes lomains unaltered, 
and the result is theiefoze a poi iodic function with periodicity 27r, which 
18 m confoiinity with the graph in Figs 466 and 467 
The senes is manifestly convergent foi all values of x Hence we have 
expressed a discontinuous function of x which takes the value ( - l)%x^n7r) 
from (2/1 -l)g to (2n-|-l)2, n being intogial, as a senes of sines of odd 
multiples of X 


1588 Functions consisting essentially of a set of simple 
harmonic teims are of constant occuirence in problems of 
Mechanical and Physical Science, e g in the vibration of a piano 
wire, the propagation of a signal along an electiic cable, m 
problems on the flux of heat, or in the motion of a slide valve 



696 


CHAPTER XXXV 


whose mode of travel is actuated by a system of linkages, or 
by a cam driven by a umtormly revolving shaft Primarily 
the nature of the problem in such cases as the Idttei is that 
of the resolution of a compound motion known to be periodic, 
or of the function winch expresses it, into its simple harmonic 
constituents 

A graphical method of piocedure is sometimes adopted in 
the analysis of such a given complex periodic vibration into 
its simple harmonic elements useful for the practical engineer 
Such methods may be found desciibed in treatises on advanced 
practical mathematics The resolution may also be pei formed 
by mechanical means * 

psseo 

1589 A senes of the form ao+ 2 (a^cospaj+ipsmjpfl;) 
00 1 

may be wntten as a^+2^pSin(;?a;+ap), where 
1 

and tan ap=aj,/6p, in which we have half as many simple 
harmonics as before, but the phases are difierent. 

That a smgle- valued finite and continuous function is under 
certain circumstances, and for a ceitain range of the variable^ 
expressible by means of such a senes is usually known as 
Founer’s Theorem 


1&90 Extension of the Rules of Art 1121 

Taking jt, q and n as integers, 


r*+» 1 /^ir+a 

<ioapx(iotiqxdx=^ j {coa (p +q)x+ cos {p-q)x}dx 


^I Fsin ( p+g)a; sin(^-g)a:”j^nirH a 

sL p+q ^ X 

I sm(y-g)a; -[in,+. 

■'» * 2L p+q ^ p-q Ja 

1 pnir+a 


fSnr+a 

1^ Qoa^pxdx 


(l+ooa2px)dx 


=0, p^q, 
=0, p^q, 
=nv, 


an^pxdz {l-coBipx)dx 

r '+'‘ _ 1 fhtw+a. 

BinpxGoaqxdxsi^J^ {am{p+q)x+Bm{p-q)x}dx 

_ir cos(ji+g)a; cos(£-g)a;’]’nir+a 
IL p+q p-q X P’hQi 

miipxeoBpxdx=^£ ^ sni2jp!e(te=i[_cos2jp!e]]*“'t^0 
*See Castle’s Mamial (panes 448 464) , Modem. Inetrianenli, Messrs Bell 
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1591 We shall assume for the present that we are dealing 
with a function of x, /(«), which is single- valued, real, finite 
and continuous and integrable for a range of real values of x 
from x=-a to aj=a+2x, oi that if f(x) be unbounded as to 
the values of which it is capable in that range, that its 
integral for that lange is absolutely convergent Moreover, 
we shall assume that f(x) is such that it is possible to find a 

CO 

senes of the form -4o+2(2lpCOsp£c+jBpSm2:>aj) which is 

1 

uniformly convergent, converging to the value f{x) for each 
value ot X within the given range, and that for such senes 
term by term integration is a possible operation Then the 
values of the several coefficients may be found as in the 
particular case of Art 1587 For we have 

f^ip+a r2ir4'a 

(i) J /(a!)da!=-iloj dx=2vA^, 

r +a r2ir+ei 

/(«) cospx dx=Ap J coB^px dx—TAp , 

|^ir+a r2ir+a 

(ill) J f{x)smpxdx=Bpj &in^ pxdx^^rBp 

Before substituting the values of the several coefficients, 
wnte f foi X in the several integrands 
Then 

I f2ir+a 1 f f2»+a 

S|ooBi5a;J^ cosp^AO^i 

r2ir+a "I 

+sin2)a!j siny^/(^) df I 

1 f2ir+a I r2ir+a 

In the cases a=0 and a=— tt, we have lespectively 

and 

W >®> - it) 
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Atao™tmg 

■'’'’'^"sl. ^('’)*l+ J S J ■*'(l)'»s^(,_j,)d,, (2i > J > 0), 

and ^ 

2J_/’(v) COS^(,-y)d,, (i >y>-l) 

in celebrated theorem was given by Fourier in 1822, 

L I "' rfe la Ohdewr A paiticular case 

cfeT^, See Thomson and Tait, iVat PA^^,p 58 

which ^ discussion of the many difficulties 

‘ Wm iff integration 

but mnJ conveigence of the senes, etc, 

4 - reader to other treatises expressly deahn^ 

jLJ Caralaw'a Introdneiwn to the Tkee/ry of 

to U 0 ^ ‘ «' «>• 

159«S The Oosine Senes 

H /^) can be eip^ded as a convergent senes of cosines 
alone, for values of » between 0 and ,r, as 

/(a;)=A,+AjC 0 Sir+A,C 08 2a+ A,cos .Ja;+ =^,+2 cos®, 

(•jr>®>0), 

J/(a!)co8p®d*=A,£cos*p®&=iTA„ and [ f{x)dx=^nrA, 
Then J» 

S cosp® J^/(^) COSJJ^ d^, (tt > ® > 0) 

1594 The Sine Senes 

^ expanded as a convergent senes of 
sines aUme. for values of ® between 0 and as 

f{x)=B^ sinx+B, sin 2®+^^ sin 3®+ =^5, sin^i®, 

(w>®>0). 
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we have | /(*)sinpa5(?a!=jB^J 8m*2M!cZa!=J'7r5p 
Thus /(»)=§ 2 (•jr>®>0), 

71 1 Jo 

a theoiem due to Lagrange 

1595 As before, wiitmg /(t 2/)“'®^(S/)» we 

have in the one case, 

■^'(y)='^ jo'^(7)<^>/+| 2 C08^y£-P’(>7) coa^dti, (l>y>0), 
and in the other case, 

■^(y)=|2 ain^dij, (l>y>0) 

1696 It will be noted that m the determination of these 
several Founer coefficients as above, viz 

Ap-=^^^f{i)caapidl if,=|jV(f) sm2>^d^, 

these coefficients are lespectively the mean ^alues of 
2/(a?) cos jpo?, 2/(a;)sinpa?, and f{x) 
taken through the period 0 to tt 

1597 A Bemarkable Luniting Form 

As a preliminaiy to the furthei consideration of the results 
obtained for the expansion of f(x) as a Senes of Simple 
Harmonic terms, let us examine the limit when a ->1 of the 

integral J/(f ) the lange trom^toa 

not exceeding 27r, and f(^) being any finite function of ^ foi 
which /(^) when existent is finite for all values of ^ within 
that range We see at once 

(i) that regarded as a function of a;, Z is a periodic function 
with periodicity 27r, for if x be increased oi decreased by any 
multiple of 2ir, I will be unchanged, and therefore will have 
gone through the whole cycle of values of winch it is capable 
as X increases through 27 r , 

(ii) that when a approaches unity as a limit the integrand 
vanishes unless the denormnator vanishes at the same time. 
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^e unless ^=a?, a;±27r, a;±: 4 ‘ 7 r, x±2mr, where n is an 
integer , 

(lu) that in consequence of the last fact, the only cases 
when the integrand can have a sensible value being m the 
vicinity of one of the above values of x, we may confine our 
integration to such limits as will just include such vicimty , 

(iv) that when £=x or x±2mr, the denominator becomes 
( 1 — o)*, and therefore the integrand tends to an infinite value , 
but its integral is not necessarily infinite , 

(v) that if ^ increases through any small interval to ^+A, 
then /(f) becomes /(f+A)==/(f)+^/'(f+ 0 A), where 0 is a 
positive proper fraction, provided /'(f) be existent and remains 
finite throughout the interval f to f+ A , and therefore that in 
that case when A is an infinitesimal, /(f) only changes by an 
infinitesimal amount in the mteival 

(vi) Since a— jS > 2Tr, f in its march fiom ^ to a can only 

pass through one of the values x, a± 27 r, aj± 47 r, , and it may 

not pass through any But it a—IS=2T, it must either pass 
through one of these values or start from one and terrmnate at the 
next %n order of magnitude 

Suppose first that o— and consider one cycle of the 
values of 7, x lying intermediate between /3 and ) 8 -|- 27 r 

First let a>a>^ 

■n.» £( )<Jf. wher. ... .. 

are any two selected very small positive quantities It has 
been seen that when a is ultimately = 1 , the first and third ot 
these integrals vanish through containing the factor ( 1 — a) in 
the numerator Hence 

r-2aci(f-®)+a* 

and puttmg f=a;+^ and remembering that /'(f), bemg finite 
by supposition, the change in /(f) is msensibly small between 
these close limits, we have 


l~ m I= 2 aco 8 ^+a* ^ 
=2f(x) tan I]** 
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— Lta^i j^tan-1 ^ small, 

= 2/(05) Lta^i {tan-i Y^+tan-i 

In pioceedmg to the limit, however small and may have 
been taken, 1— a becomes, m its unlimited decrease to zero, a 
positive infinitesimal of higher order than either or Cg 

Hence I converges to the limiting value 

2/(a;)(j+j), 01 2^fix) 

Secondly, supposing x to lie beyond the limit a but<j8+2-7r, 
^6 ^<a<a;<[^+2‘7r, then evidently 7 = 0 , for the denominator 
of the integrand never vanishes as f ranges from ^8 to a 

Thirdly, supposing x to he oi the upper limit, te 05=a, 

then £' ^ ( )d^, in which the first integral 

vamshes as before and the second becomes 

=2/te)2>^itan-‘j;^=2/(a;) |■=x/(«), I=7r/(a) 

In the same way if ajiie at the lower limit, le we 

have similarly I=Trf{^) 

Fourthly, supposing a—^=2ir and /8<aj<a, we have, as 
before, I=27rf{x) But if x=0 or a5=a, the integrand becomes 
mfimte at both ends of the range, and in either case we have 


^=2/(a) J+2/(^)|’ =7r{/(a)+/(/3)} 

Finally, supposing that at any point aj=c between a and /3, 
fii) becomes discontmuous, suddenly changing its value from 
/i(^) ^/2(c) as f passes through the value c , then 


I ( ) df , as m the first case, 

Je-ti 

=ia^a2|/,(c)tan-»^4-A(c) tan-^ 

= 2{/,(c) J+/.(c) j)=^{/i(c)4-/,(c)} 
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This completes the investigation of one cycle of the changes in 
the value of 7 as aj increases from as=pu> x=^-^2-ir 

1598 Extension of Bange of Integration 
For a greater range of values of x the values found in the 
above cycle are merely repeated For instance, in the next 
cycle, VIZ aj=^4-2x to aj=j8+4'7r, putting x=2w+x\ we have 
merely to replace f{x) in the above results by /(a?'), ^ e f{x-2ir), 
and to make no other change If x lies between x=~ jS-|-2nT 
and a?=^+2(w+l)7r, we replace /(aj) by/(r— 2 n 7 r) 

We exhibit in Figs 458 to 461 graphs of 

for the four cases a— ^<2^, a— ^=2x, with no discontinuity 
and with a discontinuity 

It will be noted that in the case of discontinuity in the 
ordinate of the graph of the limiting value of this integial, 
the value at the change is represented by half the sum of the 
two immediately contiguous adjacent ordinates on either side 



Fig 458 
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Fig 461 


of the discontinuity The graphs consist then of an infinite 
senes of equal arcs or lines, together with an infinite senes of 
isolated points 


1599 Qeometncal Examination of the above Results 

1 

Consider the nature of the curve f]= 


’ 1 — 2a cos (f — a?) + 
referred to axes 0^, Orj, or, what is the same thing, 


sec’ 




v= 


1 -\-a , Tf 

\T+^) - 


2 


where x is kept constant and a positive and not greater than 
unity 

The curve is obviously of periodic character, for is 
unaltered it we write ^± 2 n 7 r in place of f, n being an integer 
The maximum and minimum ordinates occur when 


sin(f-— a5)=(), 

le at the pomts nr+x, 2ir+x, 37r-|-a5, etc , the fiist, 
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third, fifth, etc , giving the maxima, and the second, fourth^ 
sixth, etc , the minima \j^(P 

These maxima and minima values are alternately 
ajid and the range from one stationary point to the nex'^ 

IS TT Fig 462 represents a cycle of the values of th^ 
oidinate The remainder of the curve consists of repetition^ 


of the portion bet’ween any two successive maxima 



As a increases to the vicinity of 1 the maxima increaB^ 
very rapidly and tend to infinity, and the minima hecoDn-^ 
indefinitely small 

The area bounded by any complete half-cycle, the 
and the terminal ordinates, extendmg from a maximui3» 
ordinate to the next minimum, is 

for any of the values of the parameter a 
Thus, in Fig 462, the area ANMBQA=2Tr 
Let PR be an ordinate with abscissa x+e The area of tlie 

portion ANRP is d^=2 tan-^ (^tan g). and evidently, 

however small e may have been taken, when 1 cl, which is 
decreasing indefinitely, has become an infinitesimal of higlior 
order than e, this converges to the value tt Hence it appeairs 
that the descent of the curve on each side of a maximum 
ordinate is very rapid when a is nearly unity, and that between 
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two successive maxima the cuive in that case flattens out into 
ultimate coincidence with the inteircepted portion of the ^axis, 
so that a point travelling along the curve travels along the 
£-axis up to immediate contiguity with a TnaTriTrinTn ordinate, 
then travels to infimty along that ordinate, descends on the 
opposite side and then resumes its march along the ^axis 

Hence in integrating from any value to another limit 
i=a, in which the range from /§ to a is < Sw, the result will 
be zero unless a maximum ordinate hes between the limits, 
and the result will be 2 t if a maximum ordinate does he 
between the hmits 

Also if tt— j8=2w, one maximum must lie between the limits, 
and the result will then be 2 t, as is also the case when one 
maximum lies at £=/3 and the next at f=a, the integial in 
that case becommg sensible at each limit 

It becomes clear, then, that if tiao ordmates be drawn on 
opposite sides of a maximum ordinate and contiguous to it, 
the area hounded by these ordinates, the curve and the 
mtercepted portion of the a-axis tends to the limit 2^ when a 
IS made sufficiently near unity, however closely the oidmates 
are made to approach the maximum ordinate 

1600 Further, the presence of any_^^fe factor m the 
mtegrand for which the mtegral takes the form 

will only affect the value of the mtegral when the value of 
> 1 18 sensible, even if at any point between the hmits /(^) 
be discontmuous and suddenly changes its value from /^(x) to 
f^{x) at such pomt, provided that both /i(a!) and /g(®) be finite 

So that 18 zero when the range from jQ to a does not 

include one of the maximum ij-values In case a maximum 
of ij does occur between the limits, say, between ^= 0 ;— ej and 
where ej and ej are very small, let A. and B he 
respectively the greatest and least of the values of /(^) m 
this range Then 


ie 


di> 

between 2irA and 27f5 
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Now, if /(^) be single valued, finite and continuous, as £ 
passes from ^=x—€i to ^= 05 + 63 » ’^bere and eg are made 
infinitesimally small, the change iii/(^) m passing from ^ to 
A. intermediate between these limits has been shown to be 
infinitesimal, provided f'(i) be fiinite That is, A and B are 
ultimately equal when e^ and e, are taken suflbciently small 

Therefore p;/(^)t^f=27r/(a5) 

But if whilst the range ^ to a includes one of the maxi- 
mum jy-values theie be at the same point a discontinuity, /(f) 
changing from f^{x) to f^(x) as f passes through f=aj, we have 

r\f{i)di+ f nfmi+ r%ni)di+ r nf(i)di 
JP JP J»-«l J*+«l 

=0+ff/i(a:)+?r/,(a!)+0=9r{/i(!B)+/s(a!)} 

[See Donkin, Acoustics, pages 60-66 ] 

1601 Oonsideration of Fourier’s Senes from the Pomt of View 
of a Summation Poisson’s Method of Investigation, mainly of 
Histoncal Interest 

We may now turn to the consideiation of the formulae of 
Art, 1591, from the point of view of a summation of the series, 
supposed to be umformly convergent, 

£/(^)^^+2g cosy {i-x)di, (1) 

and endeavoui to discover what such senes represents m the 
vaiious cases ( 1 ) ^8 < a? < a , ( 11 ) x=p or aj=a , (m) x outside 
these limits, (iv) when /(f) presents discontinuities 
Starting with the identity 

l+2acos fl+2a2co8 20-f 2a® cos 36+ == — 

^ 1— 2a cos 6+ a^’ 

m which the left-hand member preserves its uniform con- 
vergency for any range of values of 6 so long as | a |< 1, 
put 6=f— jc, multiply by /(f) and integrate from f to f =a, 
where a— ^>27r 
We then get 

+25"a^£/(^) cosy (£- x)di 

=£/(^)i^2a (is 
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If we then make a approach indefinitely near to unity, the 
left side tends mdefinitely closely to the value of the senes (1) 
The right-hand member of the equality (2) under the same 
circumstances tends to a limit which has been discussed in 
the previous articles 

If we assv/me the uniform convergency of senes (1) and 
that what %8 true with%n any ^nJin'lte8vmal distance of the 
Ivumty of however high an order of amaUnesa that distance 
may he, is true in the limit, we have 


^ COS3J (i-x)di 


if a=j8|-o 


/8 <27r, 


=f{x) if a>x>P 
or =if{a) if x=a or if(P) 
or —0 if 2‘7r+)S>a?>'a 
or =f{x) if a>»>i8 

or =i{Aa)+/(/3)} if x=a or a?= 

The assumption made in Poisson’s investigation in the 
words italicised will be avoided m the method of investigation 
adopted by Dirichlet and discussed later 

In either case, if there be a discontinuity at a5=c, where the 
value of f{x) changes abruptly from fi{c) to / 2 (c), both being 
finite, the value is H/i(^)+/ 2 (o)} ^or such value of x 

If X lie outside the limits ^ and a, say between /5+2mr 
and )8+2(w-fl)7r, f{x) in the above lesults is to be replaced 


1602 Important Cases 

The most important cases are (1) j8=0, a=27r, (11) ^= — tt, 
a=' 7 r , (ill) i8=0, a=' 7 r, and in these we have respectively 

=f(x) if 2^ > as > 0 , 

or “H/(^)+/(2'^)} if or 2ir or 2mr , 

or =/(®— 2nx) if 2 (n -f- 1) tt > » > 2mr 

(«) ^ £ /(f /(f) cos p {i-x)di 

=f{x) if ■ir>a;>— TT, 

or =i{/(— 'ir)+/(ir)} if a!= — IT or IT or (2 to + 1)x, 

or =f{x—2n'n-) if (2n +!)■»•>• 05 X2ii—1) x 
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cos 

p{i-x)di 


=f(x) 

if 

7r>®> 0, 

or 

=0 

if 

2x > a? > -TT , 

or 

=i/(0) 

if 

a?=0 or 2n7r, 

or 

=i/W 

if 

x=7r or (2n+\)nr, 

or 

—f{x—2nv) 

if 

(2n-l- 1) TT > a? > 2-?i7r , 

or 

=0 

if 

271X > a? >( 2 - 11 — l)'3r 


1603 The same results may be exhibited in another form 
with limits in terms of I instead of ir by changing the variables 

so that x==^y Then 

and /(^)=/(f, )=;’(,). say 

Then the result 

IP « “ 

*• ^ "^ip 

And the particular results (i), (ii), (iii) become, if we finally 
replace ^ by y by ® and by / to preserve conformity in 
the notation, 

=/(*) it 2i>®>0, 

or =i{/(0)+/(20} if ®=0, 2ior2nZ, 

or =f(x-2nl) if 2 (n+l)l>x> 27 U 

cos^f 

=/(») if l>x>-l, 

or =i{f(—l)+f{l)} if »=— ? or i or (2»4-l)?, 
or =f{x-2nl) if (2TO+l)j!> ®>(2«-l)i 

=/(®) if i>a:>0, 
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or =0 if 2i>aj>i, 

or =J/(0) if a?=0 or 2ni, 

01 =i/(0 if or (271+1)^, 

or =./(»— 2 mZ) if (27i+l)Z>a5> 27 iZ, 

or =0 if 27?Z>a;>(27i— 1)Z 

If, in Art 1601, we had written ^+x for 0 instead of a?, 
equation (iii) above would have been replaced by 

=0 it Z>a5>0, 

or = 1 /( 0 ) it 05 = 0 , 

or =i/(Z) it x—l 

Hence addmg, 

=if{x) if l>x>0, 

or ==i/(0) if a!=0, 

or =i/(i) if x=l, 

t e the formula holds inclusive of the values at the Ivniits, viz 

from a5=0 to x—l %nclm%ve 

If we change the sign of x the left side is unaltered The 
nght side must then be written /(—a?) From a;=Z to a;=2Z, 

putting x=2l—x\ cos^|^=cos^ (2Z--a;')=co8^^, and the 


result 13 /( 0 /) or /(2Z— a;), and so on So that the results are 


-itoOl 

Otoil 

ito2i 1 

2! to 3Z 1 

82 to 

4n 

4! to 52 1 

/(-*) / 

’ /(*)] 

'’f(2l-x)i 

'’fix-21)] 

'fiU- 

■X)] 

’/(»-«) / 


and so on, as illustrated in Fig 463 


1604 If we subtract the same integrals, we get 
j'^6m^^f(^)ein^di=f{x) if l>x>0, 
or =0 if a;=0 or I 

Hence m this case the values for a;=0 and ^=Z aie exduded 
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Moreover, a change in the sign of x changes the sign of the 
left side Hence if x lie between — ? and 0, we have 

The graph of the several changes is exhibited m Fig 464 
1605 Graphical Sepresentation of the Previous Besults 
Let ^ /(f) + 1 2 /(^ cos foi awy vdlue of v 

Then if Z>d7^0, 8=f(ic) 

(a) Consider ^7 

Put v=2l—af, then Z^^'^0, cos^^=cos^^ 

Then i8=/(i/)==/(2Z-j?) 

(jO) Considei 3Z>^^2Z 

Put then Z^r"^0, cos~^=cos- ^^ - 

Then 8^f(t")=f(x^2l) 

(y) Considei 4Z^j?>3Z 

Put ai=4i->x**\ then Z^r'"^0, cos «= cos > 

Then 8 =/( t/") =/(4Z - so) And so on 

Also since a change of sign in v does not affect the value of 8^ the 
^>axis IS an axis of symmetry of its graph 



The giaph oty—8 therefore consists of a succession of repetitions of the 
alternate arcs of y—f( -x) from -Z to 0, and of fiom 0 to Z, coin- 

ciding with the graph of y=f(x) onl^ from 0 to Z and with its image with 
respect to the y axis fiom -Z to 0 

1606 Let ifif' = y 2 am sin for aU vahiea of x 
Then if a?=:0, 8'^0 , if l>x>0, 8'=^f(z) , if ^=!^, ^=0 
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(a) Consider 2Z>^>^ 

Put 17 = 2 Z— t', then l>v'>0y sm = — bi n 

Then S'= -f(x')=^ -f(n-x ) , and if or I, 8'^0 
iP) Considei Zl>x>^l 

Put^=2Z+y', then i>A">0, sin^-=sin-^^— 

Then 8'=^f(v")=f(x- 21) , and if r= 3Z or 2Z, ifif'=0 
(y) Consider 4Z>a?>3Z 

Put i7=»4Z-r'", then Z>a?'">0, sin^^= -sin^^!^" 

Then -/(r"')* -f{4J>-x ) , and if r=4Z oi 3Z, /fif'=0 And so on 
Also S* changes sign with x Therefore the ^ axis is no longei an axis 
of symmetry^ but the origin is a centre of symmetry for the giaph of S' 



The graph of theiefore consists of a succession of repetitions of 
the alternate aics of y= -/( - ^) fiom -Z to 0 and of y=/(i) fiom 0 to Z, 
coinciding with the graph of y=/(^) only from 0 to Z, together with a 
senes of isolated points on the t? axis equably distributed at disUncos =Z, 
starting with the origin 

The effect of a discontinutty in f(x) existing between 0 and Z would be 
similar to that shown in Fig 461 at C in the segment from fi to a, with 
a corresponding change m each of the other segments in Fig 464 

1607 Let iSTs^J' /{^)cos^(f-r)</^ fm all values 
of a, * 

Then if ®=-l, S'=:i{/(l)+/(-|)), if ifi=f, 

-S‘’=4W)+/(-*)} 

(a) Considei 3l>x>l 

Put ar=2l+*', then cos^(^-'») = oos^(^-®') 

Then /8'=/(a')=/(®-2l) . »nd if r=Zoi il, S' =i{/(Z) +/(-!)} 
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(j3) Consider 62 >a.>3I 

Put x=4l+x’, then co8^(f-«) = cos^(^-*0 

Then S' =/(*') =/(*-4Z) , and if x=3l or 6J, S'=i{/(?)+/(-l)} 
And so on 



Hence the graph of consists of a senes of lepetitions of the 

portion of the graph of y=f{x) which lies between %=s—l and a=Z, 
togethei ^ith a senes of isolated poinhs whose abscissae aie —32, —2, 2, 
32, etc , and ordinates i{/(2)-l-/( — 2)} , the giaph of y=S^ coinciding 'vntli 
that of ^s=/(r) itself only between -2 and 2 

1608 Case of a Discontinuity 

If a discontinuity in /(a) occuis between ass —2 and rsss2, say at vssc, 
wheie 2>c> -2, the function changing abruptly fioin /i(r) to /aW) say, 
both finite, the graph becomes that of Fig 466, wheie the thick line shows 



the vaiiation of the expiession 8" for diffeieut values of x and the dots, 
the values at — 2, c, 2, 22+i^ 32, etc The graph of y^8*' only coincides 
with that of y=/i(i) fiom -2 to c, and with that of y=/ 2 (r) from c to 2 


1609 Another Form of the Besnlt 

Wilting foi g in the foiiuula 

22 /.*'^®*^^’*'!?] between -2 and 2, 


we have 


=i{/(0+/(”Z)} at i=±r, 


2lf_r X =/(^) between - 2 and 2, 

01 =i(/(0+/(-0}attr=±2 
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Hence 

=f(r) if 1>«>-J and =J{y(I) +/(-!)} if t= ±i 

And the three integidls occuirmg between limits -I and I aie each 
double of the integials from 0 to 2 



=/(ar) if l>se> -I and =i{/(J) +/(-?)} if *= ±f 

1610 It has been seen that a Fonrier-Senes 

CO 

sm (_pa;+ 

IS under ceitain very geueial conditions a proper analytical 
expression for an arbitrary function f[x) between specific 
values of the vaiiable x The function has been assumed 
single valued, real, continiious and either lying between 
certain finite limits, and mtegrable for the range, or if not so 
bounded its integral for that range is assumed absolutely 
conveigent The possibility of expansion has been assumed 
in the method ot undetermined coeflBcients, and the possibility 
of integration of the senes term by term when multiplied by 
f[x) throughout has also been assumed With these assump- 
tions it appears that when such a solution can be found and 
the convergence of the resulting series is uniform, the solution 
IS unique 

1611 Applications 

(1) 2 \pply Alt 1595 to expand n m a seites of sines of multiples of x 
(ir > a? > 0) 

The formula is /(c)=|.|anSpj^‘ /{^) {l>x>0) But if 

^=0 or l,J(v) on the left side must be replaced by 0 

Take l=r Then 
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Then 

2 “1®!“ ^‘"2sm2z + -sm3r-|bin4r4- (A) 

for values of v between 0 and ir And the left side must be replaned by 0 
if r=0 01 IT The expansion holds therefore from ^ 7=0 (inclusive) to 
v=Tr (exclusive) 

A change in sign of or affects both sides Hence if the theorem holds 
for any particular positive value of r, it holds also for the coi responding 
negative value of x It theiefoie holds foi all values of x from -ir to 
4-ir both exclusive 

If ^ < 2ir, let % = 27r — i a ir > > 0 

Then the senes =» - (y-sin ^ sm 2t' + 1 sin Sar' - ^ = - - = 

3 / 2 2 
If 2jr<*<3ir, leti»=2ir+4", ie ir >«">0 

Then the genes sin a"-^ sin a »"+5 sm 3a!" - =£l'=£z^ 

^ ^ o 2 2 

If 3r < a < 47r, let a:= 4ir- v"' Then the senes = - i a!"'=±^, and 

so on, and the graph of y=j8inai-|sm2a!+isin3a, - tnll consist of 

lines through 0, 2ir, 4ir, etc , paiallel to 2y=a!, with points on the v axis 
at TT, Stt, 5r, etc 



Fig 467 

1612 (2) Eapand e“ ja a tenet of sines ofmidUples of a, 0<x<t, and 
examine the eetm ohtaxned 

Taking «^“= Is, gm px, we have sm pa: | , 

7? -ir-««sinp®-5»cos?M?n"' 2 ® 

P^Al - ( - im , 

TT ta» + ia®^“^+^S7+^®i°2a,+3^^^sin3a7+ | (7r>x>0) 

But the senes =0 at x=0 or j sir 

If 2ir > a: > w, let A=2n--a', *e n->y>o Then the senes becomes 

2 J l+e°”' i-c*"" 1 

+ |=-e“ = -g«(»v-«) 

If let v=2r+A", te ir>ai">0 Then the senes 

becomes e»^ and so on Also at a:=0, ir, 2ir, etc , the senes 

IS zeio 
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Hence we have for the graph of 

2 M 4- g*"" 1 _ 1 j_ fiOir 


a hgure consisting of a senes of arcs equal to that of the cuive 
between 0 and w, alternately above and below the A-axis, the oi igm being 
a centre of symmetry, together with the points ^=0, dbr, 4:2ir, etc, on 
the ^-axls, any of which is a centie of symmetry for the whole giaph 
(Fig 468) 



1613 (3) To find a funcUon of a., viz t(v\ %oh%oh shcdl he periodic with 
pea wd 22, and shall he 

I ^ , I . I I I . I , 

Let /(jr)=^(i+2-4pCos®^, the cosine seiiee being selected because 

negative values and positive values of a are to give the same result 
_ * } 

Then 22^o= f 

"T ‘^2 ’ 

icos2^£fr+ J''^jcod^^di+ ^cos^^dac , 
whence ^,=^(cos2^-l8m^), giving 


« . 2 22 1 pn- 2 pir\ 


pjrx 

^ r 


2 ~ S 

Fig 469 


and the giaph is composed of equal aics of ^ ® ^ ^ 

a paiabola and stiaight lines of length ^ 

which foiin pi elongations of then lateia lecta, one cycle being exhibited 
in Fig 469 


1614 Fnrther Remarks 

00 

Any senes containing only cosines of multiples of as iio+S-^lpCospaj, 
being unaffected by a change of sign of re, must have a giaph foi which 
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the y-axis is an axis of symmetry Any senes containing only sines of 

ee 

multiples of as S^pSin^xr, changes sign with a;, and the oiigin is 

therefoie a centre of symmetry of the graph Therefore if it be requued 
to construct a senes which shall represent a discontinuous system of lines 
or arcs of curves for which neither kind of symmetry exists, it will he 
necessary to assume the most general foim of Fouiier Senes, viz 

ee eo 

cis the representative form 


1615 (4) D^me a senes ipAose qi afh shall agree with 

y^cfrcm 0 to a^from 6 to h + a^fiom 25 to 25+a, etc \ and so on, 
and y^c* from a to h^fiom 5+a to 25,^07/i 25+a to ^6, etc^j (a< 6) 
Here there is no symmetry with legaid to the ongin or the y-axis 
The peiiod is h 

Assume /(4?) = Ao+2ApCos^^+2.5psm^^^^, 

so that the senes is unaltered when x is inci eased by 5, 25, 35, etc 
We have 


Job=J^cdx+ o'dz=^ea+ci'(b~-a) , Ao=(c*-oOJ+c^ 

A, \=j\c.oa^dx+£<'oos^dv, 

B, l=j‘eain^dx+£dam^dx, 


ys/(*) = (c-e')|+«'+2-5l^ S^sm^^cos 

c-c' * 1 2p7ra 2p7rx 

H 2 - vers sin - , — 

w' ip 5 5 


S S+a 8i 

Fig 470 


It will be seen that at the values xssa or xssh the senes becomes 
by virtue of the result 

i sln^+|sln2d+gSln3^+ 

The graph IS repiesented m Fig 470 


=2^ (0<fl<27r) 
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PROBLEMS 


1 Show that from a; = 0 to *= ir exclusive 

7 cos a; = sin 2a; + sin ix + sin 6a; + 
4 1 3 3 0 0 7 


and examine i^vhat is the sum of the senes for other values of a* 
Show by a graph the nature of the senes for all values of x 


o csu * 1 . i. ^ 1 cos 2a- cos 4aj cos 6a; . 

2 Showthat - , 0<x<^ 

Show by a graph the nature of the senes for all values of x Show 
also that this result may be denved from that of question 1 oi vice 
msa 

IT 1 1 

3 Establish the result » sin a. + « sin 3a; + ? sin 5x + from 0 to 

, 4 o 0 

AT exclusive 

Draw a complete graph of 

4 Prove that (0 <aj < ir) 



1 a cos a; a cos 2a; 
2a*’aa + 12’ aa + 2T 


( 11 ) 5 ^ 


sino; ,2 sin 2a; , 3 sin 3a; , 


+ gair 


/I a COS a; 
V2a"a^ 




,2+12 

( smo g 
W+12” 


, a COS 2a; 
a»4-2« 


2 Bin 2a; , 
■^+2* 


- ) 

3 sin 3a; 
a2 + 32 


5 Prove that ( - r <a; < tt) 

. . TT sinh oa; sin a; 2 sin 2a; 3 sin 3v 

^’^2 smhai^“a2+i2 * 

I ^ V coshoa; 1 acosa- acos2a; acosSa; , 

^2 smh(wr“2a «»+l» ■*■«« + 2* “ ■ipf+3» ■*" ’ 

j , ^ T coshafff - a;) _ 1 , cosa- , cos 2a; , cos 3a; 

and (iiij 2 ^ “ 2 rt 2 ’^a^ + l«’*’aa + 2 a**'a 2+32 + 


,(0<a;<27r) 


6 Prove that, provided a be not an integer, and ( - «■ <a; < tt), 

IT Bin ax _ sin a; 2 sin 2a; . 3 sin 3a; 4 sin 4a; . 

2 sinaTT^Fir^" 22-a2 " 42-a-* 

7 Drawagraphofy=^ + |^^, 

8 Exhibit graphically the nature of the curve 

all values of a; " P 
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9 Deduce other senes fi:om Examples 1, 2, 3, 4, 5 by differentia- 
tion and by integration 

10 Find a function of a; in a senes of sines of multiples of x which 
shall be equal to from 0 to from to 02, ^ from a^toa^, 
and trace the graph for all values of x 

11 Find a function of x which shall be equal to from 0 to 
Cj from to (Zgi C3 from ^2 to ag, from ag to ag + from 

to fitg + ag, Cg from a^ + a^ to 2ag, and so on Trace the graph 
completely 

12 Trace the complete graph of -«=^- vers sin for all 

roalyaluesof* ^ ^ ^ 


13 Show that J /(«)=*«, a, ir-a; m the respective intervals 
0 to a, a to TT - a and t - a to tt, then 

^ -e/^s _ + 1) ® Sin (2;? -H l)a? 

4/W-^ (2^ ^1)2 

and give a geometncal interpretation 

14 Prove that 


x(ir^ - x^) _ sin X sin 2a5 , sm 3a; 

12 ■" 18 2® ■’■"35" ‘ 


(-ir<a;<ir), 


and examine the graph of y = y'( - i)y-i 8^°^ fQ^ all values of s 

1 r 

16 Show that 


but that if a;=0, this expression = J/(0), and if a;-t J/(i) 

16 Show that 

(a) 7^f'/(S)cos^?£^(g-*)df-/(®), (0<x<l), 

"or =i/(0), (a=0), or =i/(Z), (»=/) 

(*) 008^^2^ (g+a,)df=0, (0<»<2), 

or =i/(0). (®=0), or = - J/(0, (ir=Z) 

LTodhuittjcr, I C 306 ] 

17 Assuming that /(a;) can be expanded in a Fenner’s series of 
sines and cosines of multiples of x in the interval x > a; > - tt, obtain 
a senes of mss only which shall represent the function in the 
interval 7r>a;>0 
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If /(aj) = 0, 1, 0 in the respective intervals (Z/2 -&>»> 0), 
(Z/2 + 6 > a; > Z/2 - 5) and (Z > a; > Z/2 + 5), prove that throughout the 
interval (Z>fl;>0) 


/(^)= 


^ * V Izi)! gin 


2w+l 


What are the values of the senes when x has the values Z/2 - b and 
//2 + Zi^ 

18 Show that 

cos « J‘ /(^) cos i =/(a), (0 < * < Q , 

or =0, (x=>l) 

or « 0, (a; = 0) 

Apply these theorems in the case f(x)—x 

[Todhunter, / 0 , p 307 ] 
Exhibit by means of graphs the values of the above series foi 
values of x beyond the limits 0 and Z 
Also examine in each case the effect of a discontinuity at a point 
c between 0 and Z in the value of the function /(£) 


19 Show that a function defined as equal to Z when - 2Z < a; < - Z , 
= -ft when - Z<aj<0 , =a; when 0<a.</, «=Z when Z<a;<2Z, 
can be represented by 


Tra; 


3Z 4Z 1 . Traj 2Z^i^ 1 /(» 


[I 0 S , 1899 ] 

20 Prove that the graph of the function = 

consists of parts of the lines 4y= -1, y = 0, 2y = l, together with 
four isolated points [Math Trip II , 1916 ] 


21 If the function defined by y = x^ from 0 to Jtt and by y = 0 

from Itt to IT be represented by a senes of sines of multiples of x, 

show that the coefficient of sin nx is 

/4 ttN 1 2 1 4 

( — 5 - TT- ) cos s -h --B sin s ll’T 5 

\r7i® 271/ 2 7^2 2 ttti® 

To what value does the series converge at the point Jtt? Sketch 

the graph of the function represented by the senes for values of x 

not restncted to he between 0 and tt , and also indicate the graph of 

the cosine senes which represents the same function in the inteival 

0 to TT, [Math Trip II , 1916 ] 
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DIRICHLET’S INVESTIGATION 


1616 Founef s Formulae Dmchlet's Investigation 

If 4>{^) ^ ^ 8tngle-val/ued fmte and continuous function of x 
which remcnns jpostUve aud either constant or continually decreas- 
ing throughout the whole range of integration from x=0 to x=^h, 
where 0 < A > w/2, then will 

This result is due to Eouner Separating the integration 
range 0 to A into intervals 

to-, -to — , (n— I) — to — , — to A, 

<0 (C 


where ^ is the greatest multiple of - contained m A, we have 

rh r A (r+D^ (f+gl* 

+li+ +L'’ +[»+!),+ * 


<f+l)» 

(f+2)» 

■•■In 







Now as X increases from rx/© to (r+l) x/w, eex increa>ses by 
X Hence sincoa; m this interval is of opposite sign to the 
value of sm oox in the next interval But sin x and ^ (») retain 
the same sign Hence the several terms in the above senes 
are alternately positive and negative (,.+i) , 

Again comparmg correspondmg elements ml** ( )dx 
“d ) dsc, wnte lor x m the second, which then 


becomes 


-I7 


an axe 

8m (x+ir/o)) 
720 


0(a!+7r/o)) 
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And since x has increased to x+ir/w, but is still < 7 r/ 2 , 
sm (x+irlco) IS > sin®, whilst ^(®+7r/w) > ^(®), the element in 
the second integral is numeiically less than the corresponding 
element in the first 

Hence the several terms o£ (1) are (a) of aUemate sign, (6) of 
decreasing numerical magnitude 
Putting (ax=^z, 


(r+l)ir 


T f *** 

Jnr 


sin CO® 
sm® 


^*’+1)"' sin % 

=*(0)^ ^ (See Art 1902) 

Jnr ^ 


Hence the sum ot the fiist r terms of (1) becomes 


when r is mfinite 

And for the lemaimng terms from 



Bin ft)® 
sm® 


<^{x)dx 


to 


nir 

I ® smft)® 
(W“i)w sin® 

w 


4>{x)dx, 


the interval of each is mfimtesimally small, and the integrands 
are fimte Each integral is therefore infinitesimally small, 
they are of alternate sign and each numerically less than the 
preceding one Hence their sum is less than the first of the 
group, which is itself mfimtesimally small 

Agam, as to the final mtegral 

u 

mtegrated ovei an infinitesimal interval with a fimte integiand> 
and therefore also vanishes 
Thus we have 

lo ^ <fe =2 ^ (0). 

where 0 < A > ^ under the special conditions stated as 
to ^(®) 

The method adopted m this pioof is due to Dinchlet It is 
given by Bertrand, Calc Int , p 228 
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1617 If ^(a?) Lecomes negative but not numerically greater 
than a definite positive constant C, lemaining finite and 
continuous as before, then smce ^(ai)+0 is positive and 
decreasing, we have 

But the theorem is also true tor a function which remains 
constant and equal to G Hence subtracting, 

fo ^ I ^ (0) 

This has theiefoio been now pioved whether ^(a) be positive 
or negative, provided it is eithei constant oi decreasing so 
long as it remains finite and continuous between the limits 

1618 Furthei, if (p{x) be an tncreasing function, is a 

deoreas%ng function to which the theorem is applicable, and 
therefore 

A^heIlce ^ (®) tte=^ ^(0), 

whether ^(r) be continually either increasing or decreasing 
between the limits 

1619 Since the formula established is independent of h, 
taking p and q any two quantities between 0 and 7r/2, 
we have 

Hence if F(x) be any function of a, continuous and 
coincident with <p{x) foi the poition of ^(x) between q and p, 

J(ag) 

Jj sina ' ' ' 

and here it is supposed that from q to y, F(x) is always 
increasmg oi always deci easing, for it is coincident with 
<p (x) throughout that interval 
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1620 Existence of a Finite Number of MAxima and Minima 
Suppose that there are a finite number of maxima and 

minima on the graph of y=^(a:) between jc-O and x=h, 
say at x^, x^, asn Then when w-^jo 

Now i^(x) IS 

continually increasing or continually deci easing from 0 to 
continually decreasing or continually increasing from Xj^ to a?2, 
continually increasing or continually decreasing from X 2 to Xg, 

etc 

The first term therefore contributes ^^(0) Each of the 

others contributes nothing by Art 1619 So that if the 
number of maxima and minima be finite, the Fourier formula 
still holds good 

1621 Existence of a Fmite Number of Discoutinmties 
Finally, suppose a discontinuity m <p(x) occurs at a pomt 

x=Xi « A), where the function changes abruptly from 0(aJi) 
to y/r(Xj), remaining finite and yfr(x) retammg the property 
possessed by ^(x) as to continual increase or decrease through- 
out the remainder of the range of integration Then 

Thus each discontinuity intioduces a zero term, and 
provided the number of such discontinuities be fimte between 
0 and A, their aggregate contributes nothing to the integral 

1622 Generalised Eestatement of the Theorem 
We may now restate the theorem thus 

Let ^(x) be any function of x with any finite number of 
discontinuities and any fimte number of maxima and minima 
between aj=0 and x=h, where A is positive, not infimtesimally 
small, and not greater than 7r/2 , then 

f* Sin (oa? ^ , TT ^ 
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1623 deometncal View of the Eesnlt 

Drawing the graph of the curve has a laige 

maximum, viz a>, at a;=0, and crossing the a;-axis at x=irlx» 
2x/(k>, 3x/cii), etc, there aie successive minima and maxima, 
their positions being given by tan coa?=(o tan x 

Since sin cox lies between zt 1 and goes through a cycle of its 
numerical changes in each of the above mtervals, whilst sinx 

18 increasing throughout the whole range from a;=0 to 

the excursions of the graph to one side or the othei of the 
x-axis diminish in extent, and these subsidiary maxima and 
minima aie relatively unimportant The multiplication of 
the function by ^(a;) alters the magnitude and position of 
the maxima and minima ordinates, but leaves the general 
characteristic appearance of the graph unchanged (Fig 471) 



The geometrical interpretation of the formula of Art 1622 
IS then as follows 

Let the graph of be drawn starting from 

x—Q and extendmg as far as and also the graph of 

y=^(p:i) extendmg as far as x=wl2 Let the areas enclosed 
by the successive portions of the former bounded by the 
x-axis, and, fox the principal maximum, by the y-axis, and 
lymg alternately above and below the sc-axis be A^, A^, 

etc, and let JB be the area of the rectangle of which two 
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adjacent sides are the initial ordinate of the second graph, 
VIZ ^(0) and the length then when co is indefinitely 
increased tends to the limit B 



1624 Extension of Range of Integration 


If the range of integration be extended beyond 7r/2, and h lies 
between tit and (n+l)x, we may break up the whole range 
into sub-ranges of extent x/2 as far as nir, and we have 


In the second, third, 271*** integrals replace x successively 
hy T— y, ir+y, 2x— y, tix— y 

If we take a> to be an odd integer, these become 
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1623 Q^ometncal View of tlie Besolt 

Drawing the graph of y=sinooxlsmx, the curve has a laige 
maximum, viz w, at 05=0, and crossing the jc-axis at a?= 7 r/(o, 
2'7r/a), Sx/o), etc, there are successive minima and maxima, 
their positions being given by tana>a5=a>tana5 

Since sin tax lies between ±1 and goes through a cycle of its 
numeiical changes m each of the above mtervals, whilst sin® 

IS increasing throughout the whole range from ®=0 to 

the excursions of the graph to one side or the othei of the 
x-axis diminish in extent, and these subsidiary maxima and 
minima are relatively unimportant The multiplication of 
the function by ^(a;) alters the magnitude and position of 
the maxima and minima ordinates, but leaves the general 
characteristic appearance of the graph unchanged (Fig 471) 



The geometrical interpretation of the formula of Art 1622 
is then as follows 

Let the graph of drawn startmg from 

®=0 and extending as tar as x—h, and also the graph of 
y=(f>{x) extending as far as ®=7r/2 Let the areas enclosed 
by the successive portions of the former bounded by the 
a>-axis, and, foi the principal maximum, by the ^-axis, and 
lying alternately above and below the ®-axis be A^, A3, A^, 
etc, and let B be the area ot the rectangle of which two 
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adjacent sides are the initial ordinate of the second graph, 
VIZ ^(0) and the length then when a> is indefinitely- 
increased tends to the hmit B 



1624 Extension of Eange of Integration 


If the range of integration be extended beyond 7r/2, and h lies 
between mr and ('n+l)w, we may break up the whole range 
into sub-ranges of extent 7 r /2 as far as nir, and we have 




In the second, third, integrals replace x successively 

by TT-y, T+y, 27r— y, mr—y 
If we take w to be an odd integer, these become 


£ 

2 

r, 

i 


sihodCt— v) 
siii(ir— y) 


4>iv-y)(-dy), 


‘i smcBC-Tr+y) 
lo 8m(Tr+y) 


sin«i)(2'7r— y) 
Sin {2Tr—y) 


^(2x-y)(— (%), etc. 


<l>{'n‘+y)dy, 
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^e 


Jo smas Jo BinaJ 


f 


0 smx 

,w 

2 8in(ua; 


0 sin a; 
siixa>:s 


Q sin a; 

<l>{2T—x)dXf etc , 


whence f* 

j Q smas 


=‘»r[H (0)+ ^ M +4> (2»r) + + <t>(n--\‘7r)+i<t>('n->r)] 

<f>(x)dx. 


As legarda the final term j 


Jf^ sin a; 


(ot) if h lies between nir and 'n'r-|- 7 r/ 2 , inclusive of the 

latter, put x=nT-\-y and &=ri' 7 r+A', wheie // > final 

integral then becomes in the limit 




'^' 8iii6j(n7r+2/) 

lo sin(rtx+j/) 


(f>(n7r~\-y)dy 


^^^(rir+ir)dte=-|^(n7r), 

(i) and if h lies between 9^7^^-x/2 and (n-|-l)'r, the integral 
may be written 

putting x= 7 i 7 r-\~y in. the first and ('Jt+l )it — y m the second, the 

first becomes ?^(^i 7 r), as has been seen, and the second becomes 
2 








IT 



where (n+1) tt— t, which is posltl^ e and :♦> ^ Therefore 

this limit vanishes by Ait 1619 Hence in either case the 

contribution of the final integral is But if h=7nr 

the contribution is zero 
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Hence in the limit when w is indefinitely increased, 

, j.. (tsinwa;. V . ./ v 

-l-^(7r+5c)4-^(27r — 5c)+ -jr<p{'n^T — £i5)}d5st;+j' 

= 2^ {27r) + +2^{(n— l)'7r}+20(/iT)] 

But if h=-mr the last term in the square bracket is to be 

0(7i7r) 

This therefore is the extended foim of Fouriei’s formula 
for a range 0 to A, where h lies between mr and (n+l) 7 r, and 
0 ) IS an indefinitely large odd integer with the same conditions 
for <j>{x) as befoie stated 

If ot) became inBnite as an even integer, the signs would be 
alternately + and — 

If there be discontinuities in the value of ^ (a?) in the range 
0 to h, and if the starting values ot <j>(x) as x begins each of 

its marches 0 to to ^ to *-y , ^ to etc , be 

lespectively fiix), fi{x), f^{x), etc, the formula must 
be amended to 

2 {/iW +/2(*^)'t/3('^)+/4C^’*’)+/5(27r) +/6(37r) +M^7r) 

+ +/2n(^^'w)4-/2n|-l(^'^)}> 

when 0 ) becomes infinite as an odd mtegei and the number 
of discontinuities between 0 and h is supposed finite 

1625 If a and b be two positive quantities, a > 6 and 
mx < a < (m+l)x, tix < 6 < (n+l)x, then 

Zr<„-^oo[ “^^0(aj)daj=7r[J9£>(O) + 0(x)+0(2x)+ +^(mx)] 

j Q Bin X 

= TrJ?m,a&7, 

and 

^^^^(a!)da:=Tr[i0(O)+^(7r)+0(2'7r)+ +4>('nx)] 

J Q Blu X 

=rEn, say 


Then r^^^(x)(«!C=9r(^™-ifn) 

J h Sin X 
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If a— Z) > 2x, so that a > ('Ji+l)7r+2'7r, ^ e > (n+3) w, the 
limit IS 7 r[<l){(n+l) 7 r} +</>{{n+ 2 )w}, (n>0) 

If & < TT, then a < Stt, and the limit is 7r[^(7r)+0(2x)] 

Still supposing a and 6 both positive, and 

a>6 and m7r<a< nw<ib <i(n+l)tr, 

considei Lt^^ao{ 0(ar)dag, write x=—y Then the 

integral becomes 

^[i0(O)+0(-7r)+^(-2x) 

J 0 Bin. y 

+ H-^( — U7r)]= — -TT^^-n^ say 


Similarly Lt ^ « f <ji{x)dx^ — irE^ 

J 0 sill X 

Thus we have 


J5 sin a; 
f“ sinwa; 


xe] 

Lt\ 

Lt\ 


-ft sin« 
’"“sin_wa 
ft sin a; 
sin coa? 


f_ft sma? 


<l>{x)dx =Tr(Em^^n)y 

^(a;)cZa;=L«Q*— J =7r(Em+E^^\ 

^(a;)d!a;=-£< Q — | = — 7r(-fi?-wi+*^ii)» 


m > > 0 


In the case 0 < 6 < a < -tt, 

= 0 , 

Itf ^J^(»)t?®=’r[4^(0)+i^(0)] =7r^(0), 

J — 6 ^ 

JjI f (0) — (0)]= ■” (0), 

J J sin a? 

JjI f 5Hii55^(2;)da*=7r[— i^(0)+J^(0)]=0, 

J _ft sin a; 

^ e if the limits be of the same sign the result is zero , if the 
limits be of opposite signs the result is ^^(0) or — ^^(0), 
according as the upper limit is positive oi negative 
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1626 Application to the Evaluation of Fonner’s Senes 

Taking the identity wnte 

therein d^^—x=2y, 2n+l=a), multiply by f(i) and in- 
tegrate with regaid to ^ from j8 to a, where o—^ > 2x 
We have 

a—X 

cosi)(^-ai)<i!£=2j^^J^/(a!+ 2y)dy , 
and increasing n without limit, co-^^ and 

tt—g 

For the right-hand side we have the following cases 


Case Upper Limit Lower Limit Result 


a>aj>^ 

1 

+ 


|8+2x>a!>a>^ 

- - 0 


a>,8>a:>a-2x 

+ 4-0 

• a— jS < 2‘7r 

x=P 

+ 0 |/(|8) 

X=a 

0 

1 

K)l ^ 

Q 


Dividing by tt, we therefoie have, if a— )8 < 27r, 


c<xj>i^—x)d^=f{x) if a > a > jS 
=J/(a) if x=a 

=i/(/8) if »=^ 


=0 if o>/8>'a>a— 2x 


or 2x+iS > a > 0 > )8 , 

Again, if a— )S=2x, we have as before for the limit, irfix), if 


a > a? > j8 But if x=l3 the limit becomes 

27 )%=-! [/(»+2 0 )+/(*+ 2 , r )] 
J 0 sm y " 

=5[/(/3)+/(a)], 
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and if x—a, the limit becomes 

^f(x-2z)dz 

=f [f(x-2 0)+/(=5-2,r)]=f [/(a)+/(/3)]. 

and dividing by tt, we theiefoie have, if 

/(f)cos 2 )(^-x)(i^=/(®) if a >®>/S 
" =K/(«)+/(i8)]if!r=aor^ 

And these results are the same as those obtained otherwise in 
Art 1601 It will be noted that this method of procedure is 
free from the objection of assuming that what is true within 
an immeasurably small distance of the limit is true in the 
limit (See Art 1601 ) 

For values of x which lie beyond /3-l-2?r in the one direction 
01 in the other, we may proceed exactly as before in 

Articles 1601, 1602, etc 

1627 Cauchy’s Identity 

Taking the identity used in Alt 1626, and putting 
^-2^ and 

we have 

^ (1+2 cos 2^+2 cos 4^+ +2cos27if)e-«*f*dJ= J — ° ^ dg 

But e-"tt*f*co8 2rf **, aud by Art 1626 the limit of the 

right-hand side, when n is indefinitely increased, =^^l+22«“’**^*‘^*^ 

Hence ^(l+ 2 |e-r*)=|(l+ 2 |«-.wj, 

and writing a=:a/7r=l/6, 

'Ja(l + 

a curious and remaikable result due to Cauchy 
Senes of the chaiacter here involved occur in the theoiy of Theta 
Functions, wheie ©(a) may be defined by the equation 

0(i/) * 1 - 23^ cos 2a?+ 2^* cos 4r - 2<^® cos 6jr+ , 

-ir£ 

where q—e ^ and A and K' havmg their usual significations as 

used in Elliptic Integrals 
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1628 To prove Lt^cn f ^{x)doG=^ 0(0) 

X ^ 

This limiting form follows at once by writing 

0(05)=“^ 0-(a:) 

' sinsc ^ ' 

TT 

For we then have, if 0 < fe > 

^ f^sincoa; / v , psinwo; , / v 7 


=J^(0)=|^(0). 

under the same conditions as regards 0-(a5) as stated in Aits 
1616 to 1622 

And further, when h has a larger range, beyond as in 
Art 1624, we have as the limit, 


|{Vr(0)+2Vr(x)+2^/r(2x)+2V-(3x)+ } 

But ^(x)=^^^^^0(x)=O, \/«-(2 x)==^^^;^^(2t)= 0, etc , 

so that whatever the range of integiation provided h be 
positive and not an infinitesimal, we have 

In the same way the lesult still holds good if 0(aj) presents 
a finite number of finite discontinuities, none of which are 
infinitesimally near x=0 

1629 Graphical Illustration 

Since Ztu^co ^^^^0(^)^5=g0(O)> putting -rj, 

Ltu^co ^^^^0(“'7)c;»;=-|0(O) , 

and ^ nting 0( - »?) = 0 (»;), 

iWoo ^(0) » 

and the letter denoting the function 0 being immaterial, we may xeplace 
it again by 0, so that 
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Also if »-0 the limit vanishes and theie is a discontinuity Hence the 

IS that shown in Fig 473 consisting of two straight Imes parallel to the 
:p-ax]s, with an laoUted point at the ongin 


y 

fT 



*' ol 

Jt 

■Ip^) 

y 


Fig 473 


1630 Let a, jS he any two positive quantities 
Then 


Therefore 




SimiUtly U,-*-* f_^ 

Again IAu-*<b 


and 

Hence when the limits are of the same sign, the result =0 When of 
opposite sign, the lesult h ±ir<f.(0), the sign being that of the upper limit 
(Compaie Art 1625 ) 


Again [ cosfM<i«=[^!^]^ 

j * <t> (0 { J" cos(^«) du} as- I ^ (f) 


%e 


j* J“ (f ) cos fu df dtt = ± 1 7> (0), the sign being that of h 
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Fuithei, COB ^ud^du 

= 2jtu~*-oo j COB(^U) duj d^ = Ltot-^eo 

=0, if a, j8 are of the same sign, 

^ sa±ir</>(0), according as a is positive or negative when j3 is of 

the opposite sign 


1631 Graphical Hlustration 
Taking a>j3>0 and 

‘ Bin<D( ^ -^) 


X^«— ►» 


f 


— i 


=0 

a>o>j3 


I ox 

J if »=-a>^ ' 


Jp- 

=rr<}>{x) \ 
if a>r>/8 J 




or 2 
if a>^ 


>^=j8 


if o>/S>r 


The values of this integral may be shown giaphically by the heavy 
lines and the two isolated points in Fig 474, in which the dotted line 
is the graph of y=v<t>(t) 



Obvious modifications will occui if a oi jS or both of them be negative 
or if a < jS 


1632 Still supposing that a and jS aie both positive and a>/3, and 
puttmg §+a?«i7, we have 

=0 1 or I or , =’^(-*) I 


if -j3>^= -o J 


=0 1 
it •-p> -a>d J 
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And the giaph of this integral is shown by the heavy lines and the 
two isolated poinU m Fig 476, and w an image with regard to the y axis 
of the graph of Fig 474 



1633 VanoTLS Deductions 
Since cos a;) du 

and eoau{^+x)(f)i^)d^du 




•r. 


sintt)(^+a?) 




whose values 
have been 
found above, 


we have by addition and subtraction, if x be positive, 

]**" j ^ jp 1 ^ ^ 


=0 

if a? > a > i8 


■ or 


lor I 

ifaj?=a>j8 J ifa>a5>/3J 


or 

if a>a;=/3 
and if X be negative. 


or 


if a > jS > 05 


J^Jo 
if a5> 


<p(,i) cos cos ux du= — j j ^ (f ) sin sin ux d^ di 

' ” or =1 I 

if — ^>a>— a J 


-« 1 -\m 1 

“I ifo! B>-a} 


or 


=5^(«) 


=0 


1 
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1634 If j8=0aiida=ao and a: be >0, 

J J 4>(i)oosu^cosuxd^d/u=^^j ^(^)smu^smifxd^du 

TT 

= 2 if a? be < 0, 

n eo poo 

0 (^ ) COS cos uxd^du=—^ j ^(^)sin sin ux d^ du 

=f 0(-ay) 


These results are all obvious on compounding the two 
graphs, Figs 4'74 and 475 

When x—0 the second mtegial in each case vanishes 


1635 Since the products cosw^coswa; and smwf sinwac are 
both e\en functions of w, they are not affected by a change 
of sign of u Hence the integration of either of them with 
respect to w fiom — oo to qo yields double the result of that 
from 0 to 00 , therefore if x be positive, 



•a 

0 (^) COS wf cos vx d^4= 4> (^) sin sin ux d^ du 

J J — 00 


=0, 7r0(®). ^^(«) or 0 m the several cases. 


and if X be negative, 

I I ^(f)cos«^cos«®df(iit==— ^^(^)8inw£smwa!idfiM 

=0, ?^(i8), ir^{—x), ^ ^(o) 01 0 in the corresponding cases 
2 2 


1636 If /8=0 and a= » , wo have 


■ » poo 

1 ^(^)co8wf coswa? 

0 J -» 


f oo poo 

J 0(^) Sill Sin lix d^du 


(X +^*), (1) 



i> ii) cos cos wa; dw = — j ^ j ^ 0 (^ ) sm 

-7r0(-ir), {x --) (2) 
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1637 Founer’s Formula 

Put — j;, and wnte yjr for tp Then, as x is or — 


IS- ^^(~jj)cOSWi7COSt«B(Zi;d!w=== J \lr(~-rj)smilrj&mtixdridu 


=infr(x) or 7n/r(— a?), as a? is +^® or — 

Let ■'A'C— i7)==0(i;), and write ^ foi ^ Then, as x is +^® or — ”, 
fo r® p r* 

J-ooJ ^ 0(^)cosi«^cost/a5df iZiA==F 1 ^1 ^ 0(£)sin w^sinwxrff 


=7r^(— «) or TT^W, as a; IS +” or — ” (3) 

Hence from equations 1, 2 and 3, whether x be +” or — ^®, 

J I ^(i)G 08 u^cosuxd^du='ir{(p{x)+^(—x)} 
and J I ^(^) 8 mi^^smMa;d^du=x{^(a?)— ^(— a?)} 


By addition, 

r ^eo 

«,J ^ 0(f) ^^=2x^(2?), 

which IS Fourier’s Formula 

1638 For +^® values of x it follo\^ s that the graph of 

only diffeis from that of y=<pix)f in that all the ordinates 
of the latter are increased in the ratio 2x 1 
Similarly for — ” values of x 

1639 A Remarkable Application (Beitrand, Calc Int , p 238) 

f* r* TT X 

If in the formula <p({)coBii^coauacl^du=:-^</}(a;) oi 

as jr IS +*• or we put wheie a is +’• , and since 

/;e-fcoBK)rf^=^. 

we have jf or according as ^ is +’*or 

(Art 1048) 
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PROBLEMS 


1 Find in a senes a function of penod 4a which shall be equal to 
a + x from a;=» -2a to a;®0, and equal to a-® from x=^0 to fl: = 2a 

[TBI^ Coll , 1881 ] 

2 Expand in a senes of cosines of multiples of x between ir 
and - v What will the senes so obtained represent for other values 
of a;1 


3 Find a senes of sines which shall be equal to kx from xaO to 
x=>ll2, and equal to k(l - x) from «== Z/2 to « = Z 

Find also a senes of cosines to answer the same descnption 

[Ox II P , 1900 ] 

4 Expand x{jr - x) in a senes of sines [Ox II P , 1900 ] 

5 Find a senes of sines which shall represent nhr/l from x^O 

to x=^lln, h from x^l/n to x={n-l)lln, andt 7ik{l-x)ll from 
«=.(» - l)Z/n to «= Z [CJoLLBoas, 1878 ] 

6 Trace the locus of the equation 

y W’ra nirx 

— 5-^ sin -^sin-jr- 
c 2c 2c 

[St John’s, 1884 ] 

7 A function of x is equal to x^ for values of x between x=0 and 

and vanishes when x is between Z/3 and I, express the 
function by a senes of smes, and also by a series of cosines of 
multiples of Traj/Z Draw figures showing the functions represented 
by the two senes respectively for all values of x not restiicted to lie 
between 0 and Z Whiat are the sums of the senes for the value 
*=Z/21 [7.1899] 

8 Show that 


log cosec a; = log 2 + cos 2a: + J cos 4a5 + J cos 6a; + 


and deduce therefrom 


+ - cos 2 tub +• 


iO<x<v), 


(a) j logsin'cdaj^^log ( 6) j^cos27W!logsma;dc= 


9 Prove that 

, 2c2 ^ 4d f , nirc mrc\ nwx 

y*=33 t| T 

represents a senes of circles of radius c with their centres on the 
a^aois at distances 2d apart, and also the portions of the axis exterior 
to the circles, one circle having its centre at the ongin [7, 1893 ] 
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10 Find a senes of cosines of multiples of vxll which shall repre- 
sent a function which is equal to x^l4:a for values of a* between 0 and 
Z/2, and is equal to (I- xY/ia when x is between 1/2 and I 

What does the senes represent for values of x not lying between 
0 and 1 1 [Colleges, 1892 ] 

11 Find a Founer senes to be equal to between ±c, and 

trace the locus 6\ rtx 

12 Show by evaluation of the integral that 

2 fA . Binqb-sinqa\ , 

-J^singr(-+tana 

is the ordinate of a broken line running parallel to the axis of x 
fiom a;=0 to and from aj=6 to aj = oo , and inclined to the axis 
of X at an angle a between x=a and x^h [Math Tbip , 1883 ] 


13 If f(x) = '2A/ismnirxll and /'(fl;) = J?o + ^j5nCOS7tJraj/^ for all 
values of x between 0 and Z, prove that, provided f{x) be continuous 
from aj=0 to it«Z, 

5n«=y^» + f{(-l)V(0-/(0)} 

Wnte down the corresponding formula if f{x) be discontinuous 
for the value x^a which lies between 0 and Z [Colleges, 1896 ] 

14 Prove that the locus represented by 

/ _ i)n-i 

X 5 — sm nx sin = 0 

It" 

IS two systems of lines at nght angles dividing the coordinate plane 
into squares of area [Maih Tkip , 1896 ] 

15 Show that the equation 

y=- + *_^{eos^{iB+y)+icos^(®+y)4-^co8^(a!+y) + eto j- 


represents a staircase formed of straight lines of length a, starting 
from the ongm and parallel, alternatelj, to the axes of y and x 

[St John’s Coll , 1881 ] 

16 If /(^) be a finite function of 6 with the period 27 r, show how 
to find a function which, in the space between two concentric circles, 


18 a fimte and oontmuous solution of the equation 1^+^= 0 with 

By® * 
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the value /(^) at the point of the outer circle 
IS 0, and the value Jife/o at every point of the 

[After transformation to polais, 


whose polar coordinate 
inner circle 

[Math Trip , 1896 ] 


00 ^ 

M = ^0 + ^ COB + ^ (C^f^ + /)„, -«) a,n ^ 

may bo taken as the solution of this equation ] 

17 If y be defined as coincident with y=iB from a=0 to a!= 7 r/ 2 , 
y=T/2 from x-vjl to !i!=3jr/2, y = %r-a, from a=3ir/2 to !B=2jr* 

and be represented by a Fourier senes of form y = A„-ir^ 

show that T ’ 


2 ■^ co8(2j>-l)a l<^cos(47r-21ii 

8 7r4' (2;»-l)» (2p- l)s ’ 

and draw a graph of this senes when x is not restnoted to he between 
0 and 2t 


18 Prove that the senes 


+ 12- 


'I Jo 

IVjtZ j*^ 

Ue 


o^~2 — — -r* 


IS equal to /(x) between the limits * = + f and a = - i , and tiace the 
curve lepresented by the senes for values of x outside these limits 

[Math Te» , 1885 ] 

19 Find by Founer’s method a function of x which «>m11 be equal 
to-fl froma:=0 to sr-a, and equal to -1 from toa:=.2a, and 
SO on alternately 


20 Two uniform plates of the same substance and thickness a are 
HI contact The outside surface of one is impervious to heat, and 
that of the othei is kept at zeio tompoiatuie It can be shown that 
if one slips over the surface of the othei with constant velocity t>, the 
friction per unit of aiea being F, then at any time I the temperatures 
of the two plates are given by 

FV r _ ( 2 n+l)VC»< 

+ cos(2«+1)JH. 

Ft, f (Sft+Dvw 

e,^j^[2a-x+XA^,e cos(2«+l)g|, 



740 


CHAPTER XXXV 


respectively, at a distance x from the impervious surface, where J, 
(7, c are certain constants Show that, if when t = 0, ^ is zero every- 
where, the coefficients ^^n+i given by 

[Math Trip III , 1S84 ] 

21 Deduce from the result f e“^*coB2bxdx = jjr^e''^, or other- 
wise obtain the result 


^ + e-(« - a)* ^ - (*+o) ^ g - (*- 2o)» ^ - (»+2o)* + etc 

A ^Tra; ^ 47rZ - 6irX \ 

= — 1 1 + 2s “cos 1- 2e ® cos — + 2e cos — — + ) 

a \ a a a J 

[Math Trip , 1887 ] 

22 Prove that the equation 

TT^ 1 1 12 2 

= - cos i (a + y) cos ^ (X - //) + ^ 008 g (* + y) cos g (a - y) 

13 3 

- 32 cos ^ (aj + y) cos ^ (a? - y) + 

represents a senes of circles of radius t, and trace them 

[Math Trip . 1885 ] 


23 Show that if all effects of atmosphere be neglected, then the 
intensity of daylight at a given place at t o’clock true solar time at 
an equinox will be 


ri 1 irt 2] 

1 irf 

1 2irt 1 3trt n 


irT®‘®'6" 



where I is the intensity at noon Examine the values of the above 
expression when ( 1 ) i = 0, ( 11 ) f = 6, ( 111 ) f- 12 [Math Trip , 1884 ] 

24 Prove that if 

n/tt f(p) = n/2 I <f>(x) sinpaj dx, 


then will 




25 Show that, if I!t(x) s j —da;, then 

1 f * 

-I {e9^jSt(~qx)’-’e~^M(qx)} Bin jpxdx 

2 Jo 

= 11 ^ {eP>Et(-sz) + erv>JSt(ga!)}coBpzdx= 


[Math Irip , 1884 ] 
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26 Find two harmonic senes, each of which shall be equal to 

hx/a from x^O to x—a, one containing only harmonic functions of 
the form sin 2nrxla and the other those of the form cos »ira/a, where 
t IS any integei Trace the complete curve given by the harmonic 
senes m each case [Math Trip , 1876 ] 

27 Sum the senes mcos ^-^®co8 3^ + ^®cos6d- ad vnf, 

m being < 1, and prove that it always has the same sign as m cos ^ 

Trace the cuive 


r aa(cos a cos ^ - -I cos 3a cos 3^ + ^ cos 5a cos - ) 

[Maih Trip , 1878 ] 


28 Express the doubly infinite senes 


MVOO nasoo 

mal 


n 


COS mx COS ny 
mn (m® + n*) 


in the form of a singly infinite senes of cosines of multiples of y 

[S H Problems, 1878 ] 

Exhibit the result in the form 


2 [{<^ (») log 2| cosh «» 

-^log2 + ij^ sinh n(x-u) log cos | dwj 
29 Deduce Fourier’s formula 


</> (f) cos w (f - a;) df du 
ula 

2* W = 5 <l>(0 dS + 7 2* jl, ^ «) oos^ (^ - X) di 


from the formula 


[Poisson See Todhuntbr, I C , Art 332 ] 


30 Examine the limiting form of the curve 

y=ii| cosw(v-a?) vdv^ 


when being positi\ o, tends to a zero limit 
31 Prove the two formulae 


cos m du 


/w-II 

2 f" f* 

f{x) = - I sin XU du 1 f{t) sm ui dt, 
^Jo Jo 


[Db Morgan, D C ,p 629 ] 

f /(Ocostdd^, 

Jo 


and point out the distinction between the two expressions for /{x) 

[St John’s Coll , 1881 ] 
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32 Show that for all values of x between - b and b, 


2 f“ 

F(x)’-F(’-a)=-\ sin«Mdtt| i\y)miv>ydy 

^Jo J-ft 

[St John’s Coil , 1881 ] 


33, If a uniform hoiizontal bar, both of whose ends are fixed, be 
so displaced horizontally in the direction of its length that initially 
one half is uniformly extended and the other uniformly compressed, 
and then let go, prove that the displacement y of any particle x at 
any time t will be 


8wZ 


TO 


(2»TT7 + 1 ) ^ 


22 being the length of the bar, the middle point being the ongin and 
nl the displacement of the middle point 

[The equation detemuning these vibrations may be assumed to 

be ^ suitable foim of solution of this equation is 

y = 2 CVn 008 Twa; cos wiaZ 

Or more generally, for an equation of type y is 

of the form 


A +5z+(?Z + I>a^+jB'?/ + /^* + 22iSin {n{at-x) + a) 

+ Sir sin {n{at + x)-\-P} 

with certain conditions (See Forsyth, D Eqmtton ^ ) We are to 
have t/«=0 for all values of i when z«db2, and if 2 = 0, y^n(l-x) 
fiom fl: = 0 to a; = Z, and y = n(Z + ®) from »= - Z to » = 0 ] 


34 A stream of unifoim depth and of uniform width 2a flows 
slowly through a bndge consisting of two equal arches lesting on a 
rectangular pier of width 26, the bndge being so broad that under 
it the water moves uniformly with velocity U Show that after the 
stream has passed through the bridge the velocity potential of the 
motion IS 


a-brr 2a27 

a Ux-\ j 

a 


^ 1 lirb tiry - “ 
^.-jSin — cos— « ® 
a a 


the axis of x being in the foiward direction of the stream and the 
origin at the middle point of the pier [Math Teip , 1878 ] 


[The equation for <l> is ^ 


0, and we are to have 


^ U when a is infinite, 2^ = 17 when z= 0, 
vx a ox 
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except from y = - 5 to y = where ^ = 0 , 
and a suitable solution of the equation is 


0 , also ^ ^ when y =* dba, 




w “ 1 

36 Show that ^ sin (2jp + 1 )aj sin (2jp + l)y repre- 

sents the foul sloping faces of a legular pyramid built upon a 
horizontal square base of side tt units, two sides coinciding with the 
axes of cooidi nates, the height of the pyramid being v/2 units 

[Todhuntkb, J O , p 304 ] 

36 A membrane is uniformly stretched upon a square frame to 
which it IS attached along the edges The centre is displaced slightly 
through a small distance Jc perpendicularly to the frame, the form 
being that of four planes passing through the edges of the square 
and a common point above the centre The side of the square is a 
The constraint is then lemoved The equation to determine the 

subsequent vibrations is ^ and a solution suitable 

for such a case as the above may be assumed to be 

. nv(Q-^a) nr(y + a) 
w^zAn » cosy^sm — \ •' sin — ^ 

•aft 2(1 

the origin being taken at the centre of the square and the axes 
parallel to its sides, t being the time measured from the instant of the 
removal of the constraint, and n and ? being integers Also it will be 
noted that ±a and y=» ±a will each give = 0 foi all values of t 
Pro\e (i) = + (ii) that w and ? are odd, 

(ill) if (iv) = 

and 

1 (J^^ l)7r(a +a) (2i + l)7r(y + a) 

37 The Axed bounchiiy of a memlnanc is a square, and the centie 
ot the membrane is displac(Ml perpendicularly through a small space 
k, the membrane being made to take the foim of two portions of 
intersecting ciiculai cylinders Taking the same general form of 
solution as befoie of tho equation for the vil)r<itions when the con- 
straints are suddenly destroyed, prove that n and ? are odd integers, 

and that 128^ /n® + ?a . nr i 7 r\ 

ft — ftvftl 2sm •; sin , 


. _ 8/ / 4 \ 


[Mai II TuiP JII , 1886 ] 
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MEAN VALUES 

1 640 We next exhibit the application of the piinciples of the 
Integral Calculus to the calculation of mean values This sub- 
ject and that of Chances to be considered m the following chapter 
a.re wide, and the devices and artifices numerous The general 
principles and theorems are however but few, and the pioblems 
a.rising depend for the most pax t directly upon the fundamental 
defimtions A considerable number of illustiativo examples 
are appended to illustrate the moie impoitant modes of 
procedure in the application of the Calculus, and also in the 
evasion of the necessity in some cases foi absolute integration 
Many of these ate fully worked out, others are left for the 
reader to complete the details of the integration when it is 
not necessary to supply them , for it is in the formation of 
t^he proper expressions to integiato and in the assignment 
of the coirect limits that difficulties aiise rathei than in the 
subsequent mechanical pi ocess of evaluation 

1641 Def The quantity ^{a^+a^+ +at) 'la defined as 

the Mean Value of the n quanhHes ag, an, supposed all 
f the same hind, n he%n(j a iimte number 

This IS the quantity known aiithinetically as the " arithmetic 

mean’' or average value It may be wiittcn as -2(a), and 
denoted by M{^a) ^ 

1642 Combmation of Means of Several Qroups 

If theie be seveial gioups of quantities of the same kind, 
VIZ (aj, (tg, dp), (6i, hg), (^, c,), of lespective 

W 
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numbers jp, q, 9 , etc , and M{a\ M(b), M(c), the respective 
means of the groups, then the mean M of the whole set is 
.^__S: (a)+S(?))+S(c)+ _ pM (a)+ qM {h) + tM (c) + Sp M (a) ^ 

p+q+r+ Jp+ 7 +^+ 

which IS the same foimula as that foi the ordinate of the 
centroid of weights jp, < 7 i ^ » placed at points whose ordinates 
are M(b), M{<)j etc 


1643 Mean Values of Products two and two, etc 
Let theie he a group of ti quan titles of the same kind 
Egg . 220/^ _ 1 Xgg 91-1 Xcmt. 

Hence {ir(a)}»= 5 itf(a®)+^J/'(cM«.) 


Similaily 

(Say Sa' .3Sa,^,. SSata/x, _ZSa^ 2«_1 ^ 

~ ■*" )t3 fli « w n « 

Wo may note that when n is indefinitely laige, the mean of the products 
of pail SIS the sqmue of tht, mean of all quantities , and the mean of the 
products three at a time is the cube of the mean of them all 

These rules deteimine the mean values of the products, two at a time 
and three at a time respectively in terms of the means of the original 
quantities, of their squaies and of their cubes 


1644 Extension of the Conception of a Mean 

If the nuniher of the quantities 0^, ct^, etc, be very large, 

and their sum very large, the fiaction iSti tends to take the 

form 00 /oo In this case suppose the several quantities 
«!, oj, etc, to be the equidistant oidmates of a continuous 
cuive y=^(®) corresponding to abscissae 

x=a, a+h, a+ih, a+{n-l)h^h, say 


Then the mean is 

which may be written as — l)A}/ 2 /i, which 

when n is indefinitely increased takes the form 
? ^(v)d/€l{h- a) 
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It IS assumed here that the several quantities cLi, ccn 
are such that no two consecutive ones differ by a finite 
difference when n is indefinitely great, but that the curve 
y^<l>(x) IS one in which there is a continuous change of 
the ordinates between the limits considered Otherwise the 
integral expression would be meaningless 

1645 Geometrical Meaning of the “ Mean Ordinate ” 

It follows that the value of the mean ordinate, taken for 
equidistant and indefinitely close ordinates, is lepresented by 
the area bounded by the curve, the as-axis and the teiminal 
ordinates divided by the proiection of the curve upon the ic-axis 
That IS the mean ordinate PN of a curve PiQi, between the 
initial and final ordinates N^Pi. is such that the aiea 
is equal to that of the rectangle where 

FQ is drawn through P parallel to the aj-axis (Fig 476) So 
that as much of the aiea of this figuie lies betw^een PO 
and the curve as lies between PF and the curve 



1646 The Case when the Quantities are Functions of Several 
Variables Nature of the Distribution 
If the quantities be functions of seveial 

variables, first say of two, x and y, let us considei ctp to 
be the z-ordmates of a surface z=<p(Xf y) Let the plane 
x-y be imagined ruled by lines 8x apait paiallel to the 
y axis, and by lines S\j apait parallel to the as-axis Let one 
ordinate z, viz ^(o;, y), be erected at the corner y nearest 
the origin of the elementary rectangle 8x, 8y, and let the same 
be done at each oi the comers nearest the origin of the 
remaining net-work of elementary rectangles Then we shall 
understand by the “ mean \ alue ” of z the limit of the fi action 
whose numeratoi is the sum of all these ordinates and whose 
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denominator is their number, or, what is the same thing, 
JJsf cfa dy JJrfa; dy, ^ e the volume bounded by the x-y plane, 


the surface z=^{x, y), and cylindrical surface bounding the 
portion of the surface consideied, whose generators are parallel 
to the 2 J-axis, divided by the projection of that portion upon 
the x-y plane It will be observed that the nuTriber of these 


ordinates is measured by 1 1 c&c dy, that is the area oi the 
projection described 

And if there be three independent variables, so that 
16 =^ (a?, y, we shall understand in the same way that by 

the “mean value” of u is meant JJJu da; dyd2;y^JJj*da5dyd2!, 
and the number of cases is measured by 


similaily if there be a greater number of independent variables 
And as before it will be noted that it is assumed that no two 
contiguous quantities of the group considered differ by a finite 
difierence when their number is infinitely great That is 
to say, that unless some other distribution of the various 
quantities etc, is expressly notified, the distiibution 

m the case of two independent variables is that in which 
there is one oidinate to each of the elementary areas SxSy, 
which go to fill up the area on the x-y plane which may be 
bounded by the prescribed limits of the summation , and that 
for three independent variables the icgion through which 
the summation is to be effected is divided into equal volume 
elements Sx 8y Sz, and that this summation is to be taken for 
one value of tt, viz (p(x, y, z), foi each element of volume 
Stc 8y Sz 


1647 Other Systems of Variables 

Of course the elements of area and of volume expressed in 
the Cartesian manner as SxSy, or as Sx Sy Ss respectively, may 
be replaced at will by the corresponding expiessions o SB Sr 
or 7^ siaO SB Sy> Sr, if woik in polar coordinates be indicated 
as more convenient for the problem under consideration, or 
by the conesponding elements for any othei system of 
coordinates 
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And if theie be more independent variables than three so 
that we fail to interpret the summation by geometry of two 
or of three dimensions, we shall stiU understand the mean of 
the function * 3 , a^) to be 

flf ^/IJ K'*®* d^, 

and the number of cases to be measured by 

when the limits have been properly asciibed so as to effect 
the summations in the numerator and denommator for all 
values of the independent variables included in the compass 
of the summation to which the “mean value” refeis 

1648 Nature of Vanons Distributions 

It will be manifest that in the case of a distribution of an 
infinite number of quantities such as the ordinates of a curve 
or ot a surface, and whose mean is required, and which have 
so far been taken a? equally distributed along the ay-axis m 
tho one case or over the x-y plane in the other, if this equable 
distnbution ceases to hold good it will be necessary to form a 
clear conception of the nature of the distribution which is to 
be adopted It will make this 
mattei obvious if we take a simple 
example 

Consider tho problem of finding 
the mean value of all focal radii 
vectores of an ellipse Usually we 
should understand this to mean 
that if -4 , jB, (7, jO, be indefinitely 

close points on the circumference and S the focus from which 
the radu vectoies are drawn, then the mean is to be taken 
for all the radu vectores such that the successive angles ASB^ 
B8G, G8D, etc , aie all equal infinitesimal angles SO In which 
case, r being the radius vector for an angle 0, the mean value 



But it might bo that the successive arcs AB, BG, GD, are 
to be taken as equal, or that the successive a/reas are all equal. 
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or that the successive points Ay By G, D, are defined by an 
equable distribution of the feet of then'll oid/i'natea upon the 
ic-axis, 01 other conceivable distiibutions may be adopted 
The mean values m these cases aie lespectively 


jrtfoy'Jds, Jr 



and the several results are obviously not the same 


1649 Density'’ of a Distribution General Remarks 
It will appear therefore that in each case the nature of the 
distiibution, or, as it may be called, the “ Density,” must be 
carefully defined This is of pnmary impoitance 

When the distribution is one in which the angles between 
the successive radii vectores are equal infinitesimal angles, as 
in the case cited, they may be desciibed as equally distributed 
about the origin from which they aie drawn This is the 
usual case 

In the same way, in three dimensions, when a distribution 
of radii vectores drawn horn an oiigin to a surface is said to 
be ** equable,” we shall understand this to mean that a unit 
sphere having been drawn with centre at the origin, and its 
surface having been divided into equal elementary areas, one, 
or the same number of radii vectores, passes thiough each of 
these elementary areas The mean value of r will then be 


IJr sin 6 ddd^l^^Qux 9 dO dip oi where Sta is the 


elementary solid angle subtended at the origin by each element 
of the surface 

If the surface itself be divided into equal elemental y areas 
SS, and the same number of radii vectoies pass through each 
such element, the distnbution may be called an “equable 


surface distribution,” and the mean value will be 



If radii vectores be drawn from the ongin to points within 
the region bounded by a given surface, it is usually under- 
stood that they are drawn to equal elements of volume. 
The mean is then 


r®sin0(i6d^dr||Jj"r®sm0d6d^eir, 
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1650 Illustrative Examples 

1 F%nd Hhe mean distance of points on ike ctrcnmference of ike dhpse 
from a focus, ike density of ike distribution being defined as one in wkick 
successive pairs of points subtend equal angles at ike focus 

Taking the equation as 2r-^a»H-ecos 6^, we have, b being the seini- 
niiQor axis, 

frdO 2z[ (l+ecos^)“^rf^^ 

M{r)^i 


/' 


dO 


2ir 


■i * [un-.rV5i!««|)T-- 

TT ^i_e2L 2/Jo IT 2 


JJdffdr J, 


rdb 


2irh 2 


2 Find ike mean inverse dMtance of poivJts unikin an dhpse from ike 
focus, ike distribution being an equable areal one 

/,x ff- rddd, 

Heie 

jjtdedt 

Of b being the semi-axes 

3 Find ike mean distance of a point wiikin an dlipse from a focus 

[Collxoxs a, 1886 and 1879 ] 


Aiea Aiea irah a’ 


Here Jf(f) 


jjr rdddr ^ r f’ 

3vabJo Sirablo (l+ecoa 


t (H-ecos6y)^ 


J Jrdffdt 

&> 

2P 1 « ,1 7r\_ P 2+e« 

“3ira6(i_e2)4r''' 2 2/~3a2 


4 Find ike mean distance of points vnikin an dhpse from ike centre 

[Collpc es a, 1886 ] 

Here, measuring 6 from the minor axis, 

=~x(Penmeter ot Ellipse) (Art 567) 

5 Find ike mean of ike distances from one of ike foci of a prelate spkeroid 

to points wUhin tke surface [WoLSTK^ holme, Bduc T%mt% ] 

Taking 1 -f-ecos S as the generating ellipse, 


Jf(r)= 


f f fr r*Bindddd<l>d? a urn a 
JJJ 2w P r sinj9 

Volume “Vol 4 Jo (1+ecoaO)*^^^ ^ 
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6 A jparUde deaonies an tUtpte about a centre of force %n Ae foeue 8 


Shou> that tfa mean iietanee from 8 vnfh regard to tme m a^l 

tn \ */ 


dd 

If i be the time, then const foi equal sectorial areas are 

desciibed m equal times 


[ftP] 




/“ 





7 Fvnd ihi mean value of r~^ vnlh regard to time under (he same etreum 
stances /■ i 

A?.ri 1 

* fai /«« ® ^ “* 


8 Show ihat the mean distance of points tuiUhin a square from one of (he 
angular points is to a side of the square in Uie ratio {^/2 + ^ojr (n/ 24 - 1 )) to 3 
Take OA, OG, aides of the square OABC, as coordinate axes We may 
confine our attention to points 'within the tiiangle OAB without altenng 
the result Let a be a side of the square OP=r Then (Fig 478) 


M(r) 




§aj^ sec®^cf^»|{>/2+log(>/2+l)} 




Fig 479 


9 Find the mean distance of a point within a rectangle from the centre 

[Ox II P , 1885 3 

Taking 2a, 25, 2d as the sides and diagonal, and axes paiallel to the 
sides through the centie (Fig 479), 


Jf(r) = 


/i 

//' 


r rdOdr 


h 

U tau”! ” /■ten— ^ T 

“a®sec*dd^+ 6*aec®6'd6^J’ 


■ten-iT 


rdddr 


3 Aiea 


la*fd 6., d+61 16^/d a., d+a\ 

-6 ns l+eaU 6+l°«-5-| 

d , d+b 6*, d-\-a 

“3+65‘‘'8— 
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T^w w also obvi<m«ly the leault foi the mean distance of a point 
wiUun * m>Un«le of wdea a, 6 and diagonal i from one of the an^lar 




10 tht nmn dtHance o/po%ni$ on a tphmcal mrfaee from a fixed 
potnt O tm. the eur/aee/or an eqiuMe ewfaee deembuiioa of radn veetorea 

Hem «(r) -/r<w/j<LV, where d» « an element of the surface, and 
With th** notation indicated in Fig 4H0, 

"« rr SotoHfl ia(l9 a»in2drf^/4ir«»=ieir(»»/12n'o*=4a/3 

n I'tnd fftemmemejmforadutrtbuttonofradteveolortsegwAludiri^ 
*n (iW dvreetton^ Jr^m O 




hdto . .Z .. 
M(r) •' J [ f 
jdu, '• 


»in $d$d<l>:=ia 




VZ Truingkii arr drawn on a given base a, and with a given verUcal angle 
a Find the averoife area [SanjIka, Sdw Twite ] 

Ia'I a he Urn vottnx, BO Um liaaouiai 0 the cucumcentre, OA^B, 
making ati angln 0 with a |mi (Xiiidioulai to tlie base Then JRea/2 sin a 
Thf |mx iM^ndicular fiom A upon BO iR(co8 6l+coHa)t and if the mean 
lie for an oquable distnlmtion of posiUons of OA^ (Fig 4B1), 

M{/\AB<}) i««[’ ‘{rostf+«wa)(<d/[''‘d«l 


1 aH 

2 ir a 



< 08 a 



aV 1 
4 \tana 


hJL) 

TP -a/ 


13* (<i) A person utUfia truingular piece of ground whose penmekr only 
u known / sheno that he may fairly cakulaie that the area is to that of a circle 
whose ntdtus u the known perimeter as 1 105, sides of aU possible lengths 
keing rtiuaUy likely to occur [Math Tripos] 
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(&) A stmvght Une of length a ts broken into three porta ai random If the 
thru porta canbe formed into a triangle, find ita mean area 

[St JoH^’8 CoLii , 1881 ] 

(a) and (6) are the same prohlein 

Let OA be the line, P, Q the random points of division, P being the 
nearer to 0, 00=y, OA — a Then 


Q SC p y-x Q a-y a 

Fig 482 

The Lmits of integration are to be such that 
(i) ^+(y-^)<(a-y), (ii) (y-^)+(a-7y)<t r, (in) (a-j^) + r <^(y~ir), 

So the limits die, for y-| to 
for to a Now putting a — y—h, 

Therefore writing y=:5+«, 

AUo j’|<fa<ly=£’(o-y)(iy=^, 

^ f 

if(A)=^=^ of the area of a circle whose radius is a 

1651 The Hean Inverse Distance considered ba a Potential 
Function 

In problems on the mean value of tlie inverse distance 
between pairs of points, much labour of integration may 
often be avoided if it be recognised that such problems are in 
fact problems on the mutual potential of two gravitating 
systems of material particles 

The potential at any point P of a system of gravitating 
particles of masses Wg, m 3 , etc , at distances r^, fg, rg, etc , 
from P IS defined as 2m/r 

The Mutual Potential of two giavitatmg i^stems of masses 
of two separate groups (mj. ) an<i (»»,, m^', m," ) 
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18 defined as where lepresents the distance 

between and etc 

But if the particles be particles of the same group, the 
mutual potential is [See l^uth, Attractions, p 29 ] 

1652 Theorems m Potential reauired for the Problems to be 
considered 

In the case of a spherical shell of mass M, the potential at 
an external point at a distance r from the centre is M/r But 
at an internal point it is M/a, where a is the radius 

In the case of a solid sphere, the potential at an external 
point at a distance r from the centre is again M/r , at an in- 
ternal point ^^(3a2— r^), M being in each case the mass and 

p the uniform volume density 

The potential of a thin rod AB at any point P is 

m log cot iPAB cot ^PBA, 
m being the mass per umt length = mass/length 

These integrals are all well known, and are useful in the 
present class of problem Many other cases will be found in 
South’s Atkactions 

1653 Suppose we are to find the mean of the inverse distance 
between two points P and Q, of which P hes on a spherical surface 
of centre C and radius a, and Q hes in any other region R which 
lies entirely unthovt the shell 

Let dS be an element of the sphencal surface, dR an ele- 



Suppose the surface and volume densities to be unity, and 
let PQ—p Then 

of B at C 
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I£ any portion of R lies within the shell, let S, and 
be the masses of the portions lying respectively within and 
without the shell , Q and Q' two points of the region R, the 
one outside, the other inside the shell Then 


ttdS dR t 

(dS dR, , 

CfdS dR. 

Jj PQ ~J 

) ?« + 

JJ PQ' 


potential of R^ at C+S ^ 



Hence M^^)=^‘[potential of Ro at 0+~J' 

(See a Theorem due to Gauss , Routh, Attractions, Art 70 ) 


If R lies entirely inside S, Ro—0, R^=R and M 



1 

a 


1664 Examples 

1 Find (he mean inverse dtskmce between a point P which lies on a 
spherical surjace of radius a, and a point Q which hes on a oircular disc of 
radius h, whose plane passes (hrough (he centre of (he sphere, and (he disc 
lying (i) entirety w%(hout (he sphenccd surface, (u) entxretiy w%(hin 



(i) Let 0 be the centre of the spheie, p the distance between a pair of 
the points Then we ha-ve 

potential of disc at 0 
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If outlie distaoce between the centres, this may be expressed as 
1 /■ 2 » h(h-cQo^d)d$ 

^'o ‘Jbi-2bceoa6+f<^' [Math Twp , 1884 ] 

hJ- 

(ii) If the disc he entirely within the spherical shell, we have at once 




2 Fvnd ihe mean inverse distance of two poinis P and Q, <me within a 
sphere of centre A and radius a, the other wUhin a sphere of centre B and 
radius h, the centres being at a distance c apart (c > a+&) 



If F, V* be the respective volumes, PQ==pf 


„/l\ /(potential of F at 0)rfF' jf^dV' 

^\p)^ — FF — W* ° ff T-- 


1 rdV' 1 IF' 

*riAQ'"T 


1G55 A Usefol Artifice 

Let Ml represent the mean value of any function of the 
distance between two points, one ficed on the boundary of any 
region, the other free to traverse the region Let be the 
mean of the same function when each foint may traverse ihe 
regwn Then either of these quantities may be deduced from 
the other 

Let A be the aiea, or F the volume of the region, according 
as it be of two or of three dimensions 
Let R stand for A or F as the case may be Construct a 
parallel curve or suiface by taking a length in, (a constant) 
upon each outward drawn normal, thus making an annulus 
or shell round the oiiginal region (Fig 487 ) 

By this increase of the legion it, Af 2 is increased by the 
cases m which one or other of the points lies m this shell, oi 
by both lying in the shell 
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The nufnber of cases to be examined m finding Jfg is 
measured by JR* 

The mm of the cases is measured by 

The increase in this sum due to the increase of the normals 

from n to n+dm, is dm 

Again, the number of cases added by taking one eni of the 
line on the shell and the other free to traverse the region it 
encloses, is measuied by J? 8dm, where 8 is the perimeter 
(or the surface, as the case may be) of the region The same 
IS true if the second end lies in the shell and the first is free 
to traverse the bounded region, whilst if both ends lie on the 
shell the number of added cases is measured by (8 dn)* 

Hence dn=2Mi R S dm.+ dmf , 

and as the second tei m on the right is a second-order infini- 
tesimal, we have in the limit when dm is indefinitely small, 

by which equation the value of either 

Ml or can be deduced when the other has been found 
This artifice is uselul for circular areas or spherical regions, 
and may be used in other cases 

0 “ 

Fig 487 



lig 488 


1656 iLLTJSTRATiya Examples 

1 (i) Shew that the mean dutance of jHjints tnihtn a circle from a fixed 
point in the cwcwnfercnce^ viz Mi, is 32al9jr, a being the radius 

(u) Show ihat ihe mean distance between any two poirUs vnthin the circle, 
VIZ ifj, «128a/45ir [St John’s Coll , 1885 ] 


Let 0 be the fixed point on the circumference and Ox the diameter 
through 0 r, 6 the coordinates of any pomt P (Fig 488 ) 




*3 2“r,r 

St 1 
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(ii) Again d{(7ra*)-*if,}— 2 Cicada ^=^ 7 ra*£to, 

9ir 9 

and Mx vanishes with a 


and Jf,=^ 
45 457r 


2 (i) Find Ml, the mean distance of a potnt <m ike surface of a apkere of 
radius a from internal povrUe 

(u) Find Mx 9 ike mean distance }>elxoeen two points wtikin a sphere of 
radius a 


(i) 


Ijjt jSfain 

ill' ^emddddpdt 


4iro'* * 


Sir 


cos^ dsin 0d6^^ 
0 5 


(u) d{(^7ra*)>Jf,}=2 Wda 

and Mj vanishes with a , 

and 


3 Mean distance of points wiihin a sphere of radius a and centre G from 
a given external point 0 , OG=>c 

Let OQQ* be a choid through an internal point P, whose coordinates are 
1 , Q with lefeience to Oas oiigin, and let <^be the azimuthal angle of the 
plane OOP Then 



Let QQ'—Sz , then 

sin^ 6, z dz^ - sin ^ cos 61 = - J {OQ +0<?') c sin 6 dd, 

and the limits for 5 aie from a to 0 

4 Mean distance of points upon ike swrface of ike sphere from a point O 
vnOiout ike sphere 

The number of cases in which P can travel se the whole sphere is 
measured by \ira* Theiefoie the sum of such cases is Jira*|^c+g 
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The change effected m this by increasing a to a+da u 

^4’ra*(c+i ^)da=w(c+i ^)do 

The number of these introduced cases is to the first order Aira^da, the 
new cases being those of the points on the shell Hence the mean 

required «=c+5 ^ 

o 0 

5 Ftnd ihe mean distance of aU jpointa P tnthtn a sphere of radius a and 
centre 0 from a fined internal point O , OC—c 

Here Jif(0P)=‘^ J J Jr* Bind d& dtp dr ^J[r*]Bm0dd 

Let QOQ' be the chord through P, AOA' a diameter and BOB' the 

A A 

perpendicular choid Let AOQ—$, AVQ'r^d' We may replace [r*] am 6 
by OQ* am d-i-OQ'* Bind' and mtegrate with regard to d ( = 6^) from 0 to 
~ , for having integrated for <p from 0 to Sir, all elements will be thus 
summed Now 2(fl^+ c*) -dc* sin* ft and 

Oe*+Oe'**(4(a*+c»)*-S(a*-c*)*}-16c»(a»+c»)sm*^+16c*sin‘^ 


Hence 



if(Oi^=^,{(Sa‘+lSa.c.+ 2 c‘)-fo.(c.+c.)+ 16 c« J 

When c=or this becomes 6a/5 

6 Deduce from the last resvU ihe mean distance between two random points 
wiOnn a sphere 

Taking Q for pole and r,, d^t tpi as the coordinates of 0, the sum of the 
cases with a given pomt 0 for an extremity is 


3 L4 ■'"1 a 20 a*J 


Multiplying by and mtegrating through the sphere, 

we have 


Mean value required >=72--;^, ^ira* Sic 2 — +•— — ^ 

^ (W)* 3 14 3^2a h 20a* 

as otherwise m £x 2 


filn 36a 
7j“36 
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^ l>o«ri 0 a •^ejnmpc^ 

* r" T! o' «ten.al points f«>m 0 beinn as m 

the last example, «(a‘+|o‘a«-*e*) w increase by wf4a»+^«?^fc 

^mg the ra*us to «+*, ^e number of add^ cLs X 
order maisured by W At Therrfore fte mean of distenl oftiSl 
on tbe surface from the given internal point 0 is ^ 

ir^4«*+j c*«^A» j 4ra* da=-a+g — 

8 ^ru^oS povntehetw(^ 

o„ a, from, on eoiemal point Fata diJnce c^TZ 



■Takmg Q any po.^ of the shell distant « from the centre, the mean 
value of PQ IS c+^ — , and the number of cases between the spheres of 
radu *. *+& IS The sun. of the cases for this thm shell is 

therefore 4w**4s(e+. Lj . for the sheU of Unite thickness, 

j’''t^irx*(o+\-\das 


4fjrSEf*dv 


6c a,* - flfj* 


9 ^ fts mstm distance of points vnthin a sphere of radius a and 

IT JT*- 

w i> ml « b. ITO .«di po.,^ Q i,„g „a„ a, d„ii, o«., 

Let dF be an element of its volume Then 


4 a/ - tt,® 10 - U]^ 
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In the paiticular cases stated below, we have 

(i) Oi=aj, jr=Oi+~, 

(u) a, = aj=a, 

' ’4 tf,*+o,ai+Oj^ 

6v) fti =«£ a=0. Mi 

a-a («+aj)(7n'‘+Sa/) 

(v; a, -a, „>+aa,+V ’ 

(vi) flri=a = 0, 



Fig 492 Fig 493 


10 Find the mean distance of a point P which lies between Hhe surfaces of 
a spherical sheU of inner and outer radii ai and a^ from a point Q, which 
hes between the surfaces of a concentric spherical shetl whose inner and outer 
radii are bi and 6, (6, > > a, > a,) (Fig 493 ) 

Let 0 be the centre, 0(2=^ Eoi a fixed position of §, 

' 5a 

and the numbei of such cases is measuied by J7r(a/-ai®), and their 
sum by — ^1=^(0?), say Hence when Q is 

L« OSB a^ J 

flee to traverse the outer shell, we have 

u® — c 


Jf(PQ)= 


J 4iraB^ F(a!)dv 




j^TTX^dxx^TT^a^—a^) a^dac 

_3 6/-6iV 3 

"4 6,»-6i*'^10aa®-ai» 6a*- V 


11 Mean distance of points Q within a sphere of radius a, from points P 
on the surface of a second of radius b external to the former 
A and B being the respective centres and P a given point on the 
suitace of the second sphere, the mean of distances fiom P of points 

1 ft® 

within the first =r+r — where AP=r 
5 r 
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4/1 (**\ 

Hence the buna of the cases is measuied by -jT ) 

/|^a^(r+l^*)dS 


are to find foi the second sphere 


j ^ica^dS 



Now j> fl&Sf— 4irft*xmean distance of points on the second sphere 
from i4s=;47r6*^6 + ^ 

and J^sa potential of a shell of unit density at the point , 

. ,a/ 6*\ 47r6» a* 

4n-6«^r+^ ^ j+ ^ g , 1 6« . 1 a» 
mean value i equii ed = - — " ■ " ” ^ 3 "c 6 T 


12 Mean dtstance of two poinU Q and P, <me on each of two epherusal 
swrfaces of rad^i a and h, each outnde the other 
A and B being the centi f=s A }\ the mean of the distances on the 



1 a* 


Buiface of the first spheie fiom P=ar+^ and the sum of the cases is 
measuied by 47ra*^» + 1 Hence, we have to find foi the second sphei e 

M’+S-t)" /■" a./" U. 1.. 

! 


I 


Aira^dS 


'‘’+37+57 


764 


CHAPTER XXXVI 


M(PQ)=' taken through the second sphere 


13 If each of the potnta %n Oase 12 he alhwed to traverse the mterwr of its 
ovm sphere, 

j^ira*d7 

14 Jfean distance hetioeen points P and Q, P lying anywhere within a 
sphere of centre A and radiue a, Q unthin a sphere of centre B and radios b, 
enclosed entsrdy by the first 

Let AB^c^ BP=r First fix P Then 

(i) if P he without the smaller sphere 
1 6* 

-j:* aiid the number of 
such cases is measuied by 

(ii) if Pile withiu the smaller sphere 

the number of 

cases being, as before, measured by 
i7r6» 

The sums of the cases are therefore 



and 


rK’+5?) 

r6»(|j + 


r» >« \ 

15 206*y 


These are to be summed for all positions of P In the second expression, 
P necessarily lies in the smaller sphere and lu the first expression the 
integral through the shell is the difference of the integrals taken through 
the two spheres 

The first therefore yields element 

of volume, ■' J ^ / 


The second yields 


Adding and dividing by the mean value required is 

3o c* ^ 3_^ 

4‘^2(* 20(»»‘''l0a"l0 a> 140 o* 

When e=0 and a= i this reduces to j^o, the result '"Sz 2 
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16 Mean d%8tance PQ, where P and Q l%e, one within a ephere of centre A 
and radws a, and the offur within a sphere of centre li and radiue b, the 
spheres intersecting, where AB =c(> a) 

Let BPr=r Fix P Then, (Fig 407), 

(i) if Plies without the ft-sphoie, the hum of tho <«is< s is iiumhui tnl by 



(ii) if P lies (at P') within the 6 aphoi e, the sum of tlie ( as« h m nioiisiu <•<! 
by |«-i>g6+i whoio » u. now /f/" 




We have now to sum n-Hphmo, omitting the Ions, 

and 

and after addition to divide by the measuio of the whole nnmboi of 
compound cases, viz |7ra* j|7r6* 

Now the integration of any function of the diHtaiKO r of ti point 
P' fiom an external point P, can bo coiiduc tod thiough the logton cm loaed 
by the lens as follows 

Let 7, 7' be the veiticos of the lens (B'lg 498) 'I’hon if t bo diHUtifo 
from 7 of the common piano section of the spheie of ladius a and 
centie A with the sphere of centre B and ladiiis we have 

- - «• (; r)* 

ssc, “ a ’ 


and if r increases to r+d?, the volume of tho lens inrieaHen by 


* «*-(» - 0 )* 
2o “ 


this being the volume of tho added layoi 
Eveiy point of this layei is at the Hanie dmlam e r fiom B Heiite the 

integration of <p(f) thiough tho lens is 0^^ (f <)*}/</» with 
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limits c-a to 6, and for the rest of the o-spheie with limits from b 
toc+a And we have 




Hence 


y"+» 

aH-2'^ ^w+3 n+4j 


> say 


(['r^wr'-T w„4 

The integials [[-T-iJ and [^/o^ are inteiesting fiom anothei point 


of view, and reduce as follows 


7-1 =g^(c4-a-6)®(2a+6~c), and is the potential at B of the 
meniscus FGQ taken as of unifoim unit 
volume density 

^7o J ““ ^ + 6+ c)® - 4(a® - a6 + 6®)], and is the volume 

of the double convex lens 


1657 Mean Square of Distance between Two Points 
Let P and P' be random points m the respective legions 
R and JS', which may be one-, two- or three-dimensional Let 

ff, O' be the respective 
centroids of these regions 
for a uniform mass-dis- 
and the Ime, 
surface or volume den- 
sity, as the case may be, 
be taken as unity Let 
H and H be the moments of inertia with regard to the respec- 
tive centroids, VIZ 2m(?P« and J^m'GF^ Then taking P, R' as 
the lengths, areas or volumes of the regions, as the case may be, 
M(p^)^GO'^+H/R+H'IR 



V g' \ tnbution, 


Fig 499 


For M(p^)=j^PF^dBdS'j^^dBd£', 

and ^PP^dB'=F PG'^+H' , 

(Lagrange’s Theorem, Routh, 4 I 436) 
|jpP^dJl'dJJ=j(J{' PO'^+H')dB=B'{B 00'^-\-H)+H' B , 

also B, , M{p^)=GQ'^J^HIB^H'JB' 
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The values of H and H' are known for many elementary 
cases 

Cor I Centroids coincident, GO'=0, M(p^)=HIR+H'/R 

Cor II (i) Eegions identical, M(p^)^2HIR 

(ii) If the region be a plane lamina, 

H/R=sq of radius of gyration=F , M(p^)=2k^ 

1658 Examples 

] For two ellipses, semi-axes (a, b) and (a', 6'), lying in the same plane, 
0 the distance between the centies, i/'(p^)=!(a^ + 6^+a'*+6'*)/4-|-c^ 

2 Tf 72 and R be the same squat e of side <%, M{p^)^a^lZ 

3 If /2 and W be the same sphere of radius a, within which each point 
may move, Jlf{p^)=6a^l6 

4 If 72 and 72' be the same sphere of radius a, on the suiface of which 
each point may move, M(p^)=2a^ 

6 U P moves on the suiface of a spheie, and jP on a dianietial plane, 
M(p^)=Za^l2 

6 If P moves on the surface of a sphoie, and F on a great circle, 

M(p^)^2aK 

7 If P and P* move one on each of two stiaight lines of lengths 2a, 2&, 

whose centies aie a distance c apait, c^+(a^+6^)/) 

If the lines be identical, if(p^)~2aV3, 

with the same xesult if not identical, but with the same centxe and of the 
same length 


1659 If one of the two points be fixed, say 7^, and P traverses a 
region 72, then taking P* as origin 0 Then 

M(if) = j OI»dR jldR=00»+ JBIR 


1660 Examplps 

1 If U be the centxe of a square of side 2a which P may travel se, 

J/(/o^)=2a*/3 

2 If U be a point at distance c from the centre of a circle of radius a m 
any position which P may traverse, J7(/)*)«c*-f-aV2 

3 If U be the centie of an ellipsoid of senu-axes Of h, o, thioughout 
which the free point may tiavel, i7(/»*)=(a®+6‘*+o®)/5 

If 0 be the extremity of the a axis, M{p^)==aH(a^+b^+c^)l6 


4 If P lies on the circumference of a semiciicle and P' on the diameter, 
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Other^vise — with the notation of Fig 500, 
cos 6+ afl)d$dv 




f f.'"* 






6 If P lies on the ciicumfeieiice of a circle, and on one side of a given 
diameter AB and P' on the opposite semi circumference, (?(?'=* 4 a/ 7 r , 

Sit . J 3 4o*\ 2a» , . 

Otherwise —If 0 be the centre, AOP^^B, AdQ=>^<t>, (Fig 501), 

^ d6cl(l>s=^ {1 — cos (^ +</>)} 

=etc =2tta(ir»+4)/7H 


1661 Mean Power of Distance between two points P and Q 

Examples 

1 Let AB he a given straight line of length a , P and Q two random 
points upon AB, P being the one more distant from A , APs=a, AQ=y 

“JT^/o /q ^<^=2a*7(7H-l)(n+2) 

2 If P hes on the ciicumference of a circle, and Q be at a fixed point 
0 of the circumference, C the centre, (Fig 602), 

? IT 

Jf(0P*)=»2j^ OP" 2ad0/ciicumf (2a)"j%os"0d^=?!^^ 
where ^ (« «M) oi ^ | (neven) 
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3 If P lie within the ciicle, and Q be at 0, (Fig 503), 


wheie 



Fig 602 Fig 503 


4 If P and Q both lie within a circle of radius a, M(PQ*) may be 
inferred from the last result Let M be the result required The 
number of cases is measured by ira^ x rra^ and their sum is measured by 

If the radius be increased to a + da, the increase in the sum 
A 

=-^(Mir^a^)da This increase is brought about by the addition of the 
cases in which P oi Q or both lie on the annulus, and is 


2 27ra<fa wa^ 


—Kq+Zirada Mirada JSli, 


(n+2)7r^ 

the first factor 2 being inserted because either P oi Q may he on the 
annulus, and the second term arises for the case in which both lie on the 
annulus, but is a second-order infinitesimal 
Hence, M vanishing with a, no constant of mtegiation is requixed, and 




2n+6^n+8 


TTjfiTa, 




2»»+«o» 


n+2 (n+2) (w-i-4) v 

[The lesult was given by the Hex T C Simmons, Edtic T%me8j 7943, 
p 120, vol zhii , a different proof being adopted ] 


6 If P lies on the surface of a sphere of radius a and Q is at a fixed 
pomt 0 of the surface, then, (n > 0), 

TP 

lf(OP»)= |’(2acos fl)*2jr(2a8m ^ cos ff) 2a(ifl=2(2o)»/(»+2) 


6 If P and Q aie both free to move on the surface of the sphere and 

n> I, Jlf(P0 »)= j j i^dSdsj I j d8dS= etc =2(2»)"/(«+2) 

[This result might be inferred from Ex 5 ] 

7 If P lies within the spheie and Q is at a fixed point 0 on the siiiface, 

M (OP ^) = 12 (2a)«/(?i -H 3) (n -I- 4) 
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8 If P lies within the sphere and Q be at the centre C, 

(aP«)=3a«/(n+3) [St John»s Coll , 1883 ] 

9 If both P and 0 he within the spheie, proceed as in Ex 4 
Thenif(Pg»»)=2"+* 3»a«/(n+3)(tt+4)(n+6) 

10 If one point lie within the spheie and the other he at a fixed point 
0 without the sphere, let OQQ be a chord through P, C the centre, 

COQ^Oi ® the radius, CO=e, OP=r, 

M(OP»)=.JJJr« t^smfide(l(par/rol =4^ ^3/ (O0'"+*-OC"+*)Bm^ 

and OQj OQ' are the roots of p®-2cpcoa^+c*-a*=0 
For the evaluation of this integral it is convenient to take QQ' as the 
variable when n is odd and 6 as the variable when n is even There are 
two algebraical identities useful in such cases Let ri+t'a=a» 


Then, by putting into Partial Fractions expanding both 

Bides m inverse powers of and equating coefficients of 



Fig 604 Fig 506 

If tn bo odd, the indices of s are all even Substituting for its value 
(i^+4p and expanding each term, the seriee all terminate, and we obtain 

fi" - fi" = + md^*p + d»»-* jp2 + m(m-A)(m ^ 4- (^) 

If m he even, 

- = a” - (w - 2) f(m-tp2 _ 

= (d»+4p)^-(m- 2)ffl+4pf ^' p (d2+4p)~ff=> .. , 

whence, expandmg as before, the senes all terminate and, m even, 

r m |(P»-«+ (m- 2) + ^”*~ ~ + } <B' 

(i) Suppose, for instance, n=3, m=6 Let 00'*=^, 

" 4 ? / *®(®*+^**+^*) ““ ® 
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Also 

a=2ccos0, d?*=4(a*-c’sin*^), 5 )=c*-a*, ^^^a;= -4c*sin0 cos 0 , 

whence s sm ddd’^ — t dil^c, 

and Jf(Oi»)= - 3 ^£ (.•+4^,.4+3^.V)d^=c3^-?<.«c+ A ^ 

(ii) Suppose w = 4, m = 7, 

Jf(OP‘)= T / ^ 

o / sm-*- 

“liS* J * + 14p*j:?* + 7p^) sin^ d6 

Let If^J t^sm $ dd Put P = ^’■ cos a,dx=-4i / sm 6 cos 6 dS, 

^=etc =-(r+l)i''sind-4^>rB'^«8ine, 

Using this reduction formula, we may show that 
J,+7j.I.+14i)*is+ 7l>'Ii=^+2^e 
and finally Ar(OP*)=c*+2a2ca+K 

11 Piwd £/ie Tnean vahie of for aUpowts on a aphertcdl surface with 
centre at the origin and radius a, the distribution being for equal surface 
dements 

1 fw a*** 

27ra8in0 “‘*^=2^+1 

Jf(a,*"+i) IS evidently aeio Foi the values of 5?***+^ for which ^ is 
negative, cancel the corresponding ones foi which v is positive 

12 Find the mean value of (Zai+my+nz)*® taken over the some spherical 
surface 

Changing the axes so that Ix-^my+nz^O becomes the new y a plane, 
Za;+ + =Xs^i*+ +1 and 

M[ (Za;+my +»»)«>] = (P + m» + n»)J» a*»l{2p + 1) 


13 Find Jkf(a 7 ***y*®s**‘) over the same spherical surface 
Ijetp+q-hr^k 

(2iJ)i(2g)'(2r)' 

=coef (J*+»i‘+n*)J! Jx^dS 

=coef (I* +»»*+»»*)'' 4ira**+V(2*i+l) 

4«(^* 

2k+l * 




(2j))i(2g)i(2r)' 

pigl t-l 


a5<P+«+>) 

2 j)+ 22 + 2 r+l 
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14 Fvnd M (Px^^y^z^^) taken over the svrjace oj an elhpeotd of sviperfcial 
area A, 8em%-aat8 a, h, c, where P ta the central perjoendxcular m a tangent 
plane, the dtalrUndton hetng for equal elernents of area. 


|pas-if iJA.. 


where dr is the corresponding saif ace element on the sphere ^ 4 if + = -B** 
we have as the mean value required 


1 o'fiMc"' o6c 
2jta>^w*r 


sj^ii"^d<r= 


fet (2j))U2g)i(2r)i 
(2*)' jijirl 


Att 

WTi 


aMH-ijwrt-icaM-i 

A 


where j)+g+r=fc (See Roath, ^%g Dyn , pp 7 and 8 ) 


1662 Mean Areas and Volumes 

Examples 

1 F%nd the mean value of the areas of all tr%angle8 whtch can he found by 
taking at random three points on the circumference of a circle of radvus B 

A A 

Let 0 be the centre, ABC a specimen of the triangles , BOO « <p 



We may fix A ^ vanes from 0 to Bit - and 6 from 0 to 2ir Then 

/•Sir r2r— 0 

^ I {8m^4-8in</>-8iD(^ + </>)}d^i?<;> 

itf(A4Ba)=f ^S-Ji 37757:; etc =aBV2ir 

LL 

2 Find the mean of the areas of aU acute-angled triangles insonhable as 
in Fa 1 

Here 6<n, The limits are therefore 0 to tt, 

<j>—7r—9 to IT, and the mean »3J2*/7r 

3 Find the mean area of aU right angled triangles inscribed as before 
Take A as the right angle Then fj>^T and the mean »222*/ir, and 

there are the same namher of cases with the same sums if Bor 0 be the 
right angle Hence the mean ~ 

4 Find the mean area of aU obtuse-angled triangles inscribed as above 
let A be the obtuse angle Here ^<7r, ^>n-, 2rr—6—<(><n Then 

the limits for d are 0 and r, and for v and 2 t - d, and the mean == B^/tt 
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6 Find demean area of M tnangha formed by joinmg three random. 
poiMb on a sphere of radma a ^gg, , 

Let 0 be the centre Consider first all the circular sections nomal to 
a given diiection OA Let P be any point on this circle, PN a peipen- 

dicular on OA AOP>= x Then the mean area of all tiiangles inscribed 
m thw circle -3o^sm^ X/®"-. and the number of such triangles is measured 
by 2ir* (Ex 1) Theiefoie the mean for all tnangles peipendicular to the 
Ime OA for equal increments of x w |'?^^dx/’r=3a»/4ir, and the 
mean is obviously the same for all dii eotions of 0^, since the number of cases 
and the sum of the cases is the same for each direction of OA (Fig 507 ) 

A distiibution of different nature, e g for equal inciements of a:, would 
gi\e a diffeient result, viz dx^a^j^r 


Z y . I 

O N 


lig 607 Fig 608 



6 Fmd the mean value of the volume of a ietraJiedron whose angular points are 
four random points on a sphere of radius a (Fig 608 ) [Math Tbip , 1883 ] 
Without affecting the pioblem, we may take a set of bases fixed in 
duettion, say noinial to a given radius OA Let one of the bases be on 
the circular section thiough the ordinate PN Then, as the vertex of the 
tetxahedion tiavels in a ciicular section parallel to the base and thiough 
a second oidinato FN\ the volume remains constant Theiefore lie 
mean volume of the tetiahedron, with veitices on the plane through PN' 
and bases on the piano thiough PN 

=]nN' Let^5p=X„ Abp'^Xe 

The measure NN* of the pei pendiculai height of the tetrahedron changes 
sign as W i^HHOs thiough N To avoid negative signs for the volumes of 
tetrahedia with voiticos on opposite sides of their respective bases, we 
separate the lutegiation into two paits The expression for the mean 
volume lequiiod is then 

I’f} ^^^“(‘■osXs-cosxi)dxidx» 

which, aftei intogiation, gives Kta^l^ir'^ 

The distiibution heio taken is for equal inciements of Xi and Xa 
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7 If P, Qf R he random. povnU on ihe Hhree 9 %Ae 8 BO, OA, AB of a 
tnangUjjifid ihe mean vahtea of the triangles AQB, BRP, CPQ, PQB 

[R Ghastkes, BcUm Times ] 

Let x^yX^, Vu Vi i *i» be the respective 
parts into which the sides aie divided at P, 
Qf JB , A the area of the tiiangle ABO, 

Similaily 

M(££F)=M(OrQ)=^^ 



1663 MiscellaiieoTLS Mean 'Values 

RTAi^n>r.wq 

1 The value of a diamond being proportiontd to the square of Us weigM, 
prove that, if a diamond he broken into three pieces, the mean vahse of the 
three pieces together is half the vahie of the whole dicmcnd [M I’nip , 1876 3 

Let a?, y, z be the weights of the portions, W that of the whole Thea 
we have to find the mean value of wheie x-^-y^z^W Refer- 



ring to Cartesian cooidinates, a;+y4-a=Tf is the equation of a plane If 
do he an element of aiea of the mteicepted tiiangle, the mean value is 


J f ^2o-=(nioni of in with 


respect to the origin)/area 


(the sum of the moments of m about the axes}/area 
Let SjA be the area of the triangle Then, concentrating A at eacli 
mid-point (Routh, Big Dyn , Ait 35), 

Meanvak«-| 3 [^(f J+.l(EJ+^ ^ 
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^ It %8 required to find the mean value oj the inverse distances of points 
on a cvrcle of radwis o, from points on a fixed diameter AB 
Let P be a point on the arc, Q a point on the diameter, 0 the centre 

pbB=&, POA=>e'=ir-9, PAS^tpi, PJ^Am<f>„ PQ=p, OQ=s 
Thentf=2^„ e'=2<i>, (Fig 611) 

r ^ IB the potential at P of a mateual line AB of unit line 

J-a p 

density = log cot ^ cot ^ ( Ai t 1652) 

“ f ^ ^ 2 

= 4s\lva (Alt 1074) 




3 0 w a fixed point on the circamference of the hose of a hemisphere 
un&i centre G P and Q are random points on the surface , find the meah value 
of ihe angle hehoeen the planes OOP, OOQ (Fig 512 ) [Oaicts Coll , 1877 ] 

Let AOA'O' be the base of the henusphoie, and B its vertex, C the 
centre, GA, CB, 00 being taken «is the leotangulai cooidinate axes Let 
<(>1 and <#>j be the azimuthal angles of the two planes OCP, OGQj P being 
taken as the point on the plane with the guatei a/imuthal angle Then 
if the disUibution of the points P, Q be ono foi equal elements of aiea, 
the mean requited is 


f [ f (<f>i - sin 6>i sin 6^1 d</>a 

Jo Jo JO- Jo = otc=7r/3 

j j J sm 6^iBin 
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4 Prove thcA %f 2 g he the d%8ia7ice between Ihe fact of an dhpee of eemt- 
aaes a and h, the mean, value of ri”*r,-2/{J-(ri+r,)*-c*}, vnth reelect to the 

area, m eq'^ial to ^ being the focal radit of any jpomi 

Within the dltpee (Fig 513) [7, 1890 ] 

Taking + X “ ^ ^ confocals through the pointy 

*‘i’=(e+*)*H-y*) yi*=( c-»y-f^, r,*-r ,*=4eB, 
ri+r,=2\/?TXJ r,— rj=2«s/e*-/x, 
«^=^/(<^*+A.)(e»-^l), ey=VXrt i(ri+r,)*-e*=X, A+ju=rif,, 

gCa!. y) »i»i 

3(A, /t) 4c*a,y 

Mean required =//^^(A)// 

tlie integration being taken thiougli the first quadrant, 

=_t. /■*' f‘=‘l 1 f(X.)d\dii. 

“iraij(, Jo 4 A+ju s/Ajl n/(c»+ A)(<H-/i) 

» Jl. /•*• /(A)dA fc- da 

VA*s/c>+A Jo (A+/i)>4iN/e^-/* 

/u=^(l-coBd), rf/i=^Binerf9 


dn f" dff IT 

'• (A+/i)«/ilVe^-/i Jo x+c>sm*^ ''/^(A.+c') 

2 



5 Through P, any point withxn an ellipse, a chord QPQ* drawt parallel 
to a given sem% dvrnieten p Show that the mean value of <I>(QP PQ') for 
all points wvthin the dhpee is 
*■ 

2/^<^(p*cosS^smeco8?c?d pjgggj 

Draw a similar and similarly situated ellipse thiougbP (Fig 614) 

Then QP PQ' retains the same value for all pointa on this ellipse, vir. 
0^-05^=^coi,*d, where p=0£and sin d is the ratio 05' OB 
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If 4 and 4' be the areas of the larger and smaUer ellipses 
il'=^sni*« and dA'=iAemeoo^9dd 
[HQP P^)dA' » 


6 m tt* aeme major owe 2« and ««y «oe« 

Inc^UM, show ihat the mean length of the%r perirrutera %e 

[St John’s, 1886 ] 

Taking all eccentnaties as equally likely, the mean perimeter is 
4a [ Vl-e^sinSV'rflA*//^’* (Art 667) 

Now 

JVl -^siii^fde=am\(f s/coi»e‘\(> - e‘ de 

=i sin [j« Voosec'-f-e* + cosoc*f sm-'esm ^ J 


a 3 (cos cosec yjr) 


Mean Peiinietei 


= 2a / (toaV^+\/rcoseci/r)(f^=2a jn- 

•'® L Jo Bin }j/ ^ j 

•.2a-[l4-2('p - )J, by Art 1074, 

«ax6 66386 

7 Show Oat ihe average vaJhiee of the lengtke of fte least, mean and 
greateet aides of aUposadtk tncmgUa whwhcan be formed vnth Unes 
lengOu he between a and 2a ore m raito 6 6 7 [Maim Tstp ] 

If the sides he taken o-l- r, 0 + y, a-f-s, the latio of their means is 

IJd,J^dyJJdx(a + a) fjdej’dyfjdvizi-a) 

6 Find the mean mine of xyz for po%nt8 wtthtn Ihepoaitwe ociant of the 
eUvpaotd a“*a;* + 1 [Ox II , 18W) ] 

Use DuiclilefcN iiitogi al, -Ai t 962 M{a}fz) = ahc/Sir 


9 If a point be taken at landoni within a tetiahedron, then, of all 
parallelepipeds winch can l>e deacnbed having the line joining the point 
to one of the angular points as diagonal and its edges parallel to the 
edges of the tetrahedron which meet at that point, the average volume is 
one twentieth that of the tetiahedron 
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10 Show that for positive values of r, y, with conditioa 

and 7 being > 1, 

the mean value of foi an equable dibtiibution of aiea oi 

^hich for # s=2 reduces to iahcjVST 

11 Fmd the mean value of t > 0, where z * 

coordinates f 01 points within the triangle of leference 

Werequiie — 

for positive values of y, z (see Art 976) =2{r(^)}Vr(30 

12 Show that if a?, y, -m are the tetrahedial coordinates of 
within the lefeience tetrahedron, M{(xyzuY-^}^ (r > 0), =6{r(r) 

13 Show that if ^ > 0 and Ai, ^ 2 > he all positive and si 

the condition asi-f aj| + !» then 

14 Show that if ii, t* be all positive, the mean 

Aj/h-i for positive values of Ofi, a?#, subjec 

condition 2t7,.=!l IS r(»)r(«.i)r(ta) r(t„)/r(2tr) 

16 Show that the mean value of Ayz’i‘£zv+ Cxy for positive 
r, y, z subject to the condition A-+y-l-r= 1 is ^ (A ’\-B+0) 

16 Show that the mean -value s^+y^+z^ foi positive values 
subject to the condition A-t-y+xiaalisJ 

17 Show that the mean value of (A, i?, (7, D, F){a, y, «)* foi 
values of 1 , y, a subject to the aieal condition r+y+ 2 ? = l is 

■J( A + 5 + (7+ D’\- E-^- E) 

18 Let theie hen po^ntz upon tLe v axis^ and let ^ontive aid 
xiiGieojsing magmtude he elected at these pomtSi thei9 8U7n being I 
mean Isfagth of the i^^ordiimte [LaPLaOE, ToDHUNriuB, Hi^it , 

Tahingas oidmatesyi, yi-Hy*, yi-l-^a+ys* 2/i~^ 

^-^1+ (w- l)yi-f (w - 2)^8 + +yn= I 

Putting nyi= ^1, (n — Ijyassj:*, y„= we have ri-f-ari+ 

[(23+_ii-+ d 

J\n n—1 n-9-hl/ 

Jj 

X. V 1 1 ^ a. 1 \ 

which gives - i — h — ; A 5+ H r\ c 

” In n—1 »-2 


We then require 
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19 The density at any point of a ti angular lamina Tanes as the 
product of the perpendiculai s on the sides Show that the density 
18 9/20 of the density at the oentie of ineitaof the triangle 

1664i Certain Inequalities 

If a, b, c, be any positive (Quantities, n m number, and 
m, r, a, fi, positive integers and a+jS-|- and »»> r, 
vre bare 

("■) ?>¥ ^ ^ , Art 848 ) 

Thafcia, the mean o£ the squares > the square of the mean , 
the mean of the powers > the product of the means of 
the r**** and (in— powers , and so on. 

1666 lfa,6,c, beieplacedhy ^(Co), ^K+2A), . , 

the values of a positive continuous single- valued function of a> 
for equal infinitesimal luciements of the vanable, we have the 
mean value of the s(iuaie of the function > the square of the 
mean value of the function between the same limits, with other 
theorems of a similat natui e. That is, 



1666 G-eneral Mean m Terms of Means restneted m Various 
Ways 

Let thoie ho two legions and Qj mutually exclusive 
Let two landoiii points P and Q be taken m the combined 
region, and let <(> be hoiuo function of thoir positions, say f oi 
instance then distanco apait, its square oi its power 
Seveial cases may occui (i) Both may lie in Qj. , (ii) both 
may ho in (lu) and (iv) eithoi may lie in 0^ and the other 
in (^2 
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Let Ml,!, if2,2> the mean values of 0 respectively 

in case (i), case (ii), cases (ui) and (iv), and let M be the mean 
value of ^ when the positions of P and Q are umestncted 
The number of cases occurring are measured by the magmtudes 
of the regions, viz Qi® if both he in Oi, Qa* 

Q1Q2 if P lies in Qi and Q in Qg, and Q ^ 

P in Qgj (Qi+Qa)® either region, unspecified 

Hence 2QiQa^i.2 and are the 

sums of the several cases occurring But the first three must 
make up the whole sum of the possible values oi 4 >yie 

•M/r 2 

(iii+fia)' 


1667 Ex If the two regions be mutually exclusive spheies of radii 
a and h and centies distance c apart, then foi the mean distance PQ, 


ly _36o 
^11— 35 » 





5c 


Hence the mean distance between P and Q when each may he within 
either sphere 01 in different spheres is 

36 a’ +6^ a»6* 2a»6«(a* + 6*) 1 

”36(a»+6»)*'‘“ (a*+i*)* c 


In the case where the spheres are equal and in contact, c=2a=2& and 


1668 In the same way, if there be three or more mutually 
exclusive regions Qg* ^ be a function of the 

positions of three points P, Q, R which he in one or other of 
these regions, then (a) all may he in any one of the regions, 
( 6 ) two may he in one region, and one in either of the other 
regions, or (c) one may he in each region 

Let Q Q he the mean \alue of </> when all he in 
^0.8.0 "^ben all he in Qg, Afg when two he in and one 
in Qg, and so on, and let M be the mean irrespective of 
where they he The respective numbers of cases are measured 
by Qj®, Qg®, SQi^Qg, etc, and (Qi+n2+^28)®> a^id the sums of 
these cases are lespectively measured by 

o» ^2*^0 3 o» 1 o> and (Qj+ii24-Qg)^jJf^ 
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and the last, being the sum of all possible values of <(,, is equal to 
the sum of all the several cases previously enumerated Hence 
^+3Sf2,^Q,(ilfg_ ^ +6Q,Q,n.Af 

(«;+f2g+6> 

and so on if there be more than three mutually exclusive 
regions 

1669 Regions not mutiLally exclusive 
To go back to the case of two regions, suppose next that the 
regions and fig have a common region Q The whole region 
bounded is then Qj+Qg— 0 


(Mutuallj exclusire regioni) 



Fig 515 

^Oi+o,-o be the mean value of when the random 
pomts P, Q lie anywhere in the whole legion, Mo _q the 
mean when both he in Qi-Q, Mo^.q the mean wh^ both 
he m fig — £2 , M the mean when one hes in and one in Qg 
The respective nv/mleia of cases are (fii+flg— £2)*, (fig— £2)*. 
(£2g £2)* and 2£2i£2g — £2*, for in allowing P and Q each to 
range over £2i and £2* respectively, or £2g and £2i respectively, 
the region £2 is counted twice over 
The sum of the values of ^ when one lies in £2j and one m fig 

IS (2£2i£2g— £2®)M 

The sum when both he in fi^-fi is (£2i-£2)Wo .j, 

The sum when both he in £2g-£2 is (£22-£2)®M<^_0, 

and the three make up the total sum (£ 2 i+£ 22 -£ 2 )®Moj+o,*-oi 

(£2i+£2g— £2)® 
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1670 Similarly more complex cases may be examined Also the 
present foimulae admit of consideiable reduction fox special cases, 
eg when the regions are equal or when one legion is enclosed completely 
by the other 


1671 The deometnc Mean Clerk Maxwell An Integral 
useful m Electromagnetic Problems 
If Io^Rab be the mean value of the logarithm of the distance 
between points P and Q, one in each of the areas A and B 
lying m the same plane, then obviously 

logE«=JjlogPQ dAdBj J dB, 

the integrations being conducted for all elements of area m A, 
and for all elements of area in B 


The integration ^^^^\ogrdxdydx'dy\ over two such areas 


occurs in the determination of the electromagnetic action 
between two parallel straight currents flowing in conductors 
of given sections (Clerk Maxwell, E and Jf, ii , p 294) 

Qearly^ B logJ2^j=|jlogPQ dAdB 

If 0 be a third area in the same plane, in which P or Q 
could he, (A +P) C^logP(^+ 2 j )(7 represents on some scale the sum 
of the logarithms of the distances of points in 0, from points 
in the composite area A+P, whilst AClogP^t? lepresents on 
the same scale the sum of those cases of the aforesaid group 
which refer to lines joining pomts m A with points in C , and 
similarly with BC log Rbc Hence 


{A +P) Clog R(a+b)c=AO log Rac+BO log Rbc 
And this rule may be extended Thus, if theie be a fourth 
area D in the same plane, 

(A +B+0)I) log Jtij+j,+c)2,=(A +B) D log R^A+sil>+OL log Rod 
, log Raj)-\-BD log Rbb + GD log Rqb » 


Thus, if R be found for pairs of parts of a composite figure 
the rule wiU give R for the whole figure 
Also A, B, Cj are not necessarily different figures 
Maxwell states the results for a number of cases He calls 
the line R thus determined the Geometiic mean of all the 
distances between such pairs of points 
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1672 Cases of Maxwell’s G^ometnc MeaA 

I To find R for a point C, and a finite straight line A£ (Fig 616 ) 
Let CO be drawn at light angles to the direction of A£ 

P a point on AB, Oi=a = rx, OC==p, OP=zv CP=^i 

AB=l^h-a GA^TuCB^r^ 

Then llogR=:J^ log V a* da; = [r log -a;+p tan-*l-]^ 

I (log I£+l)=OBlog OB ~0A log OA + OCx circ meaa of A CB^ 

(•»|-«i)(logP4-l) = a7alogtx-a?jlogri43) ^ifa 
In the case when (7 lies on A 5 produced, p = 0, and 
log P + 1 = (zBa log - iTi log Xi)J{xt - x^) 




1673 II Let ABGD he a reoiafigle, AB^a, AD^sb Let P and Q he 
points respectively upon AB and CD PO the perpendtouiar upon CD 
AP^x (Fig 617) 

Foi a given point P let Ry refer to the value of R for the fized point P, 
a(logj?Zi+ 1) = OD log ?/)+ OClog PC+h OPD 

=:;rlogV5H-f-6^+(a-r) log V(a-^)*+2>*46^tan“i j4 Un-i 
Integrating with legaid to x fiom 0 to a, ^ 

'(log 2241) 


i e a*(log 22 4 ^) = (a* - 6*) log Z)4 b* log 6 4 2a& tan”^ - , 

I) 

where D is the diagonal 


1674: III If Plies upon AB and Q vpon AJ)^ and 2?i as before refsts 
to theresfdt for a fixed point P, 

ft(log 22 i 4 1) = Mog\/i^46^4 i tan“^^ , and integrating fiom 0 to 
o6(log 5+1) = j[^alog»/?+P- r+-6 tan"* *+ J6r J , 

ai(log 5 + j) s 0^ log tan~i ~ + 5* t*a“* ? 

25 a tL o 
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1676 IV If Q lies on the circumterence of a circle of radim a, <md centre 
Of and P be any point in tie plane distant c from the centref 



2ira log 11=2 J log Vo® - 2ac cos d+ 6® a 


d6 


=27raloga, {c<a ) , or 27ralogc, (c>a) 

Therefore iZ=th6 greater of the two a or c, and the mean of logr 
18 accordingly 

loga,(c<a), 01 logo, (oa) 


1676 Y If P iraveU on the circumference of a second circle of radius h 
entirely mthout the former f the dutance of the centres being d, and if log R 
stajid for the mean value of log PQf 



2irb 2iralogi2=2Ta sj log PO bd&' 

= 2ira 2^ log - 2bd cos O'+d^ b d$' 

= 2Ta iirblogd, Rssd 

Similarly if one circle be entirely withm the other 
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1677 VI If Q lies upon a circular armultu, cmtire 0, evtvmal 
and vnterndL radii <Zi and a^, and P be at a point distant e from 0, and 

hgR=M{.logPQ), QO=r, qOP=e, 
ir(af-af)logS=2 f f log'>/c‘-2ercoaff+r^ rdffdr 

'ay /o 

ray ray 

= 2j^ irlogo idry{i>r)y oi Trlogr rrfr, (6<r), 

= 7rlogc («i^-a/) if c>«ij 

01 =7r[_Hlog7 - ssTr^ai^logai-Oa^loga^ — j if 6<aj, 

le if Oaj, logi2 = logo, (a) 



Fig 520 


If 04 >0 02, and /^itself lies upon the annuluH, 

TT (ai^- 02 ®) log /Z= 27rlogo 9 df + I** 27rlogr f d) , 


whence log log o+ , 

V-O 2 ® -«2 


log Oj - 0 -* log < 1 Oj* - < * 


Since R=c when P is without tlio annulus, the mean value of l<>g/V» 
wheie P lies upon any region entirely without the auiuiluH ih tluj numn 
value of logPC^ And if P lies upon any region entirely within the 
annulus, the expression for li, in that case not containing r, is independent 
of the shape oi position of the region 
We may deduce the result (y) from (a) and (/?) by Art 1671* Lot A 
and B be the regions of the annulus lespocfcively outside and iiiHide a 
concentric circle through Q Then if C bo an elementaiy small ai<wi 
m which P lies, 


(A +5) log /2(^^.s)of= A log /£ log Buc » 


giviug ths same lesult as before 


af)U>gc, 
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1678 VII IS IP le not at a faed ^nt wtthin the mmilua, but may 
travel anywhere wtthxn %t, 

{tt (oj* - flfj*)}® log UssJJJ Jlog v/ri® - 2 » cos (6^1 - 6^2) + ^*2^ » 1 dd-^dr^^dB^dr^ , 

where rj, and r,, aie the polar coordinates of P and Q 
The limits for 61 aie 9 ^ to 62+^vr , for ^2> 0 to tt , and double the result , 
for ^2 from a^toi-^ and rj to aj , for rj, from Oj to 
The first integration gives 

^{vlogr^^rir^dr^dr^dB^ or 2(7rlogr2)rirarfrirfrarf^2» 
according as or i^ the greater 
The second merely multiplies the result by 27r 
The third gives 

'riralogfidfidra+dir*/^ log fadri dr. 

Jot Jri 

= 2fl-* [«!* log Oi rjL - a,*ri log - J(ai* - ri»)]dri 
The final integration gives, after dividing by 7r*(ai*— oti®)*, 

log/e=log«i-^^^2!^log^^+^^^^, a result stated by Maxwell 

Pof the mean of the hgarithma for pairs of points within any circukar 
area^ put at=sO, then logE«logai— i, that is or jB is a little 

more than 3a/4 

Other results of similar character are stated by Maxwell with a 
reference to Trans It 8 , Edinb , 1871-2 

1679 Other cases of mean values will be considered in the next 
chapter, which are moie intimately connected with the general Tlieory of 
Probability 


PROBLEMS 


1 If the sides of a rectangle may have any values between a and 

hf prove that the mean area = {a + hy/i: [r p ] 

2 Fmd the average area of a landom sector whose vortex is taken 
at a given point on a given circle 


3 ABCD IS a square Show that the average distance of A from 
points on BO for an equable distribution of radii vectores about A is 


fl- 
it is 


, AC+AB 
AC AB, 

-2-+-r^°« 


, but for an equable distribution of 

AC+AB 

AB 


points on BG 


4 A rod of length a is broken into two parts at random Show 
that the mean value of the sum of the squares of the paits - 2a73 

[Ox II , 1886 ] 
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5 A rod of length a is broken into two parts at random Show 
that the mean value of the rectangle contained by the parts is 

6 The sum of two positive numbers is given =iV Show that the 

mean value of the product of the p**" power of the one and the 
power of the other is p^q} + 1)^ p and q being positive 

integers 

7 Find the mean value of the (i) squares, (ii) cubes of all radii 
vectores of a cardioide for an equable angular distnbution of radii 
vectores about the pole 

8 Given the base and the radius of the circumcircle of a triangle, 

determine its mean area, stating clearly what assumptions you make 
as to equal prbhabihty [St JoH^*s, 1884 ] 

9 Show that the average of the squares of the distances of all 

points within a given oiicle from a point on the circumference is 
three times that of the squares of all points within the circle from 
the centre [Collbobs, 1878 ] 

10 Find the mean value of the squares of the distances of all 
points within a rectangle (i) from the centre of the rectangle, (ii) 
from any point in the plane of the rectangle, (iii) from any point not 
in the plane of the rectangle 

11 Find the mean value of the focal radii vectores of a cardioide 
(i) for an equable angular distnbution of radii, (ii) for an equable 
arcual distnbution 

12 If a sohd be formed by the revolution of a cardioide about its 
axis, find the mean value of the focal distances of pomts on the 
surface of the solid (i) for an equable surface distnbution, (ii) for an 
equable solid angle distnbution 

13 Find the mean value of the squares of the distances between 
any two points within a given (i) tnangle, (ii) square, (m) sphere, 
(iv) cube 

14 (i) Find the mean of the inverse distances of pomts withm an 
ellipse from a focus for an equable areal distnbution 

(ii) Find the mean of the inverse distances of points within a 
prolate spheroid from a focus for an equable volume distnbution 

16 Show that the mean distance of pomts within a sphere of 
radius a from points of the suiface of a shell of double the radius of 
the sphere is 21a/10, and that the mean distance of points on the 
surface of the sphere from points on the shell is 13a/6 
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16 Show that the mean dietanoe of all points within a sphere of 
radius a from a point midway between the centre and the surface 
IS 279«/320 

17 Show that the mean distance of a point on the external 
surface of a spherical shell of thickness T fiom points in the material 

of the shell IS + g ^ “ *^® e^'ternal 

ladiiis 

18 Show that the mean distance between points P and Q, of 
which P lies within a sphere of radius R and Q hes between this 
sphere and a concentric sphere of double the radius, is 3*^/1 40 

19 There are two concentnc sphencal shells, the bounding 
surfaces of which are 1 inch, 2 inches, 3 inches, and 4 inches Show 
that the average distance of points in the material of the first from 
points in the matenal of the second is inches 

20 Two equal sphencal surfaces are m contact Show that the 
mean distance of points on the one surface from points on the other 
= 7/3 of the radius of either 

Show further that if the points may he anywhere within their 
respective spheres, their mean distance is 11/5 of the radius of either , 
but that if one of the points lies within one of the spheres and the 
other point on the surface of the other sphere, their mean distance 
IS 34/15 of the radius 

21 If Mn be the mean of the powei of the distance between 

two points on the area bounded by a circle of diameter unity, show 
tliafc Jf*,.,=Jf„(«+2)(» + 3)/(» + 4)(»H-6) 

22 If be the mean of the n*** power of the distance between 
two points on the surface of a sphere of unit diameter, show that 

23 If M„ be the mean of the n*** power of the distance between 
two pomts within a sphere of diameter unity, show that 

^«+i = + 3) (/» + 6)/(n + 5) (fi + 7) 

24 A point 0 IS taken outside a sphere with centre 0 and radius 
a C0^2a Show that the mean of the cubes of the distances of 0 
from points withm the sphere = 731a®/70, and that the mean of the 
fourth powers = 171a^/7 

26 Show that the mean value of over the surface of a sphere 

of radius a is a^73005 
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26 Show that the mean value of for positive values 

of », y, z, subject to the condition a~*!iiS+6-Sy*+c-**s = l for an 
equable distnbution of aieas on the st-y plane, is 

,»-s^vr^r(|)r(|)r(’-|i) /.r(S±i±I±I), 

where jp, g, ? are all greater than unity 

27 On a straight line of unit length two random points are taken 
Show that the mean of the square of the distance between them is 
1/6 of a unit of area 

28 Circles are inscribed in the triangles formed by joining points 
on an ellipse of semi axes a, h and eccentncity e to the foci Show 
that the mean value of the areas of the circles for equal increments 
of a focal vectonal angle is 

Tra\\ - e)2(a/6 - 1) [Math Tbip , 1892 ] 

29 Show that the mean value of the product of the three per- 
pendiculars from any point within a triangle upon the sides is 

JPv P 21 Ps perpendiculars from the angular 

points upon the opposite sides 

30 Show that the mean value of the product of the four per- 

pendiculars from any point within a tetrahedron upon the faces is 
PiPjPaPi/SeO, where i?i, jPa* jPb* perpendiculars from the 

several quoins upon the opposite faces 

31 Five points, B, C, D, E, are taken upon a straight Ime AE, 
to which peipendiculars are drawn through these pomts of increasing 
magnitude The sum of these five perpendiculars is 10 inches 
Show that the mean length of the middle peipendicular is 47/30 of 
an inch 

32 Show that the mean distance of all points within a given 

B 1 V® JR I a 

regular polygon of side 2a from the centre is ^ ^ - log where 
B and r are the radii of the circumscribed and inscribed circles 

33 Show that the rectangle contained between the average value 
of the radius of curvature at pomts equally distributed along a curve 
and the corresponding arc is double the area contained between the 
curve, the evolute and the normals at the extremities of the arc 

[d, 1883 ] 
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34 Prove that the mean value of the radius of ouivature at pomts 

equally distributed along the cardioide ? =a(l + cos is air/S, while 
the density distribution of the corresponding points along the pedal 
with respect to the pole vanes at any point as the ouivature at the 
corresponding point of the cardioide [5, 1883 ] 

35 Prove that the square of the mean value of any function of a 

variable between any limits of the variable is less than the mean 
value of the square of that function between the same limits of the 
variable [St John’s, 1883 ] 

36 Find the mean value of the squares of the distances from a 
focus of all points within an ellipse whose ecoentncity is >/3/2 

[3, 1881 ] 

37 The circumference of the auxiliary circle of an ellipse, whose 

axes are ACA'^^a, BOB' = 21^ is divided at into a large 

number of equal arcs At the point on the ellipse whose 
eccentno angle is ACQ-^^ a circle is described so as to touch the 
ellipse at P^ and to have its centre on the major axis Show that 
the mean area of all such oiicles is + 6®)/2a® [a, 1881 ] 

38 At any point P of a catenary whose parameter is c, the ordinate 
PN and the normal PQ are drawn to meet the directnx at N and Q 
respectively Prove that the mean values of the area of the triangle 
NPG for points proceeding by equal increments of (i) abscissa, (ii) 
ordinate, (iii) arc, up to a point whose coordinates are («, y), are 
respectively 

(i) (y®-c®)/6a;, (ii) c2^csinhy-4a;^^64(y-c), (iii) (y4-c^)/8cs 

39 Find the mean of the inverse distances of two random points, 
one on the surface of a sphere, the other on a circular area exterior 
to the spheie and whose plane is at right angles to the line of 
centres 


40 Prove that the mean of the inverse distance between points 
on the surface of a sphere and points on a straight rod of length Z, 
external to the sphere, which is bisected at nght angles by a per- 


2 AT OL 

pendicular upon it from the centre of the sphere, is | log tan — j— , 


where a is the angle at the centre of the sphere subtended by the rod 


41 Prove that the mean inverse distance between points on the 
surface of a sphere of radius a and points on a concencnc ring of 
radius b is if b>a or if b<a 
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42 Prove tliat the mean value of x for all points withm the 
positive octant of the surface (x/a)^ + (y/b)^+(jsi/c}^==l is 21a/128 

43 On a given finite arc n points are drawn dividing it into equal 
small lengths, and n other points are taken, parallels to the normals 
at Tvhioh divide the angle between the extreme noimals into equal 
small angles Prove that when n is indefimtely increased the mean 
of the radu of curvature at the former n points is greater than the 
mean of the radii of curvature at the latter n points, the curvature 
being supposed finite at every point of the aic [St John’s, 1889 ] 

44 If log B be the mean value of the loganthm of the distance 
between two points P and Q which lie on a hne AB oi length a, 

show that B = [Olhbk Maxwell, El and Mag , II , p 296 ] 
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CHANCE 

1680 Def If an event can happen in a ways and fail m 
h ways, and all these ways are equally Ukely to occur, the 
probability of the happening is a/(a-l-Z)) and of the failure to 
happen is 6/(a-l-Z>) 

These measures are essentially numerical positive proper 
fractions Certainty is denoted by unity A mean value is 
essentially a quantity of the same kind as those of which the 
mean is taken So long as a and h are finite, the theory of 
probability does not call for any mode of treatment other 
than the processes of ordinary arithmetic and algebia If, 
however, a problem incurs the existence of an infinite number 
of ways in which an event could happen and an infinite 
number of ways in which it could fail to happen, all these 
being equally likely, the calculation of a, 6 and a-f- h may call 
for the processes of the Integral Calculus, or at least the 
fundamental conceptions of the Calculus, to effect the neces- 
sary summations, though sometimes m such cases the actual 
labour of integration may be avoided by geometrical or other 
considerations 

1681 Take, for instance, the case of a material paiticle 
thrown down upon a region of area A, and which is eqv/jJly 
hltely to fall at any jpcnnt of tfie a/rea , and let us explain this 
phrase. Imagine the area A to be divided up mto an infinite 
number of inlinitesinially small elements of equal area, and 
suppose that an infimte number of trials is made We shall 
also suppose that, after these trials, the particle has fallen as 
many times upon any one element as upon any other Then 
if a be any region of finite area enclosed completely within 
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the contour of il, a and A contain numbers of the infinitesimal 
elements of area proportional to and measured by their own 
areas Hence the numbers of particles which have fallen respec- 
tively upon a and upon A are measured by the respective areas 
of a and A, and the chance that a particle which falls upon A 

also falls upon a is ~ and that it does not so fall is I*— ~ 

A 

The chance that of two hazard throws of a particle upon A 
both fall upon is j j That the first does and the second 


does not, the chance is 3 ( 1 — j) That the first does not 

and the second does is ^ 1 — 3 ) 3 * that neither does is 
^1— 3)^1 “ 3 ), and the sum of these is unity And so on if 


there be more than two throws 
It will appear that in such cases, unless the areas be known 
or obtainable by some elementary means, either the Integial 
Calculus or some equivalent graphical method will be neces- 
sary for then evaluation Taking any pair of rectangular axes 
m the plane of the region A, the chance that the throw upon 
A results in the particle falling upon a may be expiessed as 

Ijctedy (taken over a)J^jdxdy (taken over A) 


1682 We note that the chance that a particle should fall 
upon the penmeter of the contour of a is infinitesimal in com- 
parison with the chance that it should fall upon the area of a 

1683 We indicate by a few examples how the Integial 
Calculus is to be applied in some cases, and how the actual 
mtegiation may be evaded in others 

1 OA^2a %8 iJie axKia of a cairdv>%de 0 %8 Oie po%nt oj OA What 
ts the chance ihat a random po%nt P taken w%ihtn ihe cardunde %8 further from 
C than 0 %8 from OP 

Drawing a circle with centre O and 
radiuB COy Pmust he without the circle 
hut within the caidioide The aiea of 
the cardioide 

=2 a>(l+oos60*rftf-8>ra* 

Therefore the chance lequired w 
(gira* - J 
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2 Gh/vm that j?, q are any positive qvanMiea of wTttck neither »« > 4 , what 
%8 the prohalnlity that when real vataes are amgned to them at random^ the 
roots of the quadratic ix^-px^q = 0 shall he realf 

If leal, j)^<t:43 Coasfciuct the parabola r*«4X The point (4, 4) lies 
upon it "W^e may then intei pret the condition geoiuetiically A random 
point ff 18 selected upon a square OHfPQy whose side is 4 The above 
parabola is drawn with axes ON^ OQ The values of p and g ai e denoted 
by the abbciasa and ordinate of fi When jET lies without the parabola 
jp*>4gf Theiefore the chance that p* -4:42 is measured by the latio of 
the aiea OPQ to that of the squaie , that is, 1/3 (Bhg 622 ) 



a' 



B' P C' 

Fig 623 


3 A rod, three feet long, w hrohen at random %nto three parts What m 
the chance that we may he able to form a trumgle with them 9 
(i) If r, y, z be the parts, a7+y4-«=l, the unit being a yard We are 
to have a7+y >2 Interpieting y, 21 as areal co- 

ordinates, ^eny-|-»=^,etc , 
are the joins of the mid- 
points of the sides of the tii- 
angle of reference In ordei 
that all the inequalities may 
be satisfied, the lepresenta- 
tive point a, y, z must lie 
withm the triangle formed 
by them (unshaded, Fig 
623), which is one quarter of 
the whole triangle Hence 
the chance is i 
( 11 ) We might also legard 
sSf y, z as the rectangulai 
cooidinates of a representa- 
tive point Taking 1 foot as 
unit, , and this 



Fig; 524 


, _ , ^ 

18 the equation of a plane making intercepts 3, 3, 3 upon the cooidmate 
If A, JB, 0 be the intercepted triangle , P,Q, R the mid-points of 


axes 
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its sides, y +«=J?, etc , aie the respectne planes OQB, etc , and of all the 
uniestncted positions upon the tiungle which the repiesentative point 
a,, z may occupy those foi which y-\-z>x^ etc , he within the tnangle 
PQB Therefore, as befoie, the chance = J 

(m) Again, without evasion of integiation, we may proceed thus 

0 P Q A 

Fig 625 


Let OA (=a) he the lod, P and Q the random fiactuies, P being that 
which 18 neaier to 0 , OP=*a, O0=y , y>x 
Then, since 

X’)r{y-x)>{a-y\ (y- r)+(a-y)>a, and (a-y)+i7>(3/-«?), 
i^e have ^>2’ Hence the chance lequiied is 




(iv) Oi still again, with the above mequahties, constiuct a squaie 
OABO of side a, OA, OC being the a and y axes Let P, Q, £, 8 (Fig 626) 
be the mid points of the sides, T that of the square The repiesentative 
point must be m some position on the tiungle OBO di»y>T, and both aie 


positive and neither of them >a The conditions «<?, y>“, 

Z z 2 

restrict it fuithei to the tiungle TR8, which is obviously J of OBC 
Hence the chance lequiied is 

It will be noted that the integiation piocess is meiely the evaluation 
by that method of the aieas of the tiiangles TBS, OBO 




4 An dUpae has tta centre at a random point C of a semicircle ACB, 
and two vertices at A, B the extremitiea of the dicmeUr AB^c Bind (i) 
ihe mean area for different posUions of 0 , (ii) the chance that its area shall 
U less than that of the circle ( Fig 527 ) 

(i) Let 0 be the contie of the ciiclo , BOG ^6, AO^i^, BCssrj 
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TTC® 

Then Area of ellipse = flrrjrjss: sin 

« f BID 0 d6 

and Mean area=^ 

f" 

(u) When area of ellipse = area of circle, rir2=ic®, and 

Hence, from 30“ to 160®, we have area of ellipse > area of ciide 

Therefore the chance that the aiea of the ellipse is less than that of the 

1 o 30® 1 

circle 


6 If a qwanttty of hmogefMOXLS fluid contained in a vessel he thoroughly 
shaken wp and allowed to come to rest again, prove that the chance that no 
particle of the fluid now occupies its ongtnal position is 1/e 

[Whit^obth’s Pboblev] 

Let there be n particles a, j3, 7, occupying specific positions 
N thenuinher of ways of arranging them in those positions = 11 (w), 
say, 

N{A) the number of ways of airanging them with a in its original 
place, 

N(a) the number of ways of airanging them with a out of its 
onginal place, 

N(aB) the number of ways of arranging them with fi in and a out 
of their oiigmal places, and so on 
Thus W=ll(n), JV^(A)=n(7i-l), i^(a)=n(n)-n(n-l) 

Hence ^(aB)=n(n-l)-n(n-2) , 

N(ab) = Nia) - N{aB) = H (n) - SH (w - 1) + n(7i - 2) , 
writing »-l forn, ^(aiC) = n(7i-l) -211(71- 2)+n(7i-3) , 
subtracting, N (abc ) = 11 ( 71 ) — 311 (n - 1) + 311 (w — 2) - 11 (n - 3), 
and so on 

Thus N(abc ir)=II(7i)-nn(«--l)+^^Y^^^(^"3) t07i + l terms 
Hence the chance that all the particles are misplaced 


-Ltn^co = l-l+^-p + 


1 

e 


[See the Problem of “91 letters and n directed envelopes,” Smith, 
Algebra, p 293 ] 

In this case, although the number of cases is infinite, the pioblem does 
not call for the assistance of the Integral Calculus 
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6 Fknd the chaTUse that a rarulom trtanffle tfisonbed in a cifcle is (i) asuts 
angUd^ (ii) ohtuss angled 

(i) Let ABC (Fig 528) be the tiiangle , 0 the centre of the circle 
Let the angles AOB^ AOG^ measured m opposite diiections from OAy be 
called $ and 

Then A={2Tr — 0=$l2, and if be acute angled, 

d<T, ^ <‘ir, ^+<#>>ir 
The chance for an acute-angled case is therefore 

[dm , 

r2ir f2n—e ^2ir 4 

ded<l> I (2]r-&)dff 
(u) The probability that A is obtuse is 

n w— ® / r2rr /•2ir—S 1 

The probability that one of the thiee E or C is obtuse 
The piohability that the triangle is right angled is of course 
infimtesimal 


Fig 628 Fig 629 

(ill) Let us examine this pioblem in an elementary way Three points 
being taken at random on the circumference of a circle, what is the chance 
ihai they he on ihe same semicircle ? 

Let the arcs BC, OA, AB be ss, y, z , and take the circurafexence as 
unity Then The triangle will be obtuse angled in any of 

the three cases y-\-z < < y, x+y < z 

Interpi eting y, 2 as areal cooi dinates of a point i eferred to a reference 

triangle we may pioceed as in 3 (i;, and if P, Q, B be the mid 

points of the sides, the chance requiied will be the same as the chance 
that an aibitrary point of the triangle A'B'C' shall fall upon one of the 
three equal tiiaiigles A'QR, B'RP, C'PQ (shaded in Fig 629), i e j, and 
the chance the triangle ABO is acute angled is ^ 

(iv) A curwus fallacy lies in ihe following argument One pair of points, 
say A, By must he on a semicircle terminated at ^ 1 he chance that 0 

lies on this semiciicle is i , therefoie the chance that all three he on the 
same semicircle is 
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This IS incorrect where lies the fallacy ? (Rev T C Simmons, Educ 
Times) Let the student obtain the correct result by this line of 
argument 


7 Two povnta P, Q ore taken at random wnUhvn a circle whose centre ta C 
Prove that the odds are Z to I against the triangle CPQ being acute angled 

[St John’s Coll, 1883] 

Let a be the radius , P, (r, <^), the position of one of the points 
Let a diameter ACB and a chord DPE be drawn perpendiculaily to 
OP Then (Fig 530) 

W m. -u 4 . 1 . i. TjAi-k 1 4 . ^rea of a semicircle APB 1 

The chance that PCQ is obtuse is s \ =s 

area of circle 2 

(ii) The chance that CPQ is obtuse is the compound chance that P 
should he on the particular element rd<f>dr^ and that if so, Q lies on the 

smaller segment cut off by the chord, ^ aiea of^segment 


fore the whole chance that wheiever P lies, CPQ is obtuse is, with the 
notation indicated in the figure. 


l^°^” rdcj>dr , , 

J. w ^ 


rasacos 0) =etc 




(ill) Similarly the chance that CQP is obtuse — | And these are 
mutually exclusive events Therefore the chance that one of the three 
18 obtuse Therefore the chance that the triangle is acute 

angled is and the odds against this aie 3 to 1 


D 




1684 We have seen that when a region Q entirely encloses 
a second region m, the chances that a random point taken 
within Q should or should not lie within a are respectively 

^ and 1—^ Ii ^ random points be taken within Q, the 
chance that r specified points he within m, but the rest do 


not, IS several points be denoted 



CHANCE 


799 


as Af S, G, , the cliaiice that some unspecified r of them he 
within ft), whilst the rest do not, is ”Gf. times as great, that is 

( to)V/ ft)\“‘"*' 

qJ chance that cU least r unspecified 

pomts of the whole number he within <o is 





Now suppose that the region cd itself is variable with the 
different trials, and let the regions which it represents in the 
several trials be denoted by and let there be 

a very large number m of such tiials, and that any of these 
(o*B may be equally likely to be selected for any particular 
trial of the taking of a random point P within the region Q 
The chance that at any particular tnal any specified one 

value of w, say wp, is selected is , and therefore that r specified 

points of the whole group should fall within and the rest 
not within it, we have the compound chance 



Hence in all the m tiials the chance that r specified points 
he within the particular <a selected for each tnal, and that the 
rest do not, is 


And if the r points be not specific points of the group 
4, JB, 0, which are to fall within the selected w's, the result 

will be the mean value of That is, the 

two results are 


according as the random points falling within the particular 
ft)'s are to be specified or unspecified members of the group of 
random points A, 5, C, 

It 18 convenient to picture the two cases as those of n sand 
grains thrown at random upon the region fi, the grains being 
coloured differently in the first case, uncoloured and in- 
distingmshable m the second 
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1686 Taking, for instance, tlie case of a rod AB of length a , this is 
the region Q Take two points at landoni upon it This marks a 
random region cu, viz PQ, within 12 Now take n othei random points 
on AB,8s.y differently coloured sand grains thrown at hazaid upon the 
line The chance that a specified group of r of these lies between P 
and Q, and the rest do not, — Jf{PQ*‘(a— , and if the group be 
unspecified, the chance \nllbe = 

Let Pbe the landom point which is the nearer to A , AP= r, 

Then J{{P^(a-PQ)*^~^=J^ j^dt/dr 


** ’*«M1 [putting2f-ar=a«, 3^-^““] 

2a"]^*r(i _,)«-r«d,= ,^.r(r+i)r(«-r+2)/r(«+3)=2a»^;ji^g^j 
Therefore the chance required for 7 specified points, and r only, to 
lie between P and Q is and if the r points be 


unspecified 


1686 This result is obtainable directly For the total numbei of 
points to be chosen on AS lan +2 The number of permutations of these 
IS (w+2) * Let us fix positions for two of these, JT and J", on the array, 
say the P' and 971 ^ Then there are 71 < permutations of the remaining 
points Hence the chance that two particular poiuts JC and T shall be 

2 7h^ 

the and mP of the airay , for these two may stand in either 

Older, eithei as first and (7+2)*^, second and (r+S)*'', third and 
(r-h4)“', (71-7 +1)“* and (tj + S)*^, le in 7»-rH-l ways, events equally 

likely to occur, and therefoie the total chance that these two points shall 

find » unspecified other points between them la 


1687 For instance, if there be eight indistinguishable points taken at 
hazard on ALP after P, Q have been selected at landom^ the chance that 
thiee unspecified ones should he between P and Q and five on the lest of 
2 6 2 

the Ime AB is chance for three specified ones to he 

between P and Q and the others on the rest of the line is 

1 . ^ -1. i--L 

16 15 56 “ 420 * 


1688 Bandoxn Pomts 

It is necessary bo examine carefully what is meant when it 
IS stated that points are tahen at random within a given 
region 



RANDOM POINTS 


801 


(i) When a point P is said to be taken at random upon a 
line AB oi length a, it is understood that -45 is divided into 
an infinite number of equal elements, and that each element 
has the same chance of finding itself the recipient of the point 

A p Q R B 

Fig 632 

P Thus, measuring a length x along AB from A, the chance 
of the random point P falling between x and aj+cte is dx/a 
If a random selection of several points P, Q, 5 be made upon 
the line, the chances they will severally fall between the respec- 
tive distances x and x+dx, y and y+cZy, z and z+dz fiom A 
are dcc/a, dyja and dzja^ and the compound chance that all 

three chances should concui is — — dy, dz denoting 

CL Qf a 

increments of equal length 

But if, after a choice of P and Q has been made at random, 
Ji 18 then selected at random between P and Q, the respective 
chances are dx/a, dyja, dzl(y--x) , for now the possible region 
for the selection of a position for R has been restricted The 
compound chance that all three things should happen is 
dx dy 
a a y—x 

If a rod be broken simultaneously at two points at landom, 
the chance that one fracture lies at a distance between x and 
a-t-cfaj from u4, and that the other lies between the distances 

y and y+cly from -4, is ^ ^ But if the rod be first broken 

at P and then the portion -4P be again broken at Q, the 
chance that these fractuies should respectively lie at distances 
from A between x and x+dx and between y and y+dy is 

a X 

(ii) When a point P is said to be taken at random on a 
given area A or within a volume F, then, if P be the whole 
region m question, and if R be divided up into an infinite 
number of equal infinitesimally small legions SR, SR", dP", , 
it is understood that each element has the same chance of 
finding itself the lecipient of the point P, and the chance 
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that specified points P, P', P", should occupy the respective 

elements SR, SR', SR", « ^ ^ ^ 

1689 To return to the case of a distribution of possible 
positions on a line AB {=a) If, after a random selection of 
one point P on JjB, a selection of Q be made at hazard upon 

A Q P B 

Fig 533 

AP, it IS evident that, since the number of possible positions 
for Q on id P IS smaller than the number of possible positions 
for P in the whole line AB, the chance of any one element of 
AP distant between y and y+dy from il being the recipient 
of Q 18 greater than that of the element between x and x+dx 
bemg the recipient of P The circumstance of the random 
choice of Q being made subsequently to the random choice of 
P, upon a limited range, has increased the chance of the dy 
element, but all equal elements between A and P have the 
same chance, the compound chance bemg, as before stated, 
dx d/y 
a X 

1690 We have, then, for the total chance that AQ shall 
not be less than a certain length c (-<a). 


D 

'*dx dy 
can , 

“d® , . 1 a 

T} 

\fdxdy 
\q a X 

^dx a 

X 


1691 Thus for a rod four feet long and jiQ to exceed one 
foot, the chance =(3— log4)/4= 4034 

1692 It will be observed from Art 1690 that for the com- 
pound event the chance of the element between x and x+da? 
being the recipient of the random pomt P, and also bemg sucli 
that the subsequent random choice of Q will give a result for 

which -4 Q 4: c, IS no longer — but — — - — , and therefore the 
density of the possible positions of P on the line is not the 
same at various positions, but vanes as 1 — ^e in a hyper- 
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bolic manner This “ density ” of distribution may be repre- 
sented graphically as m Fig 534, and shows that the 
condensation of points P in an element dx, which can bring 
about a value AQ greatei than c, mcieasos from zero at x=c, 
and continues its inciease as P approaches P, tending in a 
hyperbolic manner to an asymptote parallel to the x axis 

Taking j;=fc as the equation of this graph, i/cZa; is a 

measuie of the number of cases in which P lies in the element 
Ax That is, this number is proportional to the ordinate of the 
graph And the total number of cases is measured on the 
same scale by the area between the aj-axis, the curve and 
the ordinate at x=a This area up to any definite ordinate is 

1 



If we take an ordinate which bisects the whole aiea, viz 

ajzsSPo, we have k(xQ-c—clog^"^=^k^—o—c\og^f and 

this ordmate divides the whole line AB into two portions such 
that there are as many favourable cases for the event desiied 
m defect of i4P(=a?o) as there are in excess On these grounds 
the value x=Xf^ is said to give the most probable case to secure 
the event 

In the case a=4 feet, o= 1 foot, log a?o=a J(3 - log 4)= 0 8068 

ajo-log ^ 0 = 1 8068, and by trial, oi giaphically, d7o=2 8663 nearly 

That IS, in order that the portion AQ should exceed one fourth of the 
rod, the most likely position for the first fracture to have been made is 
a little less than three-fourths of the length of the rod fiom A 

We shall call such a graph, indicating the density or con- 
densation of pomts P in an element which are such that the 
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event may be brought tc pass, the ** Condensation ” or ** Den- 
sity ” graph We shall return to it later It is also sometimes 
called the “Curve of Frequency” (See Williamson, Ca!c, 
p 369, ed 8) 

In all previous cases the density or condensation has been 
uniform It will now appear that many cases will arise when 
this 18 not so 

The mean value of the ordinates of the graph from x^e to 
x=a 18 given by 

for which the abscissa is ^ — - — r 

log a— log c 

Id the numerical case cited, viz a = 4, c= 1, :a 7 =s 3 /loge 4 = 2 164 


1693 niustrative Examples 

1 From a rod of given length a piece ts ctU off From the remainder 
another piece le out off Show that ihe chance that the second piece is has 
than the first is log, 2 

Let OA (=a) he the rod , P and § the fractures , OP^ic, OQ^y Then 
y>j?,y-A <a?,y<a 

O p O 

Fig 536 

So that if a: < a/2, ^ , hut if it > a/2, y cannot range as far as 2aj, 

and the inequality y < 2a: is necessai ily satisfied and replaced by y < t « 
when 30 ranges from 0 to }a, y ranges fiom a: to , 
when a langes from to a, y ranges from ^ to a 

The chance of R lying between as and x-\-dx is dr/a, and the chance 
of § lying between y and y+^y is dyf{a- v) 

Thus the chance required^ f f 5?E-^lL=5etc =xlog,2 

^ Iq Jx a a-r 'ajx a a—x 

2 (i) Find ihe average distance hehceen two points P and Q, where P is 
taken at randsm on a Une AB of length a and Q la taken at random on AP 

[Math Trip , 1883 ] 

Let AS=sy,^<t:y 

A Q P B 

Fig 536 


Then 


mP)- 


Jo Iq a X 


=etc 
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(ii) Fmd ihe average distance behoeen the tvjo points P and Q when 
I* and Q are taken at random on AB [Math Trip 1883 

Il6re Q may ba on either side of P*, and x—y changes sign as Q passeB P 


J/(positive value of QP)= 




ra 

Jo '0 a a 


= ete=| 


3 Two hnet are taken at random, each of Un0h < a Prove &at the 
chcawe that, together with a Une of length Jo, con form Oe Oree ndee of 

a Inangle «* f [8i Joim’s, 1883 ] 

(i) If X, y, be the sides, we have 

«<a, y<a, x+y>la, y + Ja>a:, a;+itt>y 

Take x^ y sa Cartesian coordinates of a point Construct a square 
OABGoi side a, with 0 A, 0(7 as coordinate axes Let P, §, P, ^ be the 
mid-poiuts of the sides (Fig 637) Then, of all points within the square, 
any point within the shaded area PSBRQ will satisfy the conditions of 
the problem Hence the chance required is jf 

(ii) Or we may proceed diiectly thus The chance that x lies between 
X and jc+da;, and that y lies between y and y+dy, is dxdyja^ 

If *< g.yMiigesfioin|-artO|+a;, if «>|,y ranges froma!-|toa 

Therefore the chance required= T f f" ^^=etc =| 

'0 Ja a* Ja a* 8 

It Will be noted that this is the exact process of integrating dxdyja^ 
over the shaded area 



Fig 637 Fig 638 


4 Three hnes are chosen at random^ eaeh of length < a Prove that 2Ae 
cAowce that they can form a triangle is J 
If r, y, a be the lengths, we must have a? < a, etc , y+z > x, etc 
Consider if, y, a the lectangular coordinates of a point Of all points 
within a cube of edge cf, three of whose edges coincide with the axes of 
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coordinates, those which give the result sought must be included between 
the three planes ^+y=s, %e half the whole cube 

Heuce the chance is i 

6 A iod of length a is broken at random into two partSy and one of the 
two parts tt taken at oaTwUm and again Irohen at random Show that for 
tho two parts thtis obtamed the chance that nexthe ts less than \a is i 

[Oi n P, 1886] 

Let OQ be the part first broken off (Fig 639), P the second fractui e , 
PQ-i/i QA =«, d7+^+«s=:a Unless a?+y>2«/3 there is no chance 
that X and y shall be each > afZ Therefore the larger portion must bo 

O " P y Q ^ A 



selected Regard v,f/y z sa the rectangular coordinates of a point This 
must he on a plane ABC making equal intercepts a on the cooidinate 
axes The planes a?=sa/3, y=al% «=0 isolate on the triangle A'B'Cy a 
triangle P^R whose aiea is J- that of the triangle A'BC In order that 
the specified condition must he satisfied, the representative point Xy z 
must he within the triangle PQR The chance is therefore ^ 

6 If three points P, Q, R he taken at random on a straight line OA (=a)i 

what 18 the chance ihaty ♦/ ti > 3, OP*4-P<3 ®+ ehall Is :}> ? 

Let OP=ay PQ=yy QR=z Then RA^X’-x-y — Zy and we are to have 

+ + i^hilst Xy y, « aie positive and their 

sum < a 

Take an orthogonal transformation in which 

a7+y-|-£!=^^/3 and x®+y*-l-s*=^+- F* + ^, 
where JT, F, are new vaiiahlea Then 
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The 'Whole iai»ge of the valuM of X, F, Z » comprised within a 
spheroid of semi axes a/2V», a/2 Vu, a/W», which hes entirely within the 
tetrahedron a=0, y=0, *=0, «+v-t.*=«, provided n ho large enough 
The centre of the spheroid is at the point given hy 
I « (a/4, a/4, a/4) The minor axis lies along a=y =.» The perpendrenlw 
from the oeiitre on the pUne «+y + s=a is o/4s/3, and the mmor semi axis 
being a/4 v/b, we must ha-re n > 3 in order that the spheroid shad not cut 
the fain a4y+«=a The same limitation -will secure that the spheroid 
shall not cut any of the other faces o£ the tetrahedron, and T»m«fc therefore 
be completely contained hy the tetrahedron With this liTmta ti on wo 
therefore have 


Chance required 


Yol Spheroid «■ 
Yol Tetrahedron""^^ 


7 J/ w random potnfo P, Q, Ji be taken upon a hne OA, what %a the 

chance lhai the evm ofihe equarea of ike (n+ 1) porta ahcdl not exceed i ihe 
aguare of the whole Une ^ ^ 


5 P ^ Q V3 R ^ \ 

Fig 540 


Let scj, ^sj *n» <»~*i " % he the lengths of the successive 

paits We are to have 0^3* 4- +(a — 

Take an orthogonal tiansfonnation m which ari+ajjH- 

n. ft 

and let Xi, Zj, X„ he the new variables Then S®r =2^r* the 
condition becomes 

4-XH2+(a-.N/SX„)a:^> o2/n 

t Xi*4-X,*+ +(n-H l){X„-aVS/(«-h 1)}* :l>aVn(n+ 1) 

01 /li + XS+ .4-Xi_i + Xj ^a*/n(n+l), 

whore 7i/(n+l) = Xnl>/n+l 

With the new vaiiahles the signs of Xj, Xg, may he either positive 
01 negative ^ 

The chance lequiied is Y/Z), wheie X=jj JdXidX^ dXf^ij^=^ 

foi all values of Xj, Xj, X«^i, Xn, for which 
X? + XS+ +-Xi-i + X; a*/n(n + l) (see note m the next article) , 

and jD= f f fdai!idas 2 dx„ for positive values of a?!, a^, for which 


a:i+afi+ 

By Binchlet's theorem 



F== 2“ the last 




factor 2- occuri mg because at each inbegiation the result is to 1» doubled 
to take into account the negative signs of the respective variables , 
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, „ a- {r(l)>* 
ani r(»+l)’ 


the chance 


V»+ir(|+i) 

required=-=L= f-r^V 

1694 Nots 

Consider the equations 

®i+a^+ +a^+i = ot®/Pj afi+®2+ 4**>i-i-i=os ( + ) 

Multiplying the second by 2a/% and subtracting, 


and theiefoie 'when one of the afa is 7ero, say asn+i, 

\2 




and if p>w, this would be negative, and theietoie impossible to be 
satisfied by any leal values of as,* If p=nj the unique leal 

solution would be Xi—x^ss =x„=aln, wheie a:„+i = 0 , and similaily if 
any of the other a;’s were zeio We may suppose as an abbreviation 
for a- ajj— a?!— — a!„, and aji, * 3 , as geneialised cooidinates 

( 1 ) If ?i=: 2 , ai’+a;j* + a! 8 *='a*/ 2 , 'where a; 3 =a-aji— ajj, is a conic, and can 
only meet the lines a!i =05 a:,=0, 0 : 3=0 at 


ajj=0, aa= a/2, a; 3 =fl [/2 , Xi = aJ2, a;^=0, x^=al2 , a?i=a/2, a ;2 = a/2, aSj-O , 
te it IS the ellipse which touches the lines a;i=0, a;2=0, ^2:3=0, at the 
mid-pointa of the sides of the tiiangle foimed The centre is at 


ti= ^r,=a?j=a/3, 

and the ellipse is the ma'iimum. ellipse insciibahle m the tiiangle In 
homogeneous coordinates ? j, r^, a7s we may wiite it as 

2(ri»-|-+) = (ri4a;a4-ia)* 01 = 0 


(11) If 71 = 3, a;iH»*''+«i* + ®4^=«7d, wheie aj4 = a -ajj -aj^-ajj, is a 
spheroid insci ibed in the tetiahedron i7i=0, a:, = 0, 0:3=0, = 0, touching 

the faces at then seveial centroids 
Inhomogeneous coordinates ®2, »3. 

3 (Ki® + a;/+aj,2 aj^i) = (x^ + ajj + 

The centre is at a:j=a,=a;3=aj4= a/4, and the spheioid lies entiiely 
within the tetrahedron 
(ill) In the general case, 

71(t 5 -1- oS-h +1 ) — + *3 + +35,^4.i)®= 0 

may be arranged as ^ ^ ^ ^ 

(»-l)ari»- 2®l(^,+a!l+ -*,)*+ *2 («,-»,)* 

4 “ = ^ 
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Hence if n>l, sb^ cannot be negative unless a;,+a^+ ^ 

negative, 'which is impossible, since »!+(»,+ »+aJ,H.i)=a, '«^hich is 
positive And the same follows for each of the vanables That is, 
using language in analogy with the geometrical interpretations of (i) 
and (ii), the » dimensional “spheioid” a;i+a|+ +aj+i = a®/?i, in which 
^n+i=®“*i"" “®n> entirely within the w dimensional “legion” 

defined by 3^=0, aia^O, *n+i=9, and touches each of the “faces,” viz , 


say, asi =* 0 at ^0, ^ ^ “ centroid,” and has its “ centre ” at 

a/(7i+ 1), a/fn+1), i e the “ centroid” of the region, and may be written 

It will be seen, therefore, that in the integration of the preceding article 
it 18 proper to take the limits for Xg, for aU values of the variables 
for which Xi^+ ^ aV’i(w+l) , for negative values of these vari- 

ables cannot imply any but positive values of the onginal variables 
^21 ®n+i 


1695 GsKibRAL Illustrations 

I If a rod he divided into p pieces at random, prove that the chance that 
none of the pieces shall he less than Ijmf’^of the whole, where m>p, is 
(1 - plm )^^ [Math Trip , 1876 ] 

n piacsa n pieona 

A \ ^ B 

Fig 541 


Let X be the distance of the 7i^ point of division fiom one end, and let 
the length of the rod be taken as unity Then, as each piece is to be 
> 1 /?n, e must have 

z > njm and 1 -» > (p-^nym, le 1 - (p ~n)/m >x> njm 
Hence each point of division, P«, has a favourable range fiom x^njm to 
a!=l -p/m+n/wi, and the length of this lange is (1 -pim) of the whole 
And since there are p - 1 points of division, the required chance is 

(I 

2 To examine the same problem by means of the Integral Calculus 


X, 


X, X, 
Fig 542 


X 4 


If Xj, X 2 , be the several points of division of the rod 0A[=a) at 
respective distances x^, x^, etc , fiom 0, we have Xf>ralm and <Zr^i-alm 
from 9 = 1 to 9 =p-l, and Xp=a=l And the lequired chance is ^/D, 

^ m m 

and D is the same when 991 = 00 

Hence pei forming the lutegiations, iVyD— (1 -plm)^^, as before 
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z A rod XT (=a) ts broken at hazard %nto three portions IJ these three 
parts conform the sides of a trtangU^ lohat %s the chance it ts acute angled f 

X P Q Y 

Fig 548 

In Art 1683, Ex 3 (iv), it has been seen that the chance the parts form 
a triangle is J 

Let P, 0 be the fractures, XP^x, XQ^y,y>v As m the article cited, 
we mast have 

x<al2 y<x+aJ2, y>a/2 

To be acute angled, we must also have 

(y_j;)S+(a-y)*>rB*, (a-y)®+«® > a;*+(y-ar)® > (a-y)^ 

*«• y(y-a7“a)+a*/2>0, y(x—a)+a^l2>0, (^ — a)(j7— y+flf)+aV2>0 

All values of x and y from x—0 to a=y, and y =0 to y=a, are equally 
likely Refer to rectangular axes Ox, Oy, as before, with the same 
description of figure 

The region bounded by the hyperbolae y(y— a?— a)+oV^ = 0, etc, in- 
cludes the only positions in which the representative point (x, y) can he to 
ensuie that the tiungle formed by the poitions of the rod shall be acute 



angled These hyperbolae, which we designate as X, Jf, ^ respectively, 
pass through R and H, H and /, I and R, and touch each other at these 
pomts The three segments bounded by L, M, N and their respective 
chords are 


for L, =|a*-^log2. 


for N, [ *“82 
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Therefore the area of the cur^ilineal triangle REI 

"y-3(l»*-i*’log2)=(51og2-l)a» 

Therefoie the chance that the three segments of the rod form an acute- 
angled triangle =(3 log2-l)ai/io^=31og2-2 
chance that any specific angle is obtuee 

The chance that the tnangle is obtuse angled = ^(3- 4 log 2 ) 

The chance that the triangle is right angled is of course infinitesimally 
small 

4 P,QfR cure random potnU, one on each of ihree equal liTtes 
XiYt, X^Y^ ( = a) What la the cha/iuie ihat the portiona ZjP, X^Q, XJR 
may form an acute-angled tnangle ^ 


P 



Fig 645 


In Alt 1693) 4, the chance the paits foim a tiiangle has been seen to 
be i If r, y, s bo 1 eapectively X^F, X^^l and X^B, we have the additional 
conditions > jr®, s^+x^ > Referring to rectangular 

azeS) as befoie, the suifaces of tho light cones y®-|-ai®=A*, etc , separate 
the favourable positions of the lepiesentative pomt from the unfavourable 
ones These cones touch in pans along then common generators, which 
he m the coordinate planes The volume of the part of the cube m- 


cluded between them 

»a’-3 


1 

3 




Hence the chance iequued = ^l a®/a'*= 1 “^= 2146 
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6 Tipo potnt9 P and Q are taken ai hazard upcn a UneAB {=a), P being 
the neater to A WhU ts the chance that the mm of the products of the 
segments im and two together exceeds one fovrOs of the square of the hne ^ 

Let A Q =p, y >x Thett x ranges from 0 to ^ and y from 0 to er 

The limiting csase isr(y-rB)+(y-*)(a-y)+(a-^)a;s3 ~ 

4 

Befemng to rectangular coordinates Ox^ Oy^ the representative point x, y 
may he anywhere within the half OBC of a square OABC of side c, 
whose sides OA, OB are along the axes Gr, Oy , and the favourable cases 

are indicated by points lying within the ellipse 

/* -r p Q a-y B 



Tlidx toadies the sides of the triaagle OBC st their niid-pomts. and is 
the maximum inscnbed ellipse 

Bj projection Its ares is to that of the triangle OBC in the ratio of 
that of a ardo inscribed in an equilateral triangle to that of the 
oquilateial, te »/3\/3 The chance required is therefore ir/Ss/s' 

6 Ando! length a %a bnken. at random trUo three parte What te the 

a>y >s or ■c^2l+z=a, y' <ex 

Eeferto loctangularaies Ox, Oy, Oz Let OA = OB=OC=a (Fin 647) 
mn*+y+i=ais the plane ABO Let D, £, F, he the mid-pomts of 

»d 


A V 
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The cone y*=a.t hdis OA and 00 foi geneiators, the cooidinate planes 
x=0 and z^O being tangential, and it passes through cutting the 
plane AjBC in an aic APOQC For points of the ti jangle AOB on the 
concave side of the arc we have < zv This fuithei limits the range 



of the representative point r, y, z to the segment APOA Theiefoie, foi 
the case x>y>z,y^< si, the chance lequixed a Azea AP(?A/Axea ABC 
Now, since we have along the mteisection of 

the cone and the plane ABO^ a?*+y*+z-*+ 2 ay = , so that it is possible to 

pass a Bpheie through the ate APQG, which is theiefoie circulai, as may 
be seen geometncally, the centie being at the point K whote AK diawn 
parallel to FQ meets BE pioduced Tlie ladms of this cucle 

and Area.lPG^ = 2 - 3 - 3 -g - 3 - 

Hence foi this case the chance is ^g{2r- 
There are six such cases, vi/ 


JJ*}withya<M., 


y>z>x\ 

y<z<v] 


with «* < ry , 


z>x>y\ 

z<x<y) 


with 


Theiefore the total chance = (2W3- D) = j(2W3«9)=! 41B309 

If a specific segment of the line, say the middle one, is to satisfy the 
same conditions, wo then have the t/m cases x>y>z^ »<//<«, with 
< zjf and the chance is ^(2rV)-9), i e one thud of the total chance 
considered above 
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7 A reciangvlar parotUeU^ped %8 constructed vjxth a given diagonal, and 
edges of any poeeible lengths are eguaUy Uhely What is Ihe chance fhal a 
fnangle eoM he constructed totih Us sides egual to those edges of (he 
parallelepiped uhich meat in a point ^ 

Let OB, y,z he the edges, a the diagonal Then «*4 y^+z^=sa* , y+« > as, 
z+x>y, x-^y >z Befemng the problem to a set of rectangular axes, 
the planes a;, etc, form a spherical triangle PQJd on a sphere of 
radius a The points P, Q, B are the mid-points of the sides of the 
quadrantal triangle ABO foimed on the sphere **H-y*+s*=a* by the 
cooidinate planes The sides of the triangle PQB are each ir/3, and 



cosPscosQscosPssJ The spherical excess =3 co8“^J-r- Theareaof 
the triangle PQfi:=flt*(3 cos”^ J-ir) The area of the tnangleABO = Jira* 
The “favourable” region for x, y, z consists of the three spherical 
triangles, AQB, BBP, OPQ, the sum of whose areas 

» - a* (d cos-1 i _ - Sa* ^ j - cos-i « 3a* sin-i i 

6 1 

Hence the reqmred dhanoe=- sm-i;; 

V o 

8 A rod AB (s=a) is broken ai hazard at two points P, Q What is the 
chance that PQshaU he such that PQ^ 4:i(-4P*+®P*)f 

Let APssx, PQ^Zf QB^y, x+y+z^a, and we are to have iws* »*+y* 

Eefer, as b^ore, to rectangular axes Ox, Oy, Oz Then, of all points in 
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the plane a;+y+*«a (Fig 549), those which he within the right 
circular cone a;*+^* = ?ia* aie “favourable ” The projection A'B* of the 
line of intersection A*B' upon the 2-plane is is 


A X p ^ y B 



a conic with focus at 0, diiectiix eccentiicity Turning 

the axes round so that ON, the peipendicular upon a;+y~a, is the new 
a?-axis, the conic becomes JSr*4- r*=n(a-Xs/2)*, i e in polars 
a>/w/r=l+V2nios B 

The area of the portion of this conic between the ladii OA^, (Fig 549), 
in the case when n < |, is 


ir etc ^ 

2;-f 2 J-.;(l-|-V2ncos6/)* (1 -2n)* 


“ H-2>/« f 


s/r^f ln\ 

l+>/n -1 


And the chance requued 

— B 

If n» I, the conic A'" IT is a parabola, viz a/rV2n*2 cos* ^ 


In this case. Area Bec*|dd*etc (4\/2“5), 

and the chance i equirod = (4>/2 - 5)/3 - 21896 q jp 
If n> i, the conic is hypeibohc, and the chance required is 


271 / / Van - 1 




^2(n/w + 1)J 
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0 ThA egvatwn (ia^+^ha!y+hy^=^\ w wnitten, down at random totih real 
co^ctents Find tha chance ihat ti represenia a hyperbola 

[Ox II P , 1887 ] 

The condition is > ah Consider the poi tion of the volume of the 
cone !?=anj enclosed by the planes y=±c, «=±c Let PMN 



(Fig 660) be a parabolic section by a plane parallel to the y-z plane 
bounded by the planes r-y, 2=0 The volume, to a7=sc, 

= MFdON=i<? 

The volume enclosed within the cube, x= ±c, y= ±c, 2= ±c, is 8 J c® , 
and the volume of the cube = 8c® 

Ihe representative point of or, 6, A, viz a?, y, z must lie outside the cone 
but inside the cube, however large c mav be 

Hence the chance required= 1 - J = J 

10 Sw po%nt 8 are taken at hazard on the circumference of a circle 
What M the chance that no two consecutive selected points are separated by 
more than a quadrant ^ 

It will not affect the problem if ve legaid one of the points, viz zf, to 
be at a paiticulai point of the circle Let AC, BD perpendiculai 
diameters Let the other five selected points be 7\, P,, Pj, P4 and Q at 
arcual distances x^ x^ and x respectively from A measured counter- 
clockwise One of these five roust be in each quadrant, and not more 
than two m any one quadrant Let Pj, Pj, P3, P4 be the points which 
he in the firsts second, third and fourth quadrants, and Q the one whose 
quadiant is unassigned It will be sufficient to consider the two cases, (1) 
when Q hes in the first quadrant, (2) when Q lies in the second quadiant, 
for the number of cases when two he in the fouith or third quadrants 
are the same as if two he in the first or second respectively Also when 
Q hes in the first or the second quadrant, we shall suppose that point of 
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the two winch is nearer to A to be designated as Q Let the length of a 
quadiantal aic =:a Then the two cases to consider aie 

(1) a<j?i<a and ti< i2<2a (Eig® 561, 552) 



r l^ /«+*i I 

dxjjx^ dx,. 

2ij=J^dx,l dxj dstij^ dx.1 


The values of these mtegials are readily shown to be Ni=4a^lb ^ , 
N«=9a*/5» , i) = (4a)«/6t 
« .1, V 26a»/5> 13 

Hence the chance i eqmi ed = /s i “ y 

11 Crhrce random pwnts L, Jf, N axt ialcen within a circU of centra 0 
and radivs a Find ths chomce that the circiwncircle of LMN lies wholly 
wiihm the ongincd circle [R ^ ] 

Let F be the centie and v the radius 
of the ciicuincircle, and OP^r Take an 
aibitiary and indefinitely small stiip of 
breadth k round the circumciicle Its 
at ea « to the fii st order The chance 

that tbiee random points should fall upon 
which we may write as 

\ Tra* / 

Integrating with regard to x 
from H 7=0 to x = a—ij which varies the 
size of this circle from radius zero to such 
a size that it will just not cut the oiiginal 

mcle, we have where ifc* le au aibitiaiv elementary area at onr 


it 


,o8«® , 
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choice We are now to sum up all such results as the above for various 
positions of P within the original circle Replace by rd9dr^ and 
integrate over the large urcle 

The required chances (a -r)*r <ir= — 

12 J/ n+1 parUcUs P, Q, R, 8, be tlircvm, down <U hazard wpon a 
straigTU hne OA {=a) each haa ihe same chance of finding itsdf the (r+1)*^ 
tn order reckoned from O towards A Also, atnce some one of them must 
occufpy the (r + 1)** posdson, that chance w l/(w + 1) Examine this otherwise 

P 

6 A 

Fig 654 

The composite chance that P falls at a distance from 0 lying between 
X and x-\-dx, and that r unspecified particles he between 0 and P, and the 

rest between P and A, is therefore the chance 

that P occupies the (f+1)**^ place inespective of where it lies upon 

OA = ^Cr j* or {a - «)"-*■ dfl5/a”+^ = etc = l/(a +1) 

13 Ttoo fovnJts P and Q are selected at random within the vohime of a right 
circutar cone^ and circular sections are drawn through them What is the 
chance that the volume of the shoe exceeds \fiofthe cone ^ 

Take the vertex as the origin and the axis as x axis, x and y the 
abscissae of the points and y>x The chance that a landom point has an 
abscissa lying between x and x+dx is pioportional to the volume of a slice 
of thickness dx, the abscissa of one of its faces being a?, te to s^dx^ 
Also if a be the length of the axis, The chance may 

then be 'aiitten either as 



The condensation curves (Ait 1692) for P-pomts and for Q-pomts, 
indicating the density of clustering on the axis of the ends of their 
abscissae, are 

(0A=W-r) ““d (u) 
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Each touches the ^-axis at the oiigm , (i) crosses the f-axis at | V7, and 
has a maximum oidinate at 70473 , (u) ciosses the 

^ axis at has a minimum ordinate at and rj increases and is 

positive from 2 ^ ^ ^ taken equal 2 umts 

(Xt 4/7 

We are only concerned with the part of (i) from 0 to and of ( 11 ) 
a * 

from 2 ^ ® 

Both densities increase from | to a 



The fiist decreabes and the second increases fox the test of the range 
If we require the chance that under the stated circumstances the point 
P possesses an abscissa lying between certain limits, say jSa and aa, where 
0<j8<a<l, that chance is 


oJ±L 


It Will be found that the chances that x lies between 6a and 7a, or 
between 7a and 8a, are respectively 151257 and 151255, and aie almost 
exactly the same This is in the umuediate neighbourhood of max 
condensation 

The pomt at which the condensation of the v-values reaches its maxi- 
mum IS a V*=«x 70473 

If ya be the “ most probable value ” of t a such that it is an even 
chance whether x exceeds or falls short of yo, it is given by 

7»a-7»)=i n, ** 

The ordinate at this point bisects the portion of the area in the hrst 
quadrant of the condensation curve for P pomts 
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1696 Inverse Probability 

Questions involving the probability of causes as deduced 
from observed events are called questions on “inverse” pro- 
babihty Supposing P^, Pn> the probabilities of the 

existence of the several causes of an event known to have 
happened, and that these causes are mutually exclusive, and 
that these are the only causes through which the event could 
have happened, and further, supposing that Pi, 
the respective probabilities that when the cause exists the event 
will follow, then it is known that in any case when the 
event has been observed to happen, the probability of its 

having done so from the r*** cause is PrjPr/S (Smith, 


Alg y p 521) This result is stated by Laplace \Mim sur la 
prob des causes par les Sv^nemens, Mim par divers savans, 
T VI, 1774] 

If Qf. be the probability of the compound happenmg of 
the 7 ^^ cause followed by the event, Qf^PrPr> above 


expression may be written 



1697 Let the prohahiVUy of the happening of a certain event A, 
which we may call the cause of a second event P, be x, which vanes 
from 0 to 1 Let the happening of B depend upon the happening 
of A in such a manner that the ccmpovmd probability of B*s 
happening is 0(a;) It is observed that B happens What is 
the chance that x hes between two assigned limits jS and 
(0<^<a<l) 

Let OC denote umt length on the aj-axis, and let the giaph 
of ^=0(aj) be drawn (Fig 657) The ordinates represent the 
probability of B happemng corresponding to the abscissa 
which represents that of A 

Let OG be divided into n equal elements of length A, wA = 1 
The points of division are at distances from 0, 0/w, l/ 9 ^, 
2/n, etc , and the probability of the existence of the r*** cause is 



le 


lav(ioo)/£loo#(:oo) 


Hence the probability of the abscissa lying between x and 
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x-\-dx IS ^{xjdxj , and theiefore the chance that the 
abscissa lies between j8 and a is ^^(x)dxl^^<f>(x)dx 



This cbance is therefore measured by the latio of the area 
bounded by the cuive and the a:-axis comprised between the 
ordinates a;=j8 and 2 ;=a to that compiised between x=0 
and ®=1 


1698 In tho same way, if the secondary event B be de- 
pendent upon two (or moie) primary events A^, A^, whose 
probabilities aie represented 1^ x^, x^, whilst that of the 
dependent secondary event is ^(x^, x^), the chance that the 
pi obabilities of these pi unary events respectively lie between Pi 
and aj, Pi and 0 ^, whcie and 0 '^^ 2 '^aj'^l, is 




with corresponding expressions if there be moie than two 
variables 


1699 Recurnng to Ex 12, Art 1696, we have seen that if 
a point X bo taken at landom on a Ime OA=a, and then 
m-\-n other points be taken at random on the same line, the 
ffhnnPft that m unspecified points of the group he between 
0 and X and the lomaindei between Z and A is 




a fact obviouft fioiu anothci consideration as pointed out 
We may use this piobleiu to illustrate the result obtained in 
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Art 1697 The fact that X lies at a distance x from 0 may 
be regarded as a primary event or cause from which the 
nature of the secondary event, viz the particular allocation 
of the m+w unspecified points, arises, and the chance of the 
happening of the secondary event is a function of the variable 
X which defines the cause 


o 


X 

Fig 558 


a-x 

A 


The total number of ways in whicli it can happen that 
whilst X hes between an unassigned x and x+dx, an un- 
specified m of the m+n random points he on OX and the 
remainder on XA for all values of x from 0 to a is measured by 




and the number of ways the same thing can happen when 
X lies between an assigned x and x+dx is measured by 




Therefore, when the compound event happens, the chance 
that X lies between x and x+dx is the ratio of the second of 

these erpressions to the first, le af^(a--xydxj ^ x^{a-xYix 

And the chance that when the compound event happens, X 
will he between a5=/8 and a?=a, (0 < ^ < a < a) is 


I x”^(a-'x)^dxjj^x”*(a—x)^dx 


1700 Next suppose that a new group of p+q random 
pomts IS taken upon the line OA What is the chance that an 
unspecified p of these pomts also he between 0 and X and 
the remainder between X and A ? 

The total number of such cases when X falls between 
X and x+dx will be 

and the total number of cases for all positions of X, in which 
m unspecified points of the m+n he on OX, whilst the other 
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n lie on XA, whilst the p+q points are distributed any- 
where on the line, is 

Therefoie the compound chance that (i) X lies between x 
and x+dx, (ii) m unspecified members of the first group fall 
on OX and the other n on XA , (iii) that p unspecified membeis 
of the second group fall on OX and the other q on XA, is 

oP+ff 

j x^(a—x)^dx 

Hence the whole probability that this compound event 
happens when X lies anywhere on OA is 


_ (p+qy (TO+y)'(n+g )' (ot+«+1)' 

(«»+»+l>+2+l)' 

Jo 

1701 The above problem forms a landmark m the History 
of Probability It is associated with the names ot many 
investigatois, Bayes, Oondorcet, Trembley, Laplace and others 
(See Todhunter’s History, pages 295, 383, 399, 414, 467, etc ) 

It IS often enunciated in a different way 
An urn is supposed to contain an infinite number of white 
tickets and an infinite number of black tickets, and no others, 
and that is all that is supposed to be known as to the tickets 
These tickets conespond to possible situations of a point to 
the left ot JC or to the right of X in the foregoing problem 
Then m-\-n tickets having been drawn from the um, m are 
found to be white and the remainder black What is the pro- 

bability that a further drawing of p+? tickets will result m 
p being white and q black ^ 

r xP^\P(l--x)^^dx 

Laplace gives the required result as 1 

I x^{l---xy*dx 

JQ 

which, without the factor (p+?)7p’S’» supposes the tickets to 
have been drawn in a specific order Todhunter quotes the 
following remark of Laplace “ La solution do ce problhme 
donne uno m^thode directs pour determiner la probabilitd dos 
evhnemens futuis d’apr^s ceux qui sont ddja amv^s ” 
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1702 Next suppose that on the line OA (=a) several random 
points Zj, Zj, , be taken at distances ajj, , 

6 x; x; XT' sCTa 

Fig 650 

from 0, m this order, and let Pi+p^+ +p„ other random 
points be taken upon OA Then the compound chance that 
(i) lies between x^ and x^+dx^, between a;^ and x^-X-dx^^ 
etc , (ii) Pi specified points fall on OZ^, pg on Z^Zg, p, on 
etc y IS 

^ ^ &?n-l 

\a/\a / \ a J a a a 

Hence, for unsjpecvfied groups of p^ points between 0 and Z^, 
Pg between Zj and Zj, etc, whilst Zj, Zg, Z,j_i he at any 
points of OA, m this order, the chance is 

(P 1 +P 2 + +Pn)* p f*""' f^/a?A3^/ irg-a;i \^ 

JoJo Jo \ a / 

^ ^n-8 ^ 

\ a / a a a a * 
whichat once reduces to l/(Sp+l)(Sp+2) (2^-|-n— 1) And 

this is an obvious result For of the P 1 +P 2 + +Pn+^-“l 

points of division, the chance of the n— 1 points standmg in 
the specified order in the (pi 4 1 )‘^^ etc , positions 

IS clearly 

(Pl+jP2+ +1>«) V(Pi+ j^2+ +w— 1)» 

=l/(2p+l)(2p+2) (2p+n — 1) 

If now another group of qi+q^+ +gn points be chosen at 
random on OA, the chance that qy unspecified ones shall he 
in the same segment as the pj points, q^ in the same segment 
as the Pa, and so on, will be 

^ (gl+g2+ +gn)* 

a<h+ +«* g^itgrg' gr„i 

If 
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the limits for Xi being 0 to 0 : 2 ) 0 to X), etc , for osn-ii 

0 to a, which we may evaluate as before 


1703 Ex From a hag contatn%ng an infimte nvmber of Ucketa, each of 
vihich *8 hnoum to he black or wh^te, ten are drawn ai random, and found to 
be four white, six black What ts the chance that a further draw of two 
Uckets gives one white, one black 9 
Here m=4, n=6, jp=l, ff=l, «=!, and the chance required 




r(12) 36 

r(6)r(7)""78 


What woM be the chance that a draw of one ticket only ehoM yield a 
white one, and that a mbaeguent draw should yield a black one ^ 

The chance for a white one at the next draw 


x^(l-x)*drjj^a*(l-x/dx=s^ 

The chance for a black to follow ar®(l - vydvj a?®(l -a7)*da?=> ^ 
The chance for the two draws to result m this order 

lx lo loo 

The chance that i, which represents the ptoportion of the number of 
white tickets to the whole number of tickets m the bag, should be more 

than i of the whole w v^(l - v*{l ^xydx^ 281 /2»® 


1704 Buffon’s Problem Parallel Rulings 


An %nfin^e plane %s ruled by an infinite systm of equidistant 
parallel hnes, whose distances apart =2a A thin rod of length 
2Z ( < 2a) IS thrown at random upon the plane Whai is the chomce 
that the rod wM cut am of the parallels ? 

Take as y-axis that one of the paiallels to which the centre 
C of the lod falls nearest, and the (c-axis perpendicular to the 
set The pioblom is unaffected if we suppose the centre of 
the rod to fall upon the a;-axi8, for the proportion of the 
number of cases m which the rod cuts one of the rulings to 
the whole number of possible cases is not altered thereby 
Let 0 be the origin, OC=x Let the figure represent the 
case in which one end of the rod lies upon the ^-axis, the 
angle between the rod and CO being </> Then a?=Zcos^ 
Then for a given position of C, the chance of a cut 


=2 


2*^ TT 


C08-1 


X 

V 


and the chance that C lies between x and x+dx on a line of 
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length a is daija, and when 0 falls between x=l and a;=a, 
theie IS no chance of a cut Hence the whole chance required is 


-f 

TraJo 


COS' 




2Z double the length of the rod 
to"” circ of a circle of radius a 



This IS a particular case of a remarkable general result to 
be seen latei It is another landmark m the history of the 
subject It was given by the naturalist Buffon in his Esam 
d/Arithmitique Morale, 1777 Also see Laplace, Thdone de 
Prob , p 359 (Todhunter, H%8tory) 

1705 Rectangular Rulings 

Suppose a second system of parallel lines drawn at right 
angles to the former set, whose distances apart =26 (> 2Z), 
thus mapping out the infinite plane into a net-work of equal 
parallelograms Consider that rectangle formed by a con- 
secutive pair of each family of rulmgs which finds itself the 
recipient of the centre of the rod Suppose the rod to have 
come to rest, making an angle ^ with the side of length 2a 
If we join the centres of the extreme positions of the rod 
at this inclination, an inner rectangle is formed of sides 
2a— 21 cos </>, 2b— 21 sin and no rod at this inclination, whose 
centre falls within this rectangle, can cut a side of the mesh, 
whilst those whose centres fall without it do so Taking axes 
coincident with two sides of the rectangle, the angulai position 
of the rod may range from being parallel to the a:-axis to 
being perpendicular to it The chance that the inclination 
lies between ^ and ip+d<p is proportional to d<j>, and we are 
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to evaluate the ratio of 1 1 1 — 


for the favourable cases 


to the same integral for the whole number of cases The inte- 
gration for X and for y has been effected geometrically above 

The chance required is therefoie 

» «• 

{2a 26— (2a— 2Zcos^)(26— 2Zsm0)}d^jy| 4a5d^ 


2Z Z 

J (a sin 0+6 cos 0— Z sin 0 cos 0) <Z0=— ^(2a+26— Z) 

Buffon's result 2Z/‘7ra follows at once by making 6 infinite 
Puttmg a=.6, the result is Z(4a— Zy^a* for square meshes 




1706 Suppose a squaie of diagonal 2Z to be thrown upon the above 
rectangular mesh- work, Z being les*^ thin either a or 6, and let the 
inclination of a diagonal to the side of length 26 be 0 
To avoid a cut, the centie of the squaie must he within an inner 
lectangle of aiea 4(a- Zoos 0)(6 -Z cos 0) The lange foi 0 is from 0 

to and the lesult =»2^{4(rt+6)>/2-(7r + 2)Z} 


If 6= 00 , this becomes — ‘ 


peiimot ei of squai e 

ciKunif of ciiclo of z~ad a 


(See Alt 1707 ) 


If a ciiculai lamina of xadius r (< a or 6) be thiown at ha/aid in the 
same way, the chance of a cut is obviously 

2a 26-(2a-2r)(25-2r) _ r (a + 6-r) 

2a 26 ah 


And when 6 becomes oo this becomes - 


ciicumf of ciicle of lad r 


ciicunif ofciicloofiad a 
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This class of problem leads us to enquire as to the chance of a hazard 
throw of a lamina of any shape cutting one of a system of equidistant 
parallels drawn upon a plane This we proceed to consider 

1707 Random Lines 

Let an infinite plane be ruled by parallel lines at distances 
apart =2a Let n equal short lines of lengths Ss, whether in 
rigid connection or not is immaterial, be thrown down at 
hazard upon the plane so ruled Then each one has an equal 
chance of finding itself crossing one of the ruhngs If p be 
that chance, the chance that some one of them crosses a ruling 
=np 

Suppose that the n elementary hues Ss are the infinitesimal 
elements of the perimeter of some oval of perimeter s Then 
n bemg infinitely great The chance of the perimeter 

of the curve cutting one of the ruhngs is therefore ^ s, that is 

Xs, where X is the limit of p/Ss when Ss is mfinitesimally 
small NText consider the case of a ciicle of radius a If 
this be thrown at ha#zard upon the plane, it is a certainty 
that it must cut one of the rulings, and only one Hence 
X27ra=l This determines X 

Thus the chance of a curve of perimeter s, whose greatest 
breadth does not exceed 2a, cutting a ruling is sjZTrd Curves 
therefore of the same pennieter, and whose greatest breadths 
do not exceed 2a, have equal chances of cutting a rulmg 

1708 Examples 

1 If a cirde of radius b (< a) be thrown down at ha^id upon the 
plane, the chance of crossing a ruling ^2irhl^a=hla 

2 n the contour be a square of side b ( < WJ), the chance is 2b /ira 

3 If the “curve” thrown down be a straight line of length 2l (< 2a), 
it may be considered as an ellipse of minor axis zero and penmeter 4L 
and the chance is 2Z/ira (Art 1704) 

4 For a semicircle of radius 6 « a), the chance is (tt + 2) bftira 

1709 Let 0 be a pomt fixed to the contour thrown down, 
and OA a fixed axis on it 

I^t 0 fall at a dwtance p from one of the ruhngs, RS, aond 
let OA make an angle y{r with the perpendicular p Let this 
contour he thrown down at random upon the ruled a 

very large number of times, and let the trace of the rulings 
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be marked at each throw upon the plane of the contour 
Now it IS immaterial whether we regard the contour as 
thrown down at hazard upon the 
ruled plane, or the ruled plane 
thrown at hazard upon the plane 
containing the contour Take the 
latter case Let a doubly infinite 
number of lines be drawn upon the 
plane of the contoui according to 
the following plan 

(a) Let the lines be drawn parallel 
to a standard line 

p=a; cos yf/'+y sm yfr, 
which we may call the line (p, yfr), 
at equal distances apart, such that 
n of them are contained betw^een the lines (p, yjr) and 
(p+^p, yfr) 

(b) Let us suppose drawn for each value of p, p+5p, etc, 

the infinite family of lines etc, there 

being m Imes with the same value of p between (p, yf/) and 

VIZ those for which p makes with OA angles 

\lr+S\lr 

We shall define any line chosen at random fioin this 
double set foi ecjual gradations of p and of \]r as a “ random 
line” 

The actual number of lines from (p, >/^) to (p+Sp, \I^+S\I/) 
18 mn, and wo obtain in this way the same system of lines as 
those’ obtained by the tracings of the lulings upon the plane 
of the contour aftex the contour piano is thiown down at 
hazard upon the ruled plane 

Taking the case of a ciiclo of radius « and contie 0, the 
number of such lines crossing it is 

pa p2ir 

mn\ 1 say 

Jo Jo 

Hence the number fiom (p, yfr) to vv- mm &p 
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Now, if 0 be a point within any closed convex contour, 

Jj* dp dyjr^^p i^=perimeter 

Hence the number of lines crossing such a closed convex 
contour = 2 ^ ^ perimeter, % e 

No of lines crossing any closed convex contour peiim of curve 

No of lines crossing a circle of radius a penm of circle 

The length of the perimeter therefore measures the number 
of hnes crossing the contour 

This IS the same result as that of Art 1707, from a different 
pomt of view 

1710 If there be any re-entiant portion of the contour, 
the perimeter must be regarded as the length of a stretched 
elastic band which encircles it , that is, the re-entrant portions 
must be excluded by double tangents Otherwise some of 
the random chords will be counted more than once by the 
above rule 

1711 Examples 

1 If a closed convex contoui^of perimeter E completely encloses a 

second closed convex contour of perimeter the number of chords of 
the outer which cut the mner is And the total number of choids 

of the outer is A.2/2ira Therefore the chance of a chord of the outer 
cutting the inner also ibS/X 

If the outer be a circle of radius and the inner a square of side 6, 
the chance is 2blvB 

2 If the inner degenerates into a straight line of length 22, and the 
outer be a circle of radius jB, the chance is 42/29rjB=22/?ri2 

3 The chance that a random chord of a circle cuts a given diameter 

IS S/tt 

1712 We may then speak of S or S/S “ the number 

of lines ” which cross any convex contour throughout which 
the mtegration is conducted, whenever a comparison is to be 
instituted between the number of lines which cut one convex 
contour with the number which cut another 

1713 Vanons Gases 

In the case of a straight hne of length c, which is the limit 
of an elhpse of zero minor axis and perimeter 2c, the number 
of random lines cuttmg it is then measured by 2c 
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1714 In the case of an arc of length s bounded by a chord 
of length 0 , there being no re-entrant portion, the number of 
random chords crossing the contour is measured by fi-fc 
But the number which cross c is 2c 

Hence the number which cross s house and do not cut c is 
5— c 


Fig »564 Fig 606 

1716 In the case of the contour bounded by an aic s and a 
pair of tangents of lengths x and y, let c be the length of the 
chord , then, if s be concave at each point to the foot of the 
perpendicular upon the chord, 

the number of landom lines which cut x and y, but not 
c, IS x+y—c, 

the number which cut s, but not c, is s— c 

Therefore the number which cut x and y, but not s, is 
x+ys 

1716 In the case of two arcs and a chord c, each arc 
being convex at eveiy point to the foot of the perpendicular 
upon the chord, as in Fig 566 , let Cg 
be the chords of the arcs 5^, respec- 
tively 

Then the number ot chords cutting 
Cj, Cg, but not c, szrCj-fCg — 0 These 
necessarily all cut^^ and each once 
only 

The number of those which cut twice, but not c^, — 

These also cut Sg once and c once 

The number of those which cut twice, but not Cg, =52— Cg 
These also cut once and o once 

Hence the number which cut both and 

= (Ci + Cg-c) + (6i-Ci) + (5g-C2)=5i-f52-C 

1717 In the case whore the region considered is bounded 
by three aics 5^, ^g, lying within the chordal triangle 
Cl, Cg, Cg, and each concave at all points to the foot ol the 
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ordinate from the point to the chord of the arc (Fig 567), 
the number of chords cutting a^jhut not c^, These 

necessarily cut ^2 a^^d ag, and Cg 
The number of chords cutting one or other of the three arcs 
twice, and therefore cutting all three arcs, 

= (Sj — Cl) H" (®2 ^2) (^3 “ ^3) 

The number which cut and Sg=5^-l-^3— 

Therefore the number which cut and Sg, but not Sj, 

= (^2 +^3”" ^ 1 ) (^1 ®i) 

Therefore the number which eat any two of the arcs, but 
not the third, is 

(«2 +S3-S1) ^2)Hh +^ 2 - h) =^i +• «>+ 




1718 Consider the case of a region bounded by such a com- 
bination of arcs and Imes as exhibited in Fig 568, where ^ is 
a chord or a double tangent, 5^, any arcs convex at each 
point throughout their lengths to the foot of the ordinate to t , 

I 2 straight lines tangential to and and <r an arc concave 
at each point to the foot of the ordinate drawn upon its own 
chord, which lies within the region considered, and either 
touching 7^ and I 2 or meeting them and lymg between and Zg 
produced 

The number of Imes crossing this contour, but which do not 
cut t, with the exception of such as meet or ajH-Zg twice 
and incidentally meet t, is 

{»i+?i+<r+2j+®s-(<-yi-2^8)} -K+yi-^i)- (®*+y2-Ss)» 
where the meamngs of the various letters are indicated in the 
tgure For the first brachet includes those which cut £Ci -hZi, 
y^, but n.Qts^+\i or x^+l^, ^ 2 * ^ 2 +^ 2 * number of 
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which cases is subtracted m the second and thud brackets 
The expression reduces to 5i‘}-52+2i4-J2-fo— ^ 

1719 In the case of two non-intersecting non-re-entrant 
ovals A and jB, of perimeters P^, P^, external to each other, 
let the lengths of the several arcs and tangents be as indicated 
in Fig 569 Let jSo and be the stretched lengths of the 
crossed and uncrossed elastic belts sui rounding the ovals 
Eandom chords crossing both ovals must either 

(i) cross the region and except for those which 

cross or a-j-l-ccj twice, not cross , or 

(ii) cross the region and except for those which 

cross Sft 4*2/1 crs+S/g twice, not cross Tg 



Their number is therefore 

(«i4-a5i+a?j|-4cri— r i)+ (^8+ yx+y2 -htr8— T 2 ) =^o— > 

%e the difference of the crossed and uncrossed belts Hence 
the probabilities that a random chord of A crosses P, or that 
a random chord of B crosses A, are respectively {l3e—Pu)IPA 
and (Pc-^u)/Pb 

1720 If the ovals touch externally /8 c=P^+Pb 

1721 If the ovals intersect, indicate the several arcs and 
tangents as in Fig 670 

The chords which cut both may be classified as 

(l) those crossing and cr^, but which, with the exception 
of those cutting twice or <ri twice, do not cut , 

(ii) those crossing and o-^, but which, with the exception 
of those cutting twice or ar^ twice, do not cut > 

(m) those which cut the region bounded by 3 ^ and 0-3 
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Their number is therefore 
f e the sum of the perimeters less by the belt 




1722 If one oval B lie entiiely within the other one A, 
every random chord of £ is a chord of A The number of 
chords which cut both is therefore 

1723 If a third non-re-entrant oval X he partly between A 
and B and be cut by the uncrossed belt, but not by the crossed 
belt, as shown in Fig 572, we shall consider how many random 
lines can be drawn cutting all three contours, it being under- 
stood that the ovals are so situated that for all chords cutting 
all three the Z-segment is mtermediate between the other two 



Indicating the lengths of the several arcs and tangents as in 
Fig 672, all such random lines as are chords of all these regions 
must be chords of the region («i, e, (Tj, T\ but must not 
cross Tf with the exception of those which cross 5i+^i twice or 
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twice, with an incidental crossing of T By Art 1718 
their number is ai+ii+e+^ 2 +^ 1 ""^ j ^ ^ amount by which 
the uncrossed belt has been lengthened by X havmg been 
pushed into position fiom outside the belt 

1724 If in the last case the oval X has been pushed com- 
pletely within the region bounded by the uncrossed belt, but 
still not so as to cut the crossed one, denote the various lengths 
of arcs and lines as in Fig 673 



Then the number of random lines which cut all three ovals 


18 a— jS— y+d, wheie 

(i) a IS the number which cut the contour (Sl^ 8 €^^ 4 a•lC), but 
do not cut c, with the exception of those which cut or 
<ri +^4 twice, —s^+t^+€^+t^+<rj^—c, 

(n) jS is the number which cut (^l— y, c), but do not 

cut 0, aj— c, 

(ill) y IS the numbei 
which cut (a?, y, Cg), but not 



cj, - aJ+y-Ca, 


Fig 674 


(iv) S IS the number which cut ea twice, but not Cg, = 63 — Cg 
The total, aftei rearranging, is 

(«i+^a ■|-ei-l-e8+€2+e4+€i+t4+<ri) -(ii+e8+€i+e4+<4), 

which IS the difference oi the increases ot length of the un 
crossed belt caused by its being made to pass round the contour 
of X in opposite directions (Fig 574) 
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1725 In a similar manner it is easy to examine other 
special cases The last two results are due to Sylvester [Bdm 
Ttmej], wlio refers for simplei cases to Czuber’s Qeometriache 
Wdh/r8che%7d%c}ike^te7i 

1726 Ex Three of diameters d are soldered together m mutual 

contact at (hew edges 

Thu figure u thrown upon a table ruled unth parallel hma at egudl 
dtsta/nces (2a) apart {a > d) What m the chance of % 4 or 6 intersections t 

[Biddle’s Pboblim ] 

Let the discs be labelled B, C 
Let the number of chords vhich cut 

(i) A alone, (ii) A and B, but not C, and (in) all three 
be respectively r, y, Zz Then 

3^ + 3y + 32=lengtb of surrounding belt =» (ir + 3)d, 

3^;=: 3 X lengthening of an unciossed belt round A and B 
by pushing (7 into position 

=3(^|-i)=(T-3)i, 

y5s(crossed belt round A , jB - uncrossed belt) - Zz 
a=(ir - 2)d-(r-3)d=d 
Hence »=(ir— 3)^/3 
Therefoie the chances required are respectively 
SdfZiraj ZdfS^ay (w-3)d/2ra 




1 727 Oxofbon’a Theorem 

In anycmtrio convex contov/r ofa/rex A, let AJB be a dmmeter 
cmd 0 the centroid of the area of either 8e7n%~oval Let P be 
the periTneter of thepalh of 0 (is AB rotates , then the mecm 
radial dnsUmce of any po'int within the c<mtov/r from the 
centre 0 is \P 

If 5, y be the coordinates of (? referred to OB as ir-axis, 
W the weight of the half oval, A£=s:27, and if we place two 
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small weights w and ’-w at distances f OB and ^OA from 0, 
the new coordinates of 0 will be 

X f |^+(— '*")(— !»’)} j 

y+dy=^{Wy+0)/W=-y 

4f %o 

Hence dS=g 


The centroid has therefore been moved parallel to AB The 
effect upon Q is the same as the above, if AB lotate through 
a small indmtesimal angle dyfr to a contiguous position A'ORj 
and then w is the weight of the sector ==ir^d\fr, and 




and dx is an element of the arc of the 0-path =ck Hence the 

4t 7 *^ 

intrinsic equation of the 0-path is radius 


of curyature=^ StfS P=^J['(Chord)»d,^ 


Again M(r) 


iHriV'dr) , fj. , ^ 


Prof Crofton’s pi oof of this result [Proc Lond Math Soc , viii ] 
runs on different lines, but he indicates the above as a method 
of procedure 


1728 Useftil Results for a Convex Oontom of Area A and 
Femneter L 

Let G be the length of a chord, coordinates (p, >/r), with 
regard to an origin 0 within the oval, 0 the centroid of the 
oval, 00 (=c) the initial line from which %/r is measured, Of 
a line parallel to the chord, y the perpendicular from 0 upon 
Of , and •p^ the perpendiculars upon the tangents parallel to 
the chord Then we have, taking limits from — Pi to 

{i)^Gdp=A, (u)|pO(^=^y, (i\i) ^^Odp=A^+Ak\ 

where AVf^ is the moment of ineitia about a paiallel through 0 
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Hence integrating (i) and (ii) with regard to \jf fiom 0 to tt, 
'which takes in all random chords. 


(i) d/p ^ "whence 

n/renv j\ Area of contour 

(ii) ^^p0dpd\f^==^Apd\]r==^Ac^sm\]/‘d\lr—2Ac, and in this 

integration it is to be noted that p changes 


sign as G passes through the origin 




If the oval be centric and the ongin be taken at the centre, 
we shall integrate for from 0 to yi, the perpendicular upon 
the tangent parallel to (7, and for \p^ from 0 to 27 r Then 


(i) dpd\fr=iA 2^=24 TT, as before , 

0^) ^^pOdpiy[r=j^A^pdylr, where p is the perpendicular from 


the centroid of the half area upon a line through 0 
parallel to the chord (p, y]r)==iA Perim of fl'-path 


'J'hus M{A0AB) 


^^ipCdpdxp' 

^^dpi\lr 


=iA 


Penm of (?-path 
Penm of oval 


1729 Mean Power of the Distance hotween two 
Points within an Oval 

This mean may he expressed as an integral m terms of a 
chord Let Y be the random points, and yjr the inclination 
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of XY to a given direction Let 0 be the length of the 
chord AB through X, Y, ON the perpendicular from 
an origin 0 within the oval to AB^ XA=^r, XB=—r\XY=p 
Keep X fixed at fiist Then the sum of all the values of p" 
which are contained between AXB and a chord A'XB', making 
an angle dyfr with the former, each multiplied by an element 
of aiea, is 

£p”(p ^p ) +£ p“(p » 


and integrating this for all positions of 
X lying between the parallel chords 
(p,>/r) and {p+dp, >/r), we have 

dp dr being the element of area in which 
uTlies Andr vanes from zero to 0 and 
We therefoie obtain 


(n+2)(n+W ^ ^ (^+2)(^+3) 




I?ig 579 


The final stage of the integration is to sum this expiession 
for all elements dp d\fr within the contour and then to divide 
by the number of cases, which is measured by A^ 


1730 In the case, wheie tc=— I, we have 

This may be inteipieted as an expiession foi the mean value 
of the mutual potential of a pan of unit particles at random 
points within the contour 

The case u— 0 gives A^^ 

The case gives M{p)-- 
The case n=2 gives M{p^)—j^^^^G^dpd\lj‘ 





840 


CHAPTER XXXVn 


But Since = where i is the radms oi gyration 

about the centroid, 

We obtain thus the mean values oi various powers of C ior 
cases in which the mean values of the corresponding powers 
of p have been otherwise found 
Thus, for instance. 



(Area)* 

terimeter’ 



20 Area (Moment oi In about centroid) 
Perimeter 


1731 Other Results due to Orofton 

Let p be the distance between any two random points X, Y 
within a given convex contour of area A and perimeter L 
Then the probabihty that any random line drawn across the 
contour also crosses a particular position XY of the line 
joining the random pomts is 2p/£ 

If n be the number of cases of a random line XY, the chance 
that any paiticular one is selected is l/n Therefore the 
chance that a particular one is selected and cut by the random 
chord 18 2p/nL, and the chance that a random chord cuts a 
random Ime XY is the sum oi the values of 2/o/nX for all the 
cases of a pair of random points (Fig 680), 

Again, suppose the random chord to divide A into two 
parts S and 2^ The chance that X hes in 2 and Y m 2', or 
-Z in 2' and Y m Y=2YS^IA^ for any particular position of 
the chord If m be the numbei of random chords, the chance 
of selection of any particular one is Ifm, and the chance that 
a particular chord should be selected for which X and Y lie 
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1 2SS^ 

on opposite sides is — ^[2 > chance that a random 

chord should cut a random XY, 




Jfzrw af, , „ 


Hence, by equating the two values of the chance, we have 


Moreover we have two expressions for M(p), viz 

and ^||s2'dpd>/r 

(Cl often, Proo Lomd Math 80 c , viii ) This furnishes an 
interesting illustration of a difficult geometrical result arrived 
at by a consideration of mean values and chances 



given cotivex contour which encloses a second contour of onrea B, it 
IS required to find the chomce that a pavr of random chords PQ, 
P'Q of the former should intersect within the latter (Fig 581 ) 
Take an ongin 0 within the smaller contour, and let the 
random chords be denoted by the p-yjr system Let a par 
ticular position of PQ intersect JB, and suppose 0 the length 
of the chord intercepted upon it by B The number of 
random lines cutting G is measured by 20 The number ot 
random choids of A is measured by L Therefore the chance 
that one oi these cuts 0 is 2C/L 


842 


CHAPTER XXXVn 


The chance that the paiticular chord C ib one of the lines 
whose p and y/r he between p and -i/r, p-^dp and is 

dpd\lflj^dpdylr=dpd\lr/L, the integration being taken for 


the ^-contour 

Therefore the chance that whilst the choid PQ lies between 
these hmits it is met by a second random chord at a 
pomt within B is 2C dpdyfr/L^ and the total chance of the 
intersection of two random chords of A lying within B is 




for all values of p, which can give chords 


intersectmg B Therefore 


the lequired chance=2x5/£®=2x Area of -B/(Penm of A)^ 


1733 The above result is independent of the area of A or 
the penmeter of B, and except that it involves B and L it is 
independent of the shape and relative position of the ovals 
When the mner cuive coincides with the outer, B=A, and 
the result becomes 2*^ Area/(Peiimeter)® 


1734 Next take a very small convex contour of area d<r 
external to A Let a landom chord of A cut the penmeter of 
this small contour at P and Q, and let PQ=\, which is a 
small quantity of, say, the first order The chance that 
the p and \[r of this chord should he between (p, yjr) and 


(p+dp, ylr+d^) is dpdxjrj^^dpdyf^, the integration being for 


the contour A,%e dp d\]rJL 

Let djL angles which the tangents from P to 

the oval make with any specific position of PQ (Fig 582) 
Then regarding the chord PQ as itself a narrow oval whose 
greatest breadth is an infimtesimal of the second order, the 
chance that a random chord of A cuts this line PQ is, by 
Art 1719, (Crossed Belt— Uncrossed Belt)/Z, le m the limit 
(2X — X cos dj— X cos d^/L Hence the chance that the chord of 
A should be selected to lie between (p, and (p+dp, yfr+dyjr), 
and then cut by a second random chord of A within the small 
contour. 18 

^ (vei s vers 9^) 
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Now X being an infinitesimal of the first order, dj and dg 
may be regarded as constant throughout d<r for a given 

direction of PQ, and the integration Jx dp gives the area do- 

when taken for the small aiea This integration therefore 
gives d(rdV^(versdi 4 -versd 4 )/L* We next integrate with 
regard to yjr, and \ era di+ vers d 2 = 2 — cos (w— dj)— cos dj, where 
w IS the angle subtended by A at the elemental y area da- 



The possible diiections of the chord cutting PQ will vaiy 
between the diiections of the common non-ciossing tangents 
to A and Ar, and one of these tangents may be taken as the 
fixed direction fiom which yj/' is measuied We therefoie 
have d\}r=ddi, and we have to integrate from ^/•=0 to y}f=u 
This gives 

p I [2— cos {a— ir) — COB (® — 8“ “) 

We may now mtcgiate this through any finite convex oval 
of area B extcinal to A Thus the chance that two landom 

chords ol A inteisoct within B ih 8m<o)(itr 

1733 If B be taken as the whole ol space oxtoiiial to A, 
the chance of the landom choids intersecting outside A must 

be 1— the chance ol inteisceting within A,ze 1— 

Hence wo obtain the remarkable thooiem that 

2j(*) -Hmti>)dtr=B*—27rA, 
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where the integration is taken over the whole plane external 
to A This theorem is also due to Crofton It is quoted by 
Bertrand, Cah Int^ p 491 It is another curious example 
(see Art 1731) of a geometncal fact brought to light by 
consideration of chances 

1736 D^Alembert's Mortality Cture (See Todhunter, History, 

p 268) 

Definitions Mean Duration of Life For a person of age x 
years, the mean duration of life beyond x years is the sum 
of the lengths of the lives lived by a large number of persons 
beyond that age, divided by the number of persons 
Probable Duration of Life For a person of age x years, the 
probable duration of life beyond x years is such a period 
that it is an even chance whether the life of the individual 
exceeds or falls short of it 

1737 Let yff{x) denote the number of persons still living 
X years after their births Then the graph of y^\}r{x) is 
known as the cuive of mortality 

Let c years be the supreme limit of life, i e the greatest age 
to which any person can attain Then \fr(c)=0 
By the defimtion, 

Mean duration for a person aged a years =1* yfr{x)dxl\jr(a), 

Probable duration for a person aged a years =6 yeais, 
where ^(6)=i^^(a) 



In Fig 684, 00 =c is the limit of longevity, OA=a years 
The ordinate Alt represents the number of persons alive at 
age a years, AP the probable duration of life beyond the 
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age a for persons now of age a, the ordinate at P being 
half that at A AM measures the mean duration for persons 
of age a years, and is such that AR 4M=area RAPCQR 

l73S A Different View 

The usual method of estimating the mean and probable 
dimation of life for a person aged a years is somewhat 
different from that explained above, but will be shown to be 
m agreement with it 

Let ,l>(x)da> be the number of persons who die between the 
ages of » and x+dx Then, smce >^(ai)sthe number of persons 
hvmg at age x, yfrix+dx) is the number living at age x+dx 

Hence to the firat ordei, <p{x)dx=yj.(x)~yf,{x+dx) ir'(x)dx 

and ^(®) yy(x) Suppose a person to die at the age of x 

years, where » > a The length of life for this person beyond 
a years —x—a, and the average value of this is 

£ (x-a) <j>{x)daj J” ^(®) dx 

This then is the man duration for persons of age a years 
The probable duration is b years where 

1739 Agreement 

The agreement of these estimates with those of D*Alembert 
will be clear 

and 

= — 1^(®— a) ^(»)£ +£ \&'(®)da!— I dx , 

£ (»-o) <^{x) dxj £ ^(®) JV(a;) (fe/^(a) 

( 11 ) Again, since £ <t>{x) dx= ] £ 0 (®) dx, we have 
[ ylr'{x)dx=:\{ 'yj/{x)dx 

i/r(6)_Vr(a)=H^(c)-V'(o)} JV'W. 
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1740 Chance of Survival 

For a person of present age a, the chance of death between 

the ages and 3 (p < g) is a°d 

and the chance of survival to at least the age of q is 
ylr{q)l\fr{a) 

The probability of death between the ages of x and x+dx 
for a person of age a is 

\l4x)—yfr(x+dx)_ yfr'ix) , 

^(a) yfria)^ 

The probability of death for a person of age x years, 
between the ages of x and x+dx, le oi almost immediate 
death, is — cJa 5 /^(a;) = — dlog\^(a?) 

1741 Expectation of Life 

Defimng the Expectation of Life ” at a definite age of a 
years as the average or mean duration of life after that age, the 
following results were calculated by Neison {Vital Statistics, 
p 8 ) fiom the tables of the Registrar General (See Boole, 
Finite Differences^ p 45 ) 


Agt 

10 

20 

80 

40 

50 

60 

Bi 

80 

90 


Expectation 

47 7564 

40 6910 

84 0990 

27 4760 

20 8468 

14 5854 

9 2176 

5 8160 

2 8980 



A (Bzpeotation) -7 0654 -6 5920 -6 0280 -6 6297 -6 2609 -5 8678 -4 0016 -2 8280, 
AMK^^eotahon) 4784 - 0810 - 0067 8688 8981 18662 1 6786, 

etc 


The expectations for intervemng ages may be very closely 
obtained by the ordinary interpolation methods, e g 

But probably no purely algebraical law expressed as a 
senes in powers of the age, on which supposition interpolation 
formulae are based, would be adequate to express the true law 
of expectation for all ages , particularly near the extremities 
of the table, for ages of very young children or foi persona of 
very advanced years The graph of this expectation is shown 
in Fig 585 
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In the decades of the first differences from 20 to 60, it will be 
noted that there is but small change Hence in the graph of 
the expectation the fall in the value of the expectation 
between these ages is loughly uniform, and this portion of 



0 io 20 30 40 50 60 70 80 80 to6 

Axis of age 

Fig 585 


the graph is very approximately straight From the age of 
60 onwards the cui vature shows a definite bending away from 
the axis of age, the curve becoming more definitely convex 
at each point to the foot of the ordinate This is the curve 

y=|y(f)W(®), that 18 y=\\i-x)i>{i)diijy($)di 

1742 Remarks on the Mortality Curve 

It has been remarked by Todhunter {Hist of Prob , p 269) 
that the “ mean duration ** beyond a represents the abscissa 
of the centre ot gravity of a certain area/' namely of that 
area which is bounded by the cuive y=(/>(x\ the a-axis and 
its ordmate for age a, the abscissa in question being measured 
from 05— a The “ probable duiation " beyond a is represented 
by the abscissa, also measured fiom 05=a, of the ordinate 
which bisects that area It would appeal iiom tables that the 
“moitality curve” y=i/r(a;) is not eithei always concave or 
always convex to the foot of the ordinate upon the os-axis, and 
also tliat the probable duiation is not always greatei tlian the 
mean duration (See Todhuntei’a lemarka on Buffon’s tables 
and on d’Alembei t's views, History of Prob , p 285 ) 
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1743 Let us take a supposititious law that the probability of a person 
of present age ^ years dying before he is aged a? + do; is where A. 

and n are certain constants 

Let denote the number of persons alive x yeais after then birth, 
dx the number who die between x and x-\‘dx Then (r?) = - ^'(^) 

A A ^{x)dx , 

probability that a person aged x will die between 

«aiidar+tfe Hence ^'(®)/^(®)= -A*“, te '\jr(x)=Ai'^^, 
wheie IS a constant and ^(0)=4 

Hence the mean duration of hfe from birth is ( a“* »+I d* 

h 

When X IS large, the integrand becomes extremely small, and its value 
IS insensible Hence we may, without sensible error, take c, the supeuoi 
limit of age, to be no Put 


Xa«+i 


Axi 


1 

"JT+IV 


1 1 
/n+l\n+i 

' A j ^ 


dz-. 




TI+1 


dz 


Mean durahan at birth 


The Prcibaibh durabon of life at birth is 6 years, where 

^e 6-+i=2t^log.2, *s 6={!L^iog.2p 

Per a person of age a years, the probabihty of death within the next 
r years 

e"ii+l-e‘ n+l (l 1 i1 

=i-s“irFrLV+5; -ij 

e «+! 

If r be small in comparison with a, this becomes approximately 

■K=A(t«+> 



CHANCE 


849 


PEOBLEMS 

1 A cardioide is drawn upon a plane and a point P is taken at 
random within the contour , show that the chance that it is neaier to 
the vertex than to the cusp is 

“(a + ^cos^a), where cosa = 2sin^ 

2 Given thatp and are any two positive quantities, of which q 

cannot exceed 9 and jp cannot exceed 6, show that it is a 2 1 chance 
that the roots of the quadratic = 0 are imaginaiy 

3 Three positive quantities are chosen at random, except that 
their sum is known Show that the chance that the sum of any 
two is greater than l/n^^ of the third is 1 - 3/(n+ l)^, provided n<l 

4 There are n letters and n directed envelopes The letters are 
placed at random, one in each envelope Show that the chance that 
r specified letters go wrong and s specified letters go light is 

[(n-6)t-r(n-5-- 1)U — 2)< - +( - ly («r-5-r)«]/?i», 

wheren<tr + s 

6 A circle of radius 9 lies entirely within an ellipse of semi-axes 
a and ft , m + w random points are taken within the ellipse What is 
the chance that m of them he within the ciiclo and the rest do not 'I 

6 Let two points P and Q be taken at hazard in a line AB in 
either order, and let three other points be now taken at hazaid upon 
the line What is the chance that (i) all three should lie between 
jP and Q, (ii) one should ho between P and Q and the others not so, 
(lu) two specified ones should fall between P and Q and tho othei 
not sol 

7 A point P IS chosen at random upon a line AB, and then a 
random point Q is taken upon AP Show that tho chance that AQ 
IS less than 1/n^ of AB is log (n>l) 

8 Four random points are taken upon a straight hue Show that 
the chance that the sum of the squares of tho five parts should not 
exceed the square on half tho lino is Stt^/IOO^/E 

9 A rod IS divided into five pieces at random Show that tho 
chance that none of them is less than 1/10 of tho whole is 1/16 

10 A rod AB is bioken into throe pieces AP, PQ, QB at random 

Show that the chance that the sum of tho squares of A F and QB 
shall be less than the square of 5PQ is f ^ (35 - 6 log S/J2) 
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11 A random point X is taken upon a line AB Six other 
random points are then taken on A B What is the chance that two 
of these will he on AX and four on XB ? 

12 From an um containing an infinite number of balls, all of 
which are known to be either red or white, a group of seven is 
drawn out at random, and four are found to be red and three white 
What IS the chance that a second draw of seven shall also produce 
four red and three white 1 

13 A square ticket of side a is thrown at hazard upon a large 
table luled mto squaies of side 2a Show that the chance that the 
ticket will cross a ruling is about 0 86 

1 4 A circle of radius a is thrown at hazard upon a table ruled in 
squares of side 3a Show that the chance of crossing a ruling is 5/9 

16 A large table is ruled with parallel lines two inches apart A 
one-inch equilateral triangle is thrown at hazaid upon the table 
Show that the chance it cuts a rulmg is 3/27r 

16 A letter L, with thin arms 3 inches long and at nght angles 
to each other, is thrown at hazard upon a large table ruled with 
parallels 4 inches apart Show that the chance of crossing a ruling 

IS 3(2 + N/2)/47r 

17 A cardioide of axis 2a inches is thrown at hazard upon a large 
table ruled with parallel lines at a distance 4a mches apart Show 
that the chance it cuts a luling is 9\/3/87r 

18 Show that the mean value of the cubes of all random chords 
of a circle x area of circle x radius 

19 Show that the mean value of the cubes of all random chords 
which meet an equilateral tnangle of side a is 3^716 

20 Show that the mean value of the lengths of all random lines 
terminated by the sides of a square of side a is 7ra/4 

21 A circle of radius h lies entirely within a circle of radius a 
Show that the chance that a pair of chords of the latter intersect 
within the former is 

22 Show that the chance that a pair of landom chords of the 

director ciicle of an elhpse of semi-axes a and h should not intersect 
within the elhpse is 1 + 

23 Evaluate the integral |(u> - sin (o) do- foi all elements of area 
dar which he outside a given circle of radius a, u being the angle 



CHANCE 861 

between the tangents from the element d(r to the circle Esiplain 
the connection of this integral with the theory of chances 

24 Find the chance that if two points be taken at random within 
a circle of radius d the distance between them will be <c where c< 2 a 

[8t John’s, 1885 ] 

25 Two men, A and J?, aie walking at rates equally hkely to be 

anything from 0 to a miles an houi and from 0 to 6 miles an hour 
respectively They walk in the same direction along a straight road 
for a time c/(a - b) hours, where c miles is the initial distance between 
them What is the probability that Ay who starts behind B, will 
overtake him % [TEiNinr, 1889 ] 

26 Suppose there are n sugar sticks each of length 2 a, each broken 
at random into two pieces A child is promised the biggest of the 
271 pieces What is the value of his expectation ? 

[W A WniTWOETH, E T , 13736 ] 

Show that the expectation of the piece of largest size is 
{(r+ l)n+ 1}/27 (n+ 1) of a whole stick 

27 If there be an infinite number of balls in an um, each ball 
being known to be of one of n different colours, and if pj +P 3 + 

balls have been drawn and found to be of one colour, pg of 
another colour, etc , what is the chance that a further drawing of 
i?i + 3'2 + ? 8 + ft ^^® firslJ colour, of the second, 

etc** [Zpbb, 11924] 

28 Two points are taken at landom within a circle of radius r, and 

a chord is drawn at random Find the chance that the chord passes 
between the points [Colleges 1888 ] 

29 An equilateral tiiangle lies entirely within a regular hexagon 
whose sides are equal to those of the tnaugle A random chord is 
drawn to out the hexagon Show that it is an even chance that it 
also cuts the tnanglo 

30 In a circle of radius a the mean of the inverse distance between 
two random points within the circle is 1 6/37ra 

[Cbofton, Loni M 8 Proo , vui , p 309 ] 

3 1 If the probability of a person of age x years dying before he 
is aged x-^-dz be Xadz, show that the average length of life from 
birth IS ^irj2k (See a problem by Stanham, E 7', 13021 ) Also 
show that the probable duration of life is V( 21 og 2 )/A, which is 
rather less than the average duration. 
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32 Provethat ((9-Bm^cos^)sin0cos0f?6 = ~-^~ 

? 

Two points are taken at random within a circle Find the chance 
that their distance apart is less than the radius of the circle 

[Ox I P , 1916 ] 

33 Show that the mean of the cubes of all lines PQ, which are 
random chords drawn across the contour, are (i) foi a square of side 
a, 3fl®/4 , (ii) for a circle of radius fl, 37ra®/2 , (iii) for a semicircle of 
radius a, 3ir®a®/4(r + 2) 

34 Show that the mean of the fifth powers of all lines PQ, which 
are random chords drawn across the contour, are (i) for a square of 
side a, 5a®/6 , (ii) for an equilateral tnangle of side a and area A, 
5aA79 , (ill) for a circle of radius a, 

36 If two pennies of diametei d be soldered together by their 
edges so as to be in firm contact in a plane, and be thrown upon a 
plane ruled with eqmdistant parallel lines whose distance apart is 
a (a>2d), show that the chance of both pennies being cut by a ruling 
IS (jT - 2)dlira 

36 If a straight line be divided at random into four parts, prove 
that the chance that one of the parts shall be gi eater than half the 
line is 1/2 Show also that the chance that three times the sum of the 
squares on the parts is less than the square on the whole hne is 
ir>/3/18 

37 If a straight line be divided at random into five parts, show 
that the chance that four times the sum of the squares of the parts 
IS less than the square on the whole line is 37r®s/5/500 

[WoLSTTiTHorMB, E T , 2763 ] 


38 If random values between dr a® be assigned to H and between 
d:(2a®+^) to 0 in the cubic + SjBTaJH- 0, show that the chance 


of three real roots 


2 a® 

5 2a8 + i85 


39 Obtain the mean value of a;® + y®4-;Ef2 subject to the condition 
aJ + y + «=0, and that a:, y, z each he between -c and +c 

[LapiiAOe , Todhttntbb, Htit , p 411] 
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ERRORS OR UNCERTAINTIES OF OBSERVATIONS 

1744 Suppose a large number of observations to be made 
to ascertain the measurement of some physical element To 
fix the ideas take one of the simplest kind, the distance 
between two marked points A and R on a straight rod 
Suppose the distance AB to be roughly known to be 10 feet 
long, but that its true value T is unknown to the observers, 
of whom there are many, but known to some other person 
And suppose that as great accuzacy as possible is required 
Out of a large number of observations by careful observers, 
it is clear that there will be none of them which differ very 
much from the true value T The more care is taken, and 
the more accurate the means of measurement at disposal, 
the closer will the estimates be together And it is a matter 
of experience that slight over estimates are as likely as 
under estimates, and occur with equal frequency Absolute 
“mistakes*' of counting feet or inches, or of registration of 
units, or of the use of the instruments we are not considering 
In fact we ehminate from this explanation any errors which 
are of the class of careless “blunders " 

It will be found by the person who knows the true value 
r, that very few of the estimates differ from T by as much 
as } an inch either way, fewer still by | of an inch, still 
fewer by a whole inch, whilst errors of 4 or 5 mches would 
not occur in the tabulated results of the observations at all 
And if the number of observations which give an error be- 
tween X and x+dx be represented graphically, it will be 
found that the graph takes the foim of a curve symmetrical 

853 
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about the y-axis, having a maximum ordinate at the origin, 
falling rapidly to the r-axis, the ordinate speedily becoming 
insensibly small (see Fig 586) 



1745 It follows, therefore, that for the existence of an 
error of magnitude lying between x and x+dx, there will be 
a far greatei probabiLty when x is small than when x is 
large, le a far greater number of errors of observation will 
fall between x and x+dx for small values of x than for largei 
ones Let ^(x)dx be that number We wish to examine the 
nature of this function ^( 05 ). And about it we know that 

( 1 ) it decreases very rapidly as x mcreases , 

(u) it must be such as to become insensibly small withm a 

short range of values of x, 

(lu) it must be an even function of x, as errors of excess or 
defect are equally numerous within coixespondmg 
hmits, 

(iv) it must contam some constant or constants dependmg 
upon the goodness of the observation, the training 
and competence of the observer, the accuracy of the 
instruments used, and the circumstances under which 
the observation is made , 

(v) the number of observations must be I <ft{x)dx, and 

J -00 

supposmg N be this number, the chance that the 
error of any particular observation lies between 
X and a;+d»=^(a;)<fe/2V'=>/r(a;)(te, say 

1746 Laplace’s Investigation 

Starting with the hypothesis that an error in an observation 
IS due to no one single cause, but is the aggregate of the 
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cumulative effects of a large number of causes, each pro- 
ducing its own separate effect, and that these effects are 
extremely small, and as likely to be positive as negative, 
Laplace has shown by a vety laborious and difficult investi- 
gation that the chance that the error lies in magnitude 

between x and x+dx, viz \j/'{x)dx, is for some value 

of 0 ) which depends upon the goodness of the observation 
The argument is of such length that we must refer the reader 
to Laplace’s original work (Thione Analyhgue des ProbahihtSs) 
We therefore assume the law as our fundamental hypothesis 
m what follows A good idea of the principal steps in the 
process, which avoids the obscuiity of the oiigmal work of 
Laplace, will be found in Airy’s Theory of Errors of Observation, 
pages 7 to 16 Todhunter’s History of ProbaMiti/^ Aits 1001 
onwards, may be consulted, also a paper by Leslie Ellis {Trans 
Comb Phd 8oc , viii ), and a paper by Memman (Trans. Conn 
Acad , IV ) 

1747 The Freauency Law 

The law is termed the law of “ Facility ” or 

“Frequency” of Errois It will be noticed at once that this 
IS a probable law, for it answers all the requirements laid 
down in Art 1745 It has a maximum at sc—O, it is an even 
function of x, it contains an arbitiary constant o>, it diminishes 
with great rapidity as x mcieases, and speedily becomes of 
insensible magnitude, and 

J” <l>{x)dx^N^ ^^e'‘***'dx=N 

1748 Weight and Hodulus 

The constant w is called the weight of the observation It 
is sometimes replaced by ^ Then c or i is called the 

modulus The weight o) measures the care, skiU and precision 
of the observer, the goodness of his instruments and the 
excellence of the conditions undei which the observation is 
made 
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1749 The ordinary method of estimating the value of a 
physical element of which a number of presumably equally good 
measurements have been made is to take the aiithmetical 
mean of the result As a matter of experience this gives good 
results, and therefore this mean is frequently adopted as giving 
the best estimate available, and regaided as the most likely 
value If we might assume this, the above law of Facility of 
Errors easily follows 

Let T be the true value of the measured quantity, T being 
unknown Let be n mdependent results of obser- 

vation, the law of Facihty 
Then z^—T, z^—T are the actual errors, some 

positive, some negative, and the d pnon probability of the 
coexistence of these eirors is proportional to the product 
P=0(a;i-r)^(02-r) <piz^-T) 

Then, by the principles of inverse probability, the probability 

that the true value lies between T and T+dT iq Pdlj |p^T, 

the hmits being such that the integration is conducted over 
all values of T which it is capable of assuming That is, 
after the observations were made, the probability that T is 
the tiue value is also proportional to the product P, and 
therefore this expression is to be made a maximum by 
vanation of T Taking logarithms and differentiating, we 

hs.Ye^<l>'(Zr-T)/4l>(Zr-T)=0 

Now, if we take for T the arithmetic mean of the observa- 
tions, this equation is to hold when nT—^ To find the 

form of 0 which will satisfy these requirements, take the case 
=Zn==z^—nT Then 

+ (w— 1) 2jj=2!i+ (w— 1) nr) 1) T, 

*e 2 ii-r=(n-l)T, « 2 - 2 '=(z,-Zi)+( 2 i-T)=-t. 

Zj— 2"=— T, etc , 
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which IS independent of n, and this is to be true for all 
positive integral values of n 

This will be satisfied if ^ be such that - ^^==const =(7, 
whence log0(w)=O^ and 


And since is to decrease as u increases, G must be 
2 

negative Let G=—-^ Then ^(u)=Ae ^ Again, if be 
the total number of observations, 

<t>{u)du—\ Ae ^&u—AcJv, A=NleJw, 

N 

%e 4>(x)=—=e »*, 

cvtt 


which estabhshes the law of facility under the hypothesis 
specified as to the Anthmetic mean 
This remark is made by Dr Glaisher in the solutions of 
the Senate H Problem for 1878, pages 167, 168, where there 
will also be found a concise account of the allied subject of the 
principle of “ Least Squares ” [See also Todhunter, Hist , 
Art 1014] 


1750 Mean of the Errors, Mean of the Squares, Error of Mean 
Square, Probable Errors 

The following facts will now appear 
(1) The mean of all the positive errors 



(2) The mean of all the negative errors with their signs 

changed is also i=. 

VT VTTto 

0 1 

(3) The mean of all the errors taken positively is 

V IT V TTW 
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(4) The mean of the squares of all the errors 


! oo 1 

a?® — 1=^6 ^*dix 
C V TT 


r 1 


^dx 


t 

'2" 


2(0 


(5) The “ Erroi of Mean Square/' % e the square root of the 
mean of the squares of the errors, =-^=-= This is the 
abscissa of the point of inflexion on the Probability Curve 

(6) The “Piobable Error,” which is such that the number 
of positive errors which are greater than itself is equal to the 
number which are less, is given by the value of where 



1 fe" 

Let a;=(» Then -= 1 25 

vttJo 

Tables have been calculated for the values of this integial 
for various values of the upper limit [Elramp's B^radtwns , 
Bncyc Metropol, “Theory of Probabilities”], and interpola- 
tion from them gives 476948 Hence the “ Probable 
Error ”= 476948 cor 476948 /n/w 


1751 Eramp’s Table is given by Airy {Th of Errors, p 22), 
also by De Morgan {Ihff Calc, p 657) We repioduce Airy's 
abstract of this table for convemence for other purposes 

Integral tabulated, Is P 


X 

I 

X 

I 

X 

I 

X 

/ 

00 

0 000000 

10 

0 421360 

20 

0 497661 

30 

0 499988 

01 

0 056232 

11 

0 440103 

21 

0 498610 



02 

0111361 

12 

0 466167 

22 

0 499068 



03 

0 164313 

13 

0 467004 

23 

0 499428 



04 

0 214196 

14 

0 476143 

24 

0 499666 



06 

0 260260 

16 

0 483063 

25 

0 499796 



06 

0 301928 

16 

0 488174 

26 

0 499881 



07 

0 338901 

17 

0 491896 

27 

0 499932 



08 

0 371061 

18 

0 494645 

28 

0 499962 



09 

0 398464 

19 

0 496396 

29 

0 499979 

00 

0 500000 
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1752 Belative Uasmtnde of Probable Error, lEeaa Error, 
Error of Ueao Sanace, Modnlns 
To sum up, we have 

Probable Error -= 4!7694!8 /^/«o, 

Mean Error=l/^^^^= 564189 /^/«, 

Error oi Mean Square=l/^/^= 707107 /v^ , 
Modu]us=l/iv/^ , 

in each case varying inversely as the square root of the 
weight, t e dmectly as the modulus, and obviously, when any 
one of these is found the rest may be deduced They are 
arranged in ascending order of magmtude 
Takmg the a;-axis as the axis of magnitude of errors and 
the y-ams as the axis of frequency. Fig 587 will exhibit to 
the eye the relative magnitude of these errois and the fall in 
frequency The figure is that given by Any (loc at sup) 
The abscissa is the ratio of the magmtude of an error to the 
modulus The points P, M in the figure indicate respectively 
the abscissae for Probable and Mean Error 



1768 Several Observations Besnltant Weight 
Suppose there to he a result b dependent upon ohsmxAvms 
Oj and 0 , cj weights «i, respectwdy, say h=<j>{a^, Og) To 
fnd ihe weight cf the result 

Let a^, asj be the actual eirors and z the consequent erior 
in 6, all being small quantities of the first order, then to that 

order say 
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The chance of the co-ezistence of errors in and Og 
lespectively between and Xi+dx^ for the one and a, and 
jBg-fdaSj for the other is 


» TT V TT 


11 1 

Therefore wiitmg - « — 

® 0) <0® ** 


and 




the 


chance of an error in h lying between z and z+dz\& 
V J-oo L^ot 


that IS, 




dx 


— g-ss** ^ r g 
9r 

TT <l>at \ "l<»2 

The law of facility for the compound result 0(%, is 
therefore of precisely the same form as that for each of the 
original observations, but the weight of the combined result 

IS «, given by l=l(^)*+i(||)* And exactly in the 

same way if b depends upon several observations 02 * 
of weights <»i, coj, ®n respectively, we have a resultant 

1 

weight 0 ) for the cumulative measure given by 
It follows that, writing P E for Probable Error, 


[PE in a,. )]*=(PE in 4(PB in + 

and the same law of combination holds for Mean Error (M E ) 
or Error of Mean Square (E M S ) 

1764 For example, if we require the weight of the Arith- 
metic Mean of n observations of equal weights coi, 


6 


=^Oy/n 


and l=i2U^ 






%e «=n<»i 


That IS the weight of the combination is n times the weight 
of any of the original observations, and 

the Probable Error m 6=(P E in any of the a*s)/yn, etc 
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Similarly the weight of a resultant 2Kt^+9<>s+*Vs+ is 
given by ?*.»*, 

— “T "r + j 
0} 60 x 0)2 0>3 

J f l_jp“+g®+r“+ 

and if o)i=o)2=o)s= , -=*- — ^ 

0 ) Q>X 

1765 If observations be taken upon a single physical 
element, and the weights and prohabh errors of the several 
observations (a^, ^s, ) be respectively (o)i, wg, ) and 

(ci, eg, 63, ), whilst 0) and e are those of a resvUarit formed 

according to the law 2jp,^/2pr> which is the usual form 
adopted, where {PitPztPs* ) are certain constant multipliers, 
called combination weights,” to be so determined as to give 
a minimum piobable error in that resultant, we have 



and differentiating with regard to px, p^, p^, , 

= 2prV/2pr, 

^e the combination weighte are to be proportional to the 
theoretical weights Moreovei, it follows that 

1 1 . 1 . 1 r . L r 

2*1“ Ctf=a>x+ft)2+W3T“ > 

€" €x €2 

and the theoretical weight of the result is equal to the sum of 
the theoretical weights of the several collateral measures (see 
Airy, Th Err , p 66 ) 

1756 To estimate the actual value of the weight of a 
series of observations upon a single physical element, wc liavc 

seen that ^=mean ot squares of the errors 

If then the actual errors of each observation were known, 
we should have a rule to determine co But the exact measuie- 
ment of the quantity upon which the observations are made 
18 rarely known Let T be its true value, Aj, Ag, the 
observed values Then Aj— T, etc , are the actual errors, 

and But T being unknown, we have to 

Zon n j 

appromnate Let us adopt the axithinetical moan of the 

1 

observations as the value of T, and write T^-'^Ar, which 
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IS known as the “ apparent value,” but is not necessarily the 
true one This gives as an approximation 

+A^‘-2T(A^+A^+ )+nr*=2^r*-«2’*, 


%e as an 


1 1 " 1 / ** 

apprcwmatum we have 

_ /Mean of sqnaresN _ /Square of mean\ 
\ of observations / \of observations/ 


1757 Betermmation of the Error of Mean Sauare,” “ Probable 
Error,” etc , of a Measurement of an Element from the Apparent 
Errors 

Since the true value of the measured element is rarely or 
never known, we have to devise a method of obtaining the Error 
of Mean Square, etc , by some way other than as being llJ2(o, 
which would require a knowledge of (o Let A^,A^, 
be the actual results of n independent observations on the 
single physical element m question, a^, a^, a^, the actual 
errors, T the true value , then A^—T-\-a-^y A^=T+a^, etc 

Let M and m be the anthmetic means oi the ^’s and of 
the a’s Then 

ar-m=Ar-T-\-^{Ar-T)=Ar-\ IAr=Ar-M 

The difference ur— viz the difference between the actual 
error and the mean of the actual eirors, is called the Apparent 
Error” And the sum of the squares of the Apparent Errors 

=^(ar—fn)^=Sar^—2m nm+ww®=Sar*--^(2ar)® 

Therefore, if Q a 2(Ar— AT)®, we have Q=2ar^— ^ (Sa^)* 

Now let 6 be the error of mean square of each measure 

Then (Art 1750, 6) «*=i Jo,*, te 

Again, the square of Sar=sq of error in XAr 

= (Error of mean square in 2-4r)® 


n 

=]^ (Error of mean square in Ar)^ 


=n€* (Art 1753), 


sum of squares of Apparent Errors=W€*—-ne®=(w— 1)6® 
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Hence and Q being known, this determines e 

Since the Error of mean square==l/>/ 2 ft), we have 
ft)==(n— 1)/20 

Also Mean Error = - 7 !===^^ , 

V-TPo) ^ fr n—l 

.««^_ 0«6048 

n / o ) yn-l 


Probable Erroi = 


1*758 Again, since the Enoi of mean square of the mean 
of n independent measures of a physical quantity 

=4=-X of mean square of any one measure (Art 1764) 
Vn 

=-jLe=A / nv , we also have 
Jn yn(n-iy 

Mean Error 1 _ / 2 Q 

of the mean J y *rr n(n— 1 )' 

PiobableEnorl 

of the mean J V n(w— 1) 

1759 Oase of a System of Physical Elements 
Suppose next that it is requited to discovei the values of 
a certain set of physical elements 1 ;, , and that observa- 

tions upon certain connected groups of them have been taken 
giving results of the form 

^i(^. t )=^x> 02 n* )=^2» 
the forms of 0 i, etc, being known, and all the constants 
mvolved being known from theoretical or othei consideiations, 
whilst ^ 1 , are the results of observation, and therefore 
subject to small eriois 

Theoretically, if the numboi (w) of observations be the 
same as the number (jj.) of elements to bo found, there will be a 
dehnite number of sets of solutions of these equations depend- 
ing upon the degrees of the seveial functions If, howevei, 
the number of observations exceed the numboi of elements, 
it will not in geneial bo possible to satisfy all the equations 
by the same values of 17, f, etc , and it becomes impoitant to 
examine a method of hnding their most piobable values undei 
the circumstances 
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1760 Reduction of the Equations to Linear Form 
The observed quantities N^y N^, etc, will not diflfer largely 
from those which would give true values to f , tj, etc , and if we 
solve fjL of these equations we shall obtain close approximations 
to the values of tjy etc , or in some cases such close approxi- 
mations ma}' be otherwise available Let these approximate 
values be a, /8, y, etc, and x, y, z, etc, the small residuals of 
the true values of j;, f, etc , so that ^=a+x, etc , 

and these residuals being small their second and higher powers 
and products may be rejected, and each equation of form 
“lay be regarded as reduced after expansion 
of 0t(a+a?, ^+y, ) by Taylor’s theorem to the type 

such equations being m in number Now being itself the 
result of the subtraction of <p{a, /3y y, ) and various second 
and higher order small quantities from depends upon the 
observations, and is a small quantity subject to error, whilst 
a., c^y are supposed known from theoretical or other 
considerations 

1761 The Equations of Condition 

We therefore have m linear equations connectmg /m un- 
knowns Xy y, Zy eta y fjL bemg Let a typical equation 

be a^x+b;y+Cy^z+ w,=0, where i=l, 2, 3, m We need 
not for the moment consider x, y, z, to be small 

These m equations are not in general capable of bemg satisfied 
by the same values of x, y, z, , but we have to obtain the 
most probable values of x, y, z, from them , that is, as good 
an approximation as we can under the circumstances 

These equations are called the “ Equations of Condition ” 

1762 Standardisation of the Equations 

As to the several results of observation, tig, let 

us suppose that they are each the result of several separate 
and mdependent observations , eg takmg the typical case 
suppose it to have been formed as the arithmetic mean of 
0 )* observations upon the value of a,st?-l-&,y+ , and suppose 

all these a>, observations to be equally good observations 
Then the weight of this observation is proportional to 6t>{ 
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Therefore, unless the number of observations in forming 
Wi, same and the individual observa- 

tions equally good, some of the Equations of Condition will 
have greater importance than others 
If be found by w, observations, each with the same pro- 
bable error e, the probable error in is e/v/a^, and the probable 
error in is € 

Hence, if we multiply the Equations of Condition by 
n/w^, n/w 3 , etc, we get another group in which the pro- 
bable eirors of the right-hand sides aie each e 

We shall suppose our m Equations of Condition to have 
been already subjected to this preparation, and theiefore 
suppose that the quantities %, » 2 j which occur are sub- 

ject to the same probable erior e 

1763 PniNCiPLE OF Least Squares 
I t a?o, yoi the most probable values of x, y, 2 , 

respectively, then, by the natuie of the case, 

IS a small quantity of the nature of an eiror Call it 
Then the probability of the occurience of the erroi being 

”“*’'** the probability of the co-existence of errors 

^ TT 

Vi, and as those errors have 

occurred through taking oJq, y^, Zq, , etc , as the tiiio values 
of fic, y, Zf , etc , the probability that x^, yo, e^, are the true 

values X8 f f H 

1 > TT / J-GoJ^oo J -00 1 ’ TT 

which the denominator is a definite constant , and, supposing 
the Conditional Equations to have been prepared as dcsciibod 
m the preceding article, the w's occurring aie all equal 
But in any case we have to determine Xq, yo, etc, so that 
this probability shall be as gicat as possible, and this will bo 

m 

achieved by making 2 ^ minimum, or, if the <o*s aie 

1 

equal, SUi®= a minimum The method of piocodure is thoi eforo 
called the method of “ Least Squares ” 
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1764 The “Normal’' Eaoatioiis 

The primary condition for a minimum is 

m 

2«*».(«i<*a'o+6,dyo+ )=0. 

1 

and therefore, on eqnatmg to zero the coeflBcients of dx ^ , dy ^ , , 
we have m linear equations to determme Xq, Zq, , viz 

2 ft)tCA= 0 , etc , 


or in the case when the equations have been prepared before- 
hand, so that the weights are equal, 

2 aA= 0 , 26a== 0, Sc»'i;»= 0 , etc, , 


2a® a;<,+2a6 yo+'2ac Zq+ .=^'2an,' 
26a a;o+26^ y^ +25c 2 :^+ =26?^, 

2ca ajo+2c5 Zq+ =2ca 

etc , 


which are known 
as the “ Normal ” 
Equations 


The very compact notation [ 06 ], [aaj, etc , is often used for 
2 a&, 2 a®, etc, but we adopt the sigma notation as a little 
easier to write 

These equations determine the values of Xq, 
give the most probable values of as, y, etc, to satisfy the 
onginal group of Conditional Equations in which the n's are 
subject to small errors 


1765 Before proceedmg further, let us examine the m 
prepared equations of type a^x+h^y+c z+ —n^ from another 
point of view 

Multiply the several equations by pg* » JP*» , 

then by q^, q^ and add, then by rj, Tm and add , 
and so on, VIZ hy /jl groups of multipliers, m in each group 
We obtain jm equations, 

aj2a.p,+y26ip,+z2c,p,+ =27i,p„ 

+y26,y*+z2cA + =2 'Iia» 

xla^r^ +2/26,r,+z2c,r, + =27i»r„ 

etc 



Agam multiply these by X 2 , , and add, and choose 

the X’s so as to remove the terms y,z, , ^ e 

Xi26,p^-|-X226,5^t+X826ti»-f- =0, 

Xi2c,p,+X22ca +X32CA+ ==0, 

etc 
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Then ’Sm-.k. 

Xi2a,27,+X,2a^,+\32a.r-.+ ~'ZaX 

where fc.=Xi2>i+X2?.4-X8n+ , whilst 2bA=0, 2cA=0, etc , 

and the new constant multipliers A. K> K replace the 
p% ^s, r*s, etc , and X’s 

Let CO be the weight of each of the observations tij, Un, 
by supposition prepared to be of equal weight, and let coj, 
ooz, be the weights of the deduced values of x, y, z. 


Then 


I _ 1 

ft)» (2a)ciy CO* 


Art ir53 


( 2 ) 


And if e be the error of mean square, or the probable error 

in each of the s, and e®, €y, cz, the resulting error of mean 

square, or the piobable error in the deduced values oix^y z 

SA ^ ’ 

we theiefore have have to make this 

error of mean square, or this probable error, as small as 
possible with the conditions 26/c»==0, Sc<fe<=0, etc. 


1766 To do this we have the A’s at our disposal Their 
number is m and their connecting equations number 
which IS < m It will be observed that the expression e* 
contains only the ratios of the A’s, and when their ratios to any 
particular standard Jc have been fixed e* becomes determinate 
We shall therefore in no way alter the value of €» by the 
addition of some one additional linear equation amongst 
the fc’s For convenience we take that relation as 2aA=l, 
which will give aj=2n^fc* We then have to make €**=2^*® ^ a 
minimum with the /a conditions 2aA«l, 26,/c,=50, 2cA=0, etc 
We obtain at once 2A<dA<=0, 'SutMi—O, 26^=0, etc , and by 
Lagrange’s method of undetermined multipliers 

Jci=Aai+Bbi +- , k^=Aa2+Bb2+ , , 

whence Ucf^ALaJCi^^^A 

Also il2a®+S2a6+(72ao+ =*2aiA,=l,' 

42&a+B26^ + C^26c“J- — 26tAi=0, 

A2(Ja+52c6 + 02c* f =2oA =0, ' * 

etc, , 
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whence 4= Ib\ Ibc, j 2a-^ 2a6, 2ac and is known, 
2 c6, Do* / 26a,S6*, 26o 
I 2ca, 2oi), 2c* 

and i4=2fet* Therefore ea;*=^e* and and -4 is 

essentjially positive, being the sum of a number of squares of 
real quantities The weight of the deduced value for x is 

1767 The symmetry of the work shows that the same 
process will give us a minimum error of mean square, or a 
mimmum probable error also for y or for Zy etc , and that the 
weight of y so deduced may be found by solving equations of 
the same form as those in group (8), but with the 1 now 
replaced by 0 m the first equation and the 0 by 1 in the 
second, and so on for the weights of 0, etc 

1768 Again it will be noticed that if we choose our 
prehmmary multipliers, viz the p’s, q\ r% etc, as the 
coefficients of the oiiginal prepared conditional equations, viz 

q^=biy r,=c„ etc, we have A,=Xia,+X2?>t+X3C.+ , 

and for this choice 

2fc»*=2(\ia,+X2b»"l" )^— Xi2a*fc,+X226*fcj"|- =Xi=4 

That IS, substituting for the p*s, q% r’s, in equations of 
group (1), the equations which will give a value of x with 
the least error of mean square, or least probable error for cc 
are the “normal” equations arrived at m Art l764*otherwise, 
and the symmetry shows that the values of 3/, z, etc , will 
also be determmed by the same equations with the least error 
But as these equations are the same as those arrived at by 
making 2(0^0? +6»y+ a mmimum by variation of 

X, y, Zy , this IS a convement way of reproducing the equations 
for these unknowns And the result is the same as that 
arrived at in Art 1764*, the weights of the several observations 
havmg been made equal by preparation of the conditional 
equations 

1769 If the conditional equations are left unprepared, we 

arrive at the proper equations for the values of x, y, Zy etc , by 
making 'Za>t(a^x+b^ + — -n^J* a mmimum 
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The determinants occurring in Art 1766 are essentially 
positive For such a determinant as 


la* 

Sab, 

Sac, 

occurs m squaring 

«!, ^ 2 , 

Om 

Xba, 

26*, 

She, 

the rectangular array 

6 i, 62 , 

bm 

"Soa, 

2 c 6 , 

2 c*, 


Cl, C 2 , 



m which the numbei of rows (/u) is less than the number of 
columns (m), and is therefoie expressible as the sum of the 
squares of all possible determinants which can be formed from 
the array by takmg ju columns (Burnside & Panton, Tk of Eq , 
p 260) Such a determinant is therefore essentially positive 

1771 To complete the theory we must examine how the 
quantity e is to be found from the details before us , that is, 
we are to do for the case of measurements upon a system of 
physical elements what was done in Art 1767 for the measure- 
ment of a single element We have used e indifferently in 
Art 1765, etc , for either the erroi of mean square, the probable 
error or the mean error We shall now define the lottei as 
standing definitely for the “ error of mean square ” m the 
measure of an observation Let Vii be the lesidual eiior in 
a^x+b4f+ — when the values jTo, obtained from 

the “normal” equations have been substituted for x, y, z, 

Then we shall show that the equation loplaces 

that of Art 1757 

Let the true values of x, y, z, bo Sx, yo+^y> 
etc , and let 

a*(5Co"l" (^ ■=■ 1 to 

Multiply by a, and add the system Then 


2a* Xq -(-2a6 y^ f2cM3 Zq-\- 2aw 
+2a*da?+2a6 <5^+200 6z+ 2a?^, 

2a* <5a5-l-2a6 Sz f “2aa 

Similarly 26a ^£I5^ 26* Sy ^25-1 26^/, 

2ca ^aj+266 Sy | Sz-l - Ecu, oio, , 


which, as in Arts 1766, 1766, give S'Jf*=Eku 
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1772 Equations of type a*a;o+6iyo+ — v^(^=l to m), 

multiplied by v* and added, give since 

2<w;=0, 26v=0, 2ci;=0, etc 
And equations of type a»(a;QH-5a5)H-6j(yo+^y)+ — give 

in the same way 2t/A=“‘2w^,v* 

Hence St?**=2tA^,==— 2w,v* 

1773 Equations —ni=Vt, multiplied by 

w, and added, give 

2a,^^, Xo+2b^t yo+ -2n.w*=2v,w*=2t;*® 

Equations a^{xQ+Sx)+b^{yQ+Sy)+ — multiplied by 
Ui and added, give 

2aiM. iCo+Sii^i Vo + — 

+2a.w»da;+26x =.2w<* 

Hence 2w®=2v,*+2a*w< ^05+26*^* d2J+ 

And, since is the sum of the squares of the true errors of 
the observations, 2i/»®— we* 

Now, m the terms 2a«t4, Sx+'2b^% Sy+ , we must neces- 
saiily approximate 

Take for them their mean values Then 
2aA ^aJ=(«i‘Wi+<3ta^2+®8^8+ )(fci%+^2^a+^%+ •) » 

whose mean value is that of 

remembeimg that the errors Wi, W3, may have either 
sign, all products involving errors with unequal suffixes will 
disappear in taking the mean And the mean values of 

Ui3 «2*» ^3®* ^ 

Hence 2a,-M, Sx will be replaced by 2a<i* e^, that is €® 
Similarly 26^ 8y, Jlc^u^ SZy will be replaced by c® 
Therefore wi€*=2v,,*+/x€*, jul being the numbei of unknowns 

He-e e*=^ 

1774 If there be but one unknown, %e when the obseiva- 
tions are made upon a single physical element, we have 
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1775 Effect of Exact Co-enstent Relations 

If, m addition to the m conditional equations of type 
a^+h^+ — n,=0, 

there be p {<fj) exact equations of type 
a^x+^^+ — 1 / 1 = 0 , 

these latter equations may be regarded as determining p of the 
unknowns in terms of the other ^ Upon substitution of 
these in the conditional equations, we have a system of m 
conditional equations amongst jx—p unknowns Hence the 
error of mean square e will in this case be given by 

— j — s— , where v, is, as before, —n,, and 

fn>-\-p—~ jj. 

the summation is from to 

If /A be laige, or if there be several exact equations, a 
different process is usually employed to reduce the labour of the 
elimination (For this see Chauvenet, Astron, p 652, Vol 11 ) 

1776 Finally, if €«., er, be the errors of mean square 

iR 2/o> if JC, r, Z, be the respective weights 

of Xq, yji, 2o» » tl^®R values of 

Z, 7, Z, are to be determined as follows (Art 1766) 


For Z 


2a* ^ -h2a6 


yv+2ac ^ + =1> 


^ +26* y.+26c ^+ =0, 


2ca y +2c5 vv+2c* ^,+ -0, 


For r 2a* 

26a j^7/+26* Y +25c ^,+ =1, ^ 

2ca ^,+2c6 —+ =0. 


the accented unknowns of each group not being required, 
and such equations may obviously be written down from the 
normal equations 
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Hence we obtain X,^e the value of ^ 1766), etc 

Moreover, m eases where the values of Xq, y^, Zq, aie 
expressed in terms of letters and not numerically, their 
weights may be obtamed more readily, as in Art 1768, by 
differentiation 

This completes the details of the process to obtain the 
Mean Square error for each element, and the Probable and 
Mean errors may be at once deduced 

1777 Order of Procedure 

To sum up, the order of procedure is as follows 

1 Qiven the m conditional equations amongst ijl unknowns 
(w>/ii) of type .— 9 ^= 0 , let each have been 

prepared by multiplication by the square root of its weight, 

VIZ ^/^ 

II, From these prepared equations, or by differentiating 
l(a,x+b4^+ .-n,)*, 

deduce the normal equations and find Zq, 

III Form 2 ^ 050 + 6 ,^ 0 +- 

IV Fmd e, the error of Mean Square of an observation 
from 

y m—iJL 

Y Then to find €*, 6 y, e*, etc, in the normal equations 
replace Saw, S 6 w, Son, by 1, 0, 0, etc , and solve for x, say 

2 ;=i then replace Sow, Sin, Sew, by 0, 1, 0, , etc , and 

^ 1 

solve for y, say y = y, and so on, then X, F, Z, .are the 
several weights of Zq, 2 ^,.., and the errors of Mean 
Square are 

These values may also be obtained by Art 1753 without 
the trouble of solving the normal equations when the results 
of the observations are given m letters instead of numerical 
quantities 

YI Having found e, e*, ey, Cz, , we may then deduce the 
Probable Error or the Mean Error by Art 1752 
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1778 For further infoimation, the reader may consult the appendix 
to Vol II of Chauvenet’s Sph and Practical Astronomy 

For those interested in the Bibliography of the subject, reference may 
be made to 

Xiegendre, NouveUes MWiodes pour la dikirmiriaiion des orhttes des OonUtes, 
1806 

Gauss, Theona Motus Oorporvm Codestmm, 1809 

Ihaqmmtio de Elementts EUypt PaJiadiSt 1811, etc 

Bertrand, MWiode dea moindrea carries, 1855 

Enoke, UeberderMeth d Klein Quad , 30x1x0. (Astr Fear Booib, 1834, etc ) 

Laplace, Thicne anal/ytique des ProbahiUUs 

Poisson, Sur la probabildi dea reauUata moyena des ohservationa {Oon~ 
naisanoe des Temps, 1827) 

Bessel, Asiron Nach (357, 358, 399) 

Hansen, Bo (192, 292, etc ) 

Peirce, Asiron Journal (Camh Mass , Vol II ) 

Iiagre, Calc dea Prob , Brussds, 1852 
And other refeienoes have been made to the works of Airy, Glaisher and 
Hemman in the course of this chapter 

1779 Illustrative Examples 

1 Suppose 0 a central station on a plain, amd A, B, 0, B four dtstarU 
points Let the angles AOB, BOC, COD, BOA he respectively estimated 
by p, q, r, a, equally good mecmaremerUs tolea, fi, y, h , amd suppose that 
after cdl due care has been taken a+jS+y+S /oZfo a hide short of 360®, 
say by It is required to find the correctuma to be applied to the severed 
observations 

Suppose the tine values of the soveial angles to be a+^p", j8+y", 
7+ A 6+w" 

Then is an exact equation The equations of condition 

aie %=0, //=0, x=0, c+//+3-I=0, which cannot he satisfied simul 
taneonsly Making px*-\-qi/^-{-rz^+s{ji, + i/-^z-ky a imiimuini, we have 
px^^qy—rz-^ - »(t + //+x- A)- A., say These aie the Noiinal Equations 



which give the piobable values of ar, y, z, w 


% Let p observations of the zenith di'dame of a circumpolar star be made 
at the upper culmination, and q at the lower It ts required to find the co 
Ustdude of the place [Airy, p 42, Errors of Observation ] 

Let a and b be the means of the two sots of ohsei vations Then e^^a 
and e^=h are the estimated /enith distances iit the two culminations 
And we aie to find the piobable eiioi in i(a+5), which would bo the 
tiue co-latitude if the means of the olmoi vations woic occuiate 



874 


CHAPTER XXXVni 


Let <0 be the weight of any of the original ohseivationa, all sapposed 
of equal value , to' the weight of j^(a+b) Then 

fo' 4 p<i> 4 $ 0 ) Ato pq 

Hence if c and c' he the probable errors of an observation and of the 
deduced co-latitude, same formula connecting 

the errors of mean square and the mean eiiors 

3 Consider a rod, whose acourcUe weigTU is h grammes, to he broken into 
three random pieces of unknown we^qh%s x, y, z grammes , y and z are weighed 
together I times , z and x, m times , x and y, n fmes, and the means of the 
three sets of weighings are a, h and e grammes, and all the weighings are 
equaXly good observations so far as is known It is required to find the most 
probable weights of the severd parts and the prdbahle error in each 

[Math Teip„ 1876 1 

Here x+y+z=h, (1) , y 4-«=a, (2) , «+^=6, (3) , x+y=c, (4) 

Equation (1) is exact The others are subject to error Let to be the 
“ weight” of any one observation The ‘^weights” of the means are Ito, 
nuoj Tito The equations (2), (3), (4) may be written h-^x-a^O, 
h — y^b=0, h^z^e=0, and we are to make 

=a mimmum with condition a;+y-|-«=*^ 

Thus, l(^i-a;-a)da?+- 4* =0,da:+ + =0, whence I(A-a?-a)== =» 

te 3^-(aj+y+i8)-a-6-cs5AQ+^+“^ le 2h-a-b-c—k(j-\- 

“ S'"®*®-*"®*® 


If tOx be the ** weight” of this expression for x, 

o>*"’Wv3a/ ° ^ to mn-^rU + lm 

Now h being known exactly, 2h-a-b-c is a known erior, and it is 
the only known error, and if 12 be the “weight” of this expiession 

and ^=iU-a-b-cy (Art 1760) The 
latter equation is the approximative one for 12 Hence 

The probable error for a, viz p^ is such that 


f and y=— ^ 

^ w /o 4 ^ JtZ 


p= 4769 


4 

•J^lmn{m’\-n)f^j^ 


mn-k'nZ’^-lm 


— a — h — c) 


Suppose m the same example that h were not known, but that the 
several observations are (c^, Oji, ai), (h^, b^, &»), {ci, C 2 , Cn) 
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TVe then have I equations of type y +je-ar=0, m of type a+a?- 6^=0, 
jiof type iu+y -<?,.= 0 
Then of, y, z are to be found from making 

2(y+«-ar)*+2(»+^- M*+2(^+y-c,.)® a minimum, 

«N « 

from which (wi+n)a7o+wyo+«i«o=2&f+2cr 


WiTo + (w + Oy 0 + ^*0 = + 20r J 

Z m 

«K»o+^yo + (^ + »025o= 2flr^+26r 


^ 0 ) yoi ^ being the values 
which give the minimum 


We then have as an approximation 

I 2(yo + ^0 “ + 2(^0+ ^0 “ + 2 (^>o+yo “ 

2to) i + m + n 

4 A, B, Cr I> ore Jour points in order on a straight line , AB, BC, CD, 
AO, BD, AD are measured respectively a, fi, y, 8, e, f times wtih mean 
respective measurements a, h, e, d, e, f Find the most probable value oj AB , 
andifa=P=y-B=€=*(,Jinditsprohableerror (Math Trip, 1878] 
Let AB=x, BC=y, CD=z, then we aie to find a minimum for 
a(«-ay+)S(y-J)®+y(a-<j)®+fi(^P+y-"d>*+€(y+a-e)^+f(j?+?/+jf-./)* 
The conditions are 

a(^-tf)+fi(a?+y-d)+f(tr+y + «-/) = 0, 

/3(y-6) + S(a?+y-d)+€(y+a-e) + f(A+y+« 
y(«-c) + €(y+2“e) + f{t+y+ 2 -/) = 0, 

In the case a=j8=etc , these become 

3a:+2y+«=a+d+/, 2t+4y+22i=6-f d+«+/, ^7+2?/+3«=c+fl+/ , 
whence 

t=J(2a-6+d-<?+/) , y = J[(-(i + 2ft~c + d+fl), z=i(-6+26-d+e+/), 

le jf-a = i(-2a-6+d!-c 1-/), t+y-(f ^}(^f \ b~(-2d+J), 

?/-fi = i(-tt-2ft-6 + d + tf), y + «-^'=i(-« + Z» + ( - 2e+/), 

2r-6 = i(-6-2c-d+e+/), t+y + z-f={(a H/+d + e-2/), 
and the sum of the squaies of these six expiessions is, say K 
We also have 


1 whic 


which deteiuiine 
z 


— (4 + 1 + 1 + 1 + !) 
0), 16 ' <0 


*= ’ (lf4 + l + l + l)^^. 


<i)j 10' 

ie (i)K=2(tf, a>],~2(i>, <d, = 2<u by (Ait 175d), oi they may be deiived 
as in Art 1776 

<A.‘ >™). i-i-i-Wf. 

whence the Mean Enois, Mean Squaio Eiiois and Piobable Eitois of 
r, y, z may be at once wiitUn down 

[See Sof B Jfl Fiohy (llaishei, 1878, p 166 J 
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PROBLEMS 

1 In a plane tnangle the angles By C are respectively 
measured m, n and p times, and the means of these measurements 
are respectively a, /S and 7 , and a + j 8 + 7 = 7 r + € The separate 
measurements are equally good Shov that if a + Xy P + t/, y + zhe 
the true values of the angles, the probable values of x, y, z are 

-jwic/S, -mn^lSy where B—np+pm+mt 

2 In the plane tnangle ABO, the side & is to be determined in 
terms of a from the measured values of B and C Find the actual 
error m the determination of h in terms of the actual errors of 
measurement of B and Gy and the probable error of ft m terms of the 
probable error of any measurement supposed to be the same for 
the measurement of any angle Show that of all the directions 
in which the side ft can be drawn, that gives the probable error 
of the detenmnation of its length a minimum for which the 
angle C satisfies the equation 

aft(2a2 +3ft2)(l +cosa a) = (fl^ + 7a2&2 + 2ft^) cos 0 

[Math Tripos] 

3 At Pine Mount, a station in the U S Coast Survey, the angles 
subtended by four surrounding stations A, B, Gy D were observed 
as follows 

ABy weight 3, 65” IV 52" 600 , C!Z), weight 3, 87“ 2 ' 24" 703 , 

BG, weight 3, 66 “ 24' 16" 553 , DA, weight 1, 141“ 21 ' 21 " 757 
The five points are in one plane It is required to estimate the 
corrected values of these angles The result is that the several 
results m the seconds should be 53" 4146, 16" 4676, 25" 6175, 
24" 6006, the degrees and minutes being unaltered 

[Chauybnet, Aatron , 11 , p 561 ] 

4 Takmg the equations 

a;-y4-2«- 3 = 0, 4aj + y 4-42! -21=0, 

3a;4-2y-52!-5 = 0, -»4-3y + 3^” 14: = 0, 

show that (1) the probable values of x, f/y z are 2 470, 3 551, 1 916 
respectively , 

(2) the weights of Xy z are 24 597, 13 648, 53 927 , 

(3) the error of mean square of an observation, %e of 

the numbers 3, 5, 21, 14, is 0 284 , 

(4) the errors of mean square oi % yy z are 0 057, 

0 077, 0 039, 
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(6) the probable errors of an obseivation and of it, y, z 
are respectively 0 192, 0 038, 0 062, 0 026 

[Gauss, Th Mot%ta , Chauvenet, II , p 521 ] 

5 In finding the latitude of a place by observation of two 
meridian altitudes of a circumpolar star, p observations are made 
at the upper transit, g at the lower Taking the probable error of 
each observation at the upper transit as Cj, and at the lower as €3, 
and all astronomical and instrumental corrections to have been 
applied, show that the probable error in the determination of the 
latitude IS 

6 If the altitudes of the uppei and lower transits of several 

circumpolar stars be observed and jETq, be the harmonic 

means of the numbers of observations at the upper and lowei transits 
for the several stars, and all observations be equally tiustwoithy, 
with a common probable error €, supposing all astronomical and 
instiumental corrections to have been applied, show that the protable 



7 At three stations P, Q, B on the same meridian, the zenith 

distances of stars aie observed at each of the stations P, Q, Bj 
ftj at P and Q, Q and B, at B and P It is loquired to 
deteimine the amplitude of the poition PQ of the mendian Show 
that theie are four independent modes of determining that arc , and 
on the supposition that the probable on 01 of each observation is 
the same and = c, show how to determine the combination weights 
of the four measures If 74, = =-714 = 11, show that the square 

of the probable error in the result = g “ 

8 State the cnterion foi the selection of the combination weights 
of n independent measures of a magnitude Detox mine the piol)<iblo 
enrol of the result in terms of the piobable onors of the n moasuios 

In the observation of the zenith distances of stais foi the amplitude 
of a mendian divided into foui sections by three sUtions intormodiato 
between the extieme stations, a stais are obsoivod at the fixst, 
second, third only, h at the secoml, thud, fouith, c at the thud, 
fourth, fifth, and the probable eiroi of evoiy observation is c 
Show that there are only thieo independent modes of measunng 
the whole arc, and obtain equations foi determining the combination 
weights of the three measures In the case wheio = prove 
that the square of the probable on or of the result is 10c^/3a 

[Math Trip ] 
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9 If o, c, be the actual errors in n measures of a physical 
element, the apparent error of each measure is defined as the 
difierenoe of each measure from the mean 

Let Q be the sum of the squares of the apparent errors Then 
prove that (i) the Probable error of a measure, (ii) the Mean error 
of a measure, (in) the Probable error of the Mean and (iv) the Mean 
error of the Mean are respectively 

0 674506 ^^. 0 ^ 97885 ,^^^, 

10 If we have any number of sets of n observations of the value 
of a physical element, all of which are pi ton supposed to be equally 
pood, and if the difierence between any observation and the mean 
of the set of a observations to which it belongs be called the 
apparent error of that observation, then, assuming the usual law 
of frequency of errors, prove that the mean of the squares of the 

apparent errors w*, where is the mean value of the square 

of an actual error of observation [Smith’s Prizfb ] 

11 A rod of Imown length I is broken into foiuc portions The 
lengths x,y,z,uo of these portions are measured respectively j?, q, r, s 
times under the same circumstances and with the same care The 
means of these several measurements are a, y, 8 Show that the 

piobable length of » la a+ 6745 ^ ~ ^ ^ 

12 The angles of a geodetic triangle of known spherical excess 
are measured, and the probable errors of the several measurements 

h respectively It is found that the sum of the three 
measurements needs a correction of B" Show that if a\ y" be 
the corrections to be apphed to the angles, 

“/*i* - “ r/s* = + H * + V) 
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THEOREMS OF STOKES AND GREEN 
INTRODUCTION TO HARMONIC ANALYSIS 

1780 It IS proposed to give in this chaptei several theorems 
of the Integial Calculus which are of especial service in the 
higher branches ot Physical Analysis 

1781 Stokes’ Theorem 

Let y, ^ be the components referred to rectangular axes 
Ox, Oy, Oz of any vector quantity U Then the line integral 
of this vector taken along a given path on any given surface 
from a fixed point A to another fixed point B is 

Let us defonn this path into an adjacent aibitrary path 
from A to B on the surface 

Then SX^‘~Sx++, a,id 

I- -t } 

J A 

=j* (5X<fo-l- 5 £c+ +) 

ssj (2x — cJX5a!)+-|“} 
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But if P, Q be adjacent points (oj, y, z), (x+dx, y+dy, z+dz) 
on the path APQB, and P', Q' the points to which they are 
deformed, having coordinates (a?+&D, etc), and to the jSrst 
order {x+dx+Sx, etc ), these four points are to that order the 
comers of a parallelogram the area of whose projection upon 
the plane of y-z is Sy dz—Sz dy 
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Let dS be the area of the element PQQ'P' , I, m, n the 
direction cosmes of the normal to the surface at x, y, z Then 
to the second order 


Sy dz^Sz dy^l d8, Sz da ;— Sx dz=m dS, Sx dy— Sydx^ndS 
Therefore the variation in the hne integral along APQB by 
deformation mto AP'Q'B is 



the mtegration bemg for all the elements of S which he 
between the two paths 

If we enlarge the strip by taking a new variation of the 
path AP'Q'B to an adjacent path AP'^Q^B, the extra increase 
IS the same integral taken over the area between the second 
and third paths, and this process may be followed by 
other deformations to any extent so long as X, Y, Z and 
their differential coefficients remain smgle-valued, finite and 
continuous m the deformation (Fig 689) 

If then A and B be any two points upon a contour AGJBD 
drawn upon the surface within which contour X, Y, Z and 
their differential coefficients are at all points single-valued, 


finite and contmuous, the difference of the Ime integral along 
AGB and that along ABB is measured by the surface integral 

taken over the whole surface bounded 


by the contour Also the hne integral from A to B along 
ADB^— the Ime integral along BDA (Fig 590) 
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Hence the line integral round the whole contour is equal to 
the surface integral + whole 

area bounded by the contour 




Now let R be some vector quantity whose components 
2^) 2 i 7 , are such that 

ZY „ JdZ ZZ 3r zx 
021* ^^~^Zz ^^Zx'^Zy^ 

then we have 

taken over the bounded surface 

But 2 (i^+mj 7 +uf) IS the component of the vector R along 
the normal =2? cos e, say, where e is the angle between the 
normal to the surface and the direction of B, and if e' be 
the angle between the vectoi 17 and the tangent to the contour 
^dcc , ^dAi , ^dz Tj , 

Hence jjii? cos €dS=|l7 cose' da, a result due to Stokes and 

of the highest importance in Higher Physics |^See Lamb, 
Hydrodyn, Art 33] 

It IS remarkable that the surface integral is independent of 
the form of the surface, and depends only upon the line 
integral round the bounding edge, so that it is the same for all 
diaphragms with a given edge , provided that in the deforma- 
tion from any one diaphragm to any other no point in space is 
passed for which X, Y, Z or any of their first order differential 
coeflBicients cease to be single-valued, fimte and continuous 
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17852 Green's Theorem * Lord Kelvin's Extension 
IM Tj^ and be any twoJuTUstims of », y, z, the coord%'mte8 of 
a potnt P, and a any constant for Oreeris Theorem^ or 

o/ny fimct%on of the 'tanables for Lord Kelvin^s eoctenswny and 
suppose all three fnnctwris and th&i/r differential coejff/nerts to he 
single-valued, finite and continuous throughout a finite and oonr 
iinvous region bounded by a given surface S. Let volume integror 
turn be conducted throughout the volume so boundedt <snd surface 
integration over its surface Let be an abbreviation for 



Let dn he an dement of the outwa/rd drawn normal at any jpwt of 
the bounding surface S The theorem to he established is 







dz dz 


-^dxdydz 




Consider the term Integration ly 

parts gives 


Construct an elementary rectangular pnsm parallel to the 
os-axis on base dydz in the y~z plane, and let it intercept npon 
the surface S elementary areas dSj, dS^, dS^, , at which the 
diiection cosines of the normals are (X^, v^), (X^, /Xg, v^), , 

the buEGIe 1 relating to the element furthest from the y-z plane 
and the others being in order of appimcb to that plane Then 

dy dz== '^\id8^=—\dS^^’+\^dS^= 

Now the limits in the first integral those 

which correspond to the elements in which the elementary 
pnsm cuts the surface S, le from the end of any intercepted 


♦ Mask Fojpera of iho laU Qtorgo Orotn Edited by Dr Ferrers, 
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portion of the pnsm nearest the y^z plane to the end furthest 

from that plane Let the values of several 

points be denoted by the corresponding suffixes to the square 
brackets 

Then taken for the whole pnsm 

that IS simply, when we integrate for the whole surface, 
summing the results for all such pnsms 



Treating the remaming terms m the same way, and noting 
3 3 3 3 

that we have upon addition the theorem 

^ oy oz m 

stated g* g» g» 

Oieen’s Theorem, for which a=l and V* JS 

jjj^^++)dx%ds=jjF,^dS-jf|7iV*7,d»dy<fo 
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1783 Vanons Deductions 

1 It follows that 

2 If Vi and F, both satisfy Laplace’s Equation V* FssO, we have 

3 If F,= constant, JJ^^dS=JJ‘JV*Vidzd^dz This is known as 
the Divergence Theorem (see Webster, JSlect and Mag , p 66) 

4 If Fjsa constant and Fi be a function of a?, y, a, viz F, satisfying 

Laplace’s Equation, follows that F does not undei 

such circumstances admit of a true maximum or minimum value for all 
directions of displacement at any point of space for which it lemains 
Unite and continuous and satisfies Laplace’s Equation Foi if at any 
point such a maximum or minimum could exist, F would be decreasing 

2 V 

or increasing in all directions from that point, and therefoi e would 
maintain the same sign at all points of a small sphere with that point 
for centre, and could not vanish foi that surface The same 

thing 18 obvious also from Laplace’s Equation directly , for one condition 
for a maximum or a minimum is that F«x, F^y, V„ must have the same 
sign, and therefore their sum could not be zero 
6 If Vp and F^ be two homogeneous algebraic functions of a?, y, z of 
respective degrees p and y, each satisfying Laplace’s equation foi the 
region between a pan of spheiical surfaces of radii a and 6, whose centres 
aie at the origin , then if Fp and Vg be written respectively a,a 9 and 
r«Fj, so that Tp and Tg are functions of angular coordinates only, then 

^ rr 7p Tg Sin 9 d$ dtp = 0, provided 

^ andp+y-f -1 

For j j theintegia- 

/ \ tion being conducted over the two sui faces 

I I \ \ Writing djS= a* (fo) 01 for the respec- 

II Q J tive elements of the outer and the inner 

\ V J j surface, da being an elementary solid angle, 

\ y ] 

Fig 692 *nd (g-^>)(c(»+«+i-6«’+«+i)| TpT^dti=0, 

and therefore, providedpf f andy+g^ -1, T,T,am9de d^=:0, 
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or vnting jtxscos^, VpTgd/j,d<f>^0 , that is | V^V^dS^O, vhere 

the integration is taken over the surface of any sphere with centre at the 
oiigin 

The theorem is due to Laplace The proof is Lord Kelvm's [Thomson 
andTait, iVoi PAtl 1879, p 180] 

Note that in the proof of this general result the taking of an inner 
surface rs=b avoids the continuation of the volume integration over the 
immediate region of the ongin at which such a solution of Laplace’s 
Equation as V would become infinite, and Gieen’s Theorem on which 
this result is based would be inapplicable 

6 Many other deductions will be found m works dealing with attrac- 
tions, electiicity and niagnetisin, etc 

The legion bounded by the surface S is regarded as “ singly connected,” 
01 capable of being made so by suitable diaphragms , so that any of the 
mfimte number of paths fiom any point A to any second point js within 
the region are deformable into each other without ci casing the boundanes 
of the suif^e* 


1784 Umqne Ghaiacter of Solutions of Laplace’s Equation 

1 / a soluHon of Lajpldce'H Equation has been fownd which 
18 buch 08 to assame a definite assigned value at each pomt 
of a given closed swrface S hounding a given region, that 
solution 18 unique for dll points within the region, and 'if 
it IS such as to vanish at oo it i 8 also unique far all points 
outside the segion 

Tor, if two fimetiona Fi and 7* could each satisfy the stated 
conditions at points within the suiface, their ditieience W would 
vanish at all points of the surface But Gieen’s Thooi eru gives 


„ dW dW ?iW , , , X . 

Hence vanish at every pomt ot the 


region, and therefore W must bo a constant throughout the 
region, vanishing at the surface, and therefore at all other 
internal points Hence and F, must be identical 
Similarly for points outside the surface with the condition 
as to vanishing at infinity 

Hence solutions of Laplace’s Equation are unique and 
determinate fox any finite region when their values are 
known over its surface supposed closed 


♦ For the eftLoi of OyolosiB, soo Clerk Maxwell, B and AT , I , page 109 
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We note also that if — were given at each point of the 
surface, we should equally have Jw ^ i/SsO, for ^ = €• 


HARMONIC ANALYSIS 

1785 Def Any homogeneous function of a?, y, z which 
satisfies the equation VW =0 is called a Spherical Solid Harmonic 
Denoting a5*+y®+25® by r®, we have 
(D(7,p 137) 

This vanishes when m=0, or —1, (except where r=0) 
Hence a constant is a spherical solid harmonic of degree zero, 
and r-^ is a spherical solid harmonic of degree —1 
Laplace’s equation is unaffected by wilting a;— a^o, y—f/o* 
z-~Zq for z, y, z respectively. 

Hence {(aJ— aJQ)®+(^— yQ)®+( 2 ;— is also a solution, 
except at (£Co, yoi where it becomes infinite 
If Vn be any homogeneous function of degree n satisfying 
V*y=sO, then is also a solution (DO , p 137) Its 

degree is — n— 1 Therefore to any spherical solid harmonic 

of degree n corresponds another, viz Vnlr^^^ of degree — n — 1- 


1786 Specimens of Spherical Solid Harmonics 
Lord Kelvin (Thomson and Tait, I^at Phil, pp 172-176) give«i a long 
list of particular solutions of V®F=0 We select a few typical cases, 
which may readily be verified 


log—. ^ 


r X r 


Degree zero, 

Degree -1, 

T 

Degiees 1 and —2, 

Jar+Sy+Ce, »tan->|, 

Degrees 2 and - 3, 2«*-j!*-y* aH-y*, Ayt-^-Ezsc-^Oxy^ 


1787 If be a spherical solid harmonic of degree Th, and 
we write as in Art. 1783 (5), F„ is a function of the 

direction of the point x^y^z viewed from the origin, and if 
we take r as a constant, is called a Spherical Sur&oe 
Haimomc ” or a Laplace’s TunctioiL ” 
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1788 Knmber of ArlntEaiy OonsliaatB in the Oeneial 
Hannomc of degree n 

The number of coefficients in the general rational integral 
algebraic expression of degree n in three variables is the 
number of homogeneous products of degree nma,y, g, viz 

J(«+2)(n+l) 

When operated upon by V* we have a homogeneous function 
of degree «— 2 contaming in{n—l) coefficients, each of which 
IS to vanish, which furnishes this number of relations amongst 
the onginal coefficients Hence the number of independent 
aibitrary constants in or is 

J(w+2)(w+l)— l)=2n+l 

Such a senes as J F,+ +~ r„, where a 

IS giveri, will therefore contain 1+3+5+ +( 27 i+l), ie 

( 71 + 1)®, arbitrary constants, and m the case where 
as for the potential of a magnetic body, the number is less 
than this by unity, viz n{n+2) 


1789 Construction of ITew Haimomcs 

Since V®F=0 is a linear diflferential equation, when any 

solution has been found, it is obvious that — _ . is 

another solution So that if Vi be a sphencal solid harmonic 
of degree ^, we have another of degree a— 6--c 

^ ^ solution, oi 

further stiU, if (2^ ti^), {l^ m,, n^), beany number of sets 

of direction cosmes of arbitrary Imear elements dh^ dh^, 

,, .3 7^1 ^1 ^ XJ.1- 333 ^Tr 

IS also a solution of Laplace’s Equation, and is a spherical 
solid harmonic of degree j 


1790 Poles and Axes Clerk Maxwell {E and M , p 162) 
Consider a sphencal surface of centre 0 and radius 7, 
referred to three rectangular axes Ox, Oy, Oz Let A^, A^, 

be hxed points on the surface, and P any other point upon 
the surface Let the direction cosmes of OA^, OA^, be 
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(Zj, mj, u^), (Z^, mg Tig), and sc, y, » the coordinates of P 

Let \,scos -4, OP, )u^=cos-4/)ALj Let cZ/ig, be linear 
elements in the directions 0-4^, . Then the Imes 

OA^, OA^y . are called ** axes ** , 4^, -4g, are called “ poles ” , 

3 3 3 3 

and the operation called differ- 

entiation “ with regard to the axis OA^ 

Lety, be a perpendicular from 0 upon a plane through P 
perpendicular to OA ^ , then p,=Z^-l-7)i,^-f u* 2 ;=rX„ and we 
have 


3 r 




+ = Mu— 

3X^ 'dffjX 1 V 3A, 

^=3^1. r j=; ^ 


1791 Coafflder tie eflfecfc of tie operations 

3 / i« 3 3 / i\«_§__L ® 

3fci’ ^ ^ '3/i8^/t2^' 

performed successively upon the function ^ Let us write 

SX*”"*/!* for the sum of all possible products consisting o£ 
2s X’s with different suffixes and 8 jul8 with double suffixes, 
each suflSx 1, 2, 3 , t occurring once and once only in each, 
product 

3 3 3 1 

Also let us write F-,-i for (—1)* ^ ^ 

Then J7, are spherical solid 

harmonics of respective degrees — (^-|-l) and t We then have 



T 




1 

r’ 


C7i_ „ _ 3 1 1_ 3? _Xi 

I-.- . 


3 ^ r" /• dAi~ 


5?- r 


. _ 3 3 ^ 1 13 6 

“^■^^5F.31is3S; 7=®*° = 


(X1X2X3— J- 2X^/4.^), etc 
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1792 Tke General Fonu IB 


^_Tr ^ ^ (2'*' — ^)f> > N ^ 2 


^-l 


^(2^-l)(2^-3) 
to or g terms, according as ^ is odd or even. 

Y.=U_j2li:ll|x,X, X»-^2X-V 


2X' 


-v- } 




^2^-l)(2l-3) 


1793 This form may be established by induction (Clerk 
Maxwell, E and Jf , I , p 161) To do so it is desirable to 
substitute foi each X the corresponding pjr Foi differentia- 
tion of r and the p's is simpler than that of the X’s in 


performing the operation 


d 


1794j When all the axes coincide the X*s are all equal, and 
the u's are each unity 

Y 

If we write when the axes are different, and 

Z ^ 

when they are coincident, we have 


„ 13 (2»-l)fw *(»-!) v_,, »(»-!)(» -2) (t- 3) w_* ) 
^ T r 272i-ir +F4l2i:T)(2rr37'^ - ; 


1795 In the latter case, when the i axes coincide, Zi is a 
function of one variable only, viz the angle which the vector 
to X, y, z makes with the ffxed axis When this angle is 
fixed, the value of Z, is fixed, and the equation Zi=const 
gives a family of circles on the surface of the sphere, the 
planes of these circles being at right angles to the axis of 
the harmonic The harmonic is now called a zonal harmomc ” 


1796 In the former case r< is a function of the % cosmos 
\ which are variables, and of the — “ cosines 
which are constants As there are in this 


/*12» Mis# M28» 
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case ^ arbitrary axes, and each requires three direction cosines 
ly w, n to fix it, between which there is an identical relation 
y* will involve 2% arbitrary constants Also 
since the expression for may be multiplied by any arbitrary 
constant M, and the function still satisfies 

Laplace’s Equation, this value of 7, contains 2%+l arbitrary 
constants inclusive of M, and is the most general form of a 
spherical harmome of degree ^ (see Art 1788) 

1797 The Zonal Surface Harmonic Z< will contain three 
arbitrary constants, viz two which fix the diiection of its 
axis, and M After the fixation of the axis, say to coincide 
with the z-axis, the only constant left is M, and if we choose 
Af =1, becomes a definite numerical quantity 

If the axis OA of this zonal harmonic be in the direction 
(Ofli given by its co-latitude and azimuthal angle, and 

if OP be drawn in the direction (d, ^), then 

X=cos Q cos 0^,-1- sin Q sin 0o cos (0 — ^o) 

If the axis be the is-axis, then X=cos 9 

In the former case there are two independent variables 
0, <f>, and the Zonal Spherical Surface Harmonic is known as 
a Laplace’s OoefQlcient 

In the latter case there is but one independent variable, viz 
0, and the pole of the harmonic is the pole of the sphere 
which 18 the positive extremity of the z-axis 

1798 Lloendbe’s Coefficients 

If we expand the function (1— in powers of 
taken as <[ 1, as 

(l-2pA+A*)-^=P,+PiAH-P*A*+ ■ . . 

irrespective of what p may stand for, then or P»(p) is 
called Legendre’s Coefficient of order n 

If (»’o> 00. <Pq) be the coordinates of points P, A. 

and X the cosine of the angle AOP, 0 being the origin, the 

inverse of the distance AP is (r*— 2rrQX+ro*)“^ and may be 

written as or ^^1— .according 

as f 0 IS > or < r Accordingly, we have 
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1 _ 
AP~ 


i(<3.+<2i,^+e*^,+ +e«^+ 

^(Qo+Ciy+08^+ +$n^ + 


) forr<ro, 
) forr>ro, 


where the Q’s are Legendre’s Coefficients for the case when 
p IS < 1 and IS a certain cosine And for all values of r^r one 
or other of these expansions holds good 


Also ^ being an inverse distance is a Spherical Harmonic, 


and that senes of the two above which is convergent is a 
spherical harmonic, and satisfies Laplace’s Equation , and as 
it does so for all consistent values of fo, each term will do so , 
so that one or other of the sets 


(0o» 



forms a senes of spherical solid harmonics Moreover, by 
Art 1785, if one set be spherical harmonics, so also are the 
other set Therefore they are all sphencal hai monies, and 
Qn IS a sphencal surface harmonic of the zonal species 
It follows therefore that a Legendre's Coefficient for 
which jp IS a cosine is a Zonal Surface Harmonic We shall 
see later that it satisfies Laplace’s Equation whatever p may be 


1799 The function 

jR-i s { + (2; — c)® } “ i 
satisfies Laplace’s Equation 
Let and write afl/( 2 ;) 

Then 

Again, writing 2Xc7 +0^)“*^ and takmg r>c 

B"^=^(Qo+<3i^+Q!^+ ) 


Hence 


Bn 1 

rn+1 Bz” 


The harmonic Qn therefore identified with one of those 
obtained m Aits 1791 to 1794 
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1800 Prelinunary Remaxks on Legendre’s Coefficient Pnip) 

The definition being 

(l-23)A+/i*)-i=P.+PiA+Pj\H +P„fe»+ (/i<l), 

it follows tliat, whatever f may be, 

J*o(?>)=l. 

P„(l)=coef A* in (1— A)~^=l, 

P„(— l)=coef A" m (l+A)-^=(— 1)", 

P„(0)=coef A»m(l+A«)-i=0 or (-1 )tL|_J21^, 

according as nis odd or even 

If the signs of both p and K be changed, (I— 
unaltered Therefore 

^’oCp)+^’i(i>)A 4- +P«(2))A*+ =Po(-35)-Pi(-p)fe+ 

+(-l)«P„(-p)A»+ 

Hence 

Po(-2))=Po(p) , Pi(-p) Pi(p). etc , P,(- 3 ,) =(- 1 )«P,(p) 


1801 Power Senes for Legendre’s OoefBcient P«(p) 

To obtain an expression for P„ as a power series in terms 
of p, we proceed directly by Expansion of (1— 2pA+A®)"i viz. 


=l+JA(2p — A) + 


1 3 


2 4 (2ii-2) 

1 3 (2n.-l) 

2 4 {pn) 




iTl— 1 


A"(229— A)”4- 


Pickmg out the coeflJcient of we have 




1 3 (2u-l) 


71* 


{p" 


2(2w-l)^ 


‘>t(n-l)(7i,-2)(n-3) 
^ 2 4(2w-l)(2»-3) ^ 




(A) 


which IS m agreement with*the second senes of Art 1T94 
^n(v) therefore a rational integral algebraic functioxx 
of f of degree n The highest index is n is an odd or 
an even function of according as is odd or even , and 
*Pn(— i>)=(— l)”Pn(p)i as already seen 
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1802 Rodrigues’ Torm 

Applying Lagrange’s Theorem [J50, p 454], 

Hence 

1)" ®' ^ Rodrigues (B) 

1803 Rodngues’ foim satisfies the difierential equation 

For writing 2 ;=(p®— 1)", and denoting by suflixes of z 
differentiations with regard top, we have Zi{p^—l)=27ipz , 
and differentiating this 7^+1 times by Leibnitz’ Theorem, 

1) +2392!„+i='n(u+ l)a„, 

1 804 Expansion m Terms of Tangents of Half Angles 

Using Rodngues’ form and putting p—lsv, 

-P.=24t ^(«V‘)=l{tt-+»(7,%»'-»t>+-C,V-V+ (C) 

6 0 

and putting j) « cos tt = 2 cos* i; si - 2 sin*^, we have 

i>„=co8»‘|{l-"C',Hvi»|+*C?,»tan*|-”Ci»teii«|+ }. (D) 

1805 Expansion m a Senes of Powers of tan B 

Regarding (a?*-!)" as a function of p* and applying the rule of 
Dtff Calc , Art 106, 

and writing cos $, we have a form homogeneous in cos $ and sin dt 
Pn« cos" 6 - cos"^* 9 Bin* 9 

3* 4* 

t6 
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1806 These forms may also be denved by wnting 

(1 -2pA+A*)-*={(l -3)A)«+A«(1 -3)*)} 
expanding and picking out- the coefficient of li\ 

[Todhunter, F oj Laplace^ p TL2 ] 

1807 Expansion in Powers of cos 2 

Since ( 3 )*-l)"=(p 4 “l -2)"(p + l)* 

= {-l)~[2“(p -f 1)* 1)"+* - » 

we bave by Rodrigues’ form, and putting p=cos 6* 

P.=(_l)«[l-«-nCi*<7iCos*|4-*+*<7,*C,co8‘|-’»«0',"CjO08*|+ (H) 

1808 Expansion m Terms of Oosines of Multiples of 9 

Tabng 2p = t+\=^ cos we have, writing 
t 

(1— 5 )”* as , 

7=(1 

= (4o+-^i^+ +AJi^ir+ )(io+-4iAr>-4 -)» 

and the coefficient of h* is obviously 

^0^n(^" + r") + Jl-dn-lCr-* + + 

= 2[ido-dttCoa7i04-Ai-dn_iCos(n— 2)^+ i<» 4 -iC 08 ^ or 

2 ~ 2 

as n IB odd or even , 


*'d ■} ■ 


1809 Limiting VaJnes of the P's 

The binomial coeffiicieixts m tbe above form o£ Pn a-r© 
positive, and therefore cannot exceed in numerical value 
that for which each of the cosines is replaced by unity And 
m this casetheexpre8SionforP,»=2(ilo^4,»+i4iA„_i+ )=coef 
of /)» in (l-io)-i(l-/))4 i e in (1 — p)-\ ^e 1, ^e. the value 
of each of the Ps cannot lie outside the limits +1 and — 1 
The convergency of the senes l+Pi/t+P 2 A*+ follows at 

once by comparison with l+h+h^-\-. •“ JUT^ 3 ^ ^ 


1810 Erpressions in Tezxns of Definite hxtegrrals [Laplace, 
MSc oa., XI] 

Supposing a positive and > b, both being real, we have 
r dx _ nr 

Joa-+6cosx 
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and writing a=l— Ajp, 1, wheie p is positive and 

>1, and h negative to ensure a being positive, and both 
a and b leal, we have 

1 - 2ph+h^-=a^- 62=r + ve ^ 

^ -f 

s/l—2ph+h^ Jo 1 — n/p®— I cosx)’ 

and expanding each side in powers of h and equating co- 
efficients, P„(p)=-f (p—n/p^— lcosx)”dv 

1811 Upon expansion of (p— Vp*— Icos x)“ integra- 
tion from 0 to -TT, all terms arising from odd powers of cosx 
disappear, and we are left with a rational integial algebiaic 
function of p of degree w, which is identical with P«(p), (which 
IS known to be a rational integi al algebraic function of p of 
degree n), for all positive values of p gieatei than unity, i e foi 
more than n values Theiefoie the identity with P„(p) must 
hold for all values of p, though it was convenient in the last 
article to take p positive and >1 It will be seen that the 
expanded form is identical with the expansion (E) of Art 1805 

Also, since the terms with odd powers of cos x contribute 
nothing, we have also 

Pn (?) COS x)”^X 

1812 Writing p=cosh a, we have 

P„(cosh a) = ~ r (cosh a =Fsinh a cos 
xJo 

and we may transform these fuithei by putting 

cosh a cos u ±: smh a 
cos - 

^ cosh a ± cos u sinh a 

to the forms 

1 r’' 

Pn (cosh a) — - 1 (cosh a ± sinh a cos da 

1813 Vanoos Forms of Laplace's EqLuation 

Betore proceeding fuither it is convenient to collect to- 
gether for reference the more useful foims which Laplace's 
Equation 7^7=0 takes when tiansfoiniod to other systems 
of coordinates than the Cartesian, and the modifications it 
undergoes under various circumstances 
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By duect transformation to spherical polars (r, 6, (p) {DO , 
p 469), 


r72T7 


V*F = ^4.2?Z^i^ 


cot 6 37 , cosec® 6 3® F 


r® 30^ r® 3^5 


=0 


If F„=f^r^, Yn being a function of 0 and </> only, we have 

V*7„=r“-* + cot 0 ^4- cosec* e + n («+ 1) Fn] = 0. 

and any solution of this is a Spherical Surface Harmonic or 
Laplace’s Function See Art 1787 

Writmg jj. for cos 0, this equation becomes 


Laplace’s CoeflBicients, which are Zonal Harmonics and are 
cases of Laplace’s Functions, satisfy this equation When tp is 
absent, F« is a homogeneous function of the degree sym- 
metrical about the 0 -axis, is a function of 0 alone, ^Pn» 
and the equation becomes, when p is written for /x, 

Legendre’s Coefficients satisfy this equation, and are the 
cases of Laplace’s Functions for which <p is absent, and 

j5 = ^:=:COS 0 

Other forms of V*F==0 are 





1814 Method of Ohtauung these Equations from Hydrodynamical 
Consideiatioxis 

The readiest way to reproduce any particulai form of the differential 
equation is not by direct transformation, but by formation of the appi o- 
pnate hydrodynamic “ Equation of Continuity,” expressing the physical 
f^t that in the case of any fluid motion, no creation of matter is going on 
in any element, any increase or decrease of mass in that element being 
due to what enters the element from outside or which leaves it. 
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For a homogeneous fluid m motion with velocity potential F, this 
condition may be wiitten in the notation of Ait 789 as 
„ 3 / . 

and by expressing this foi Cai tesians, for Cylindncals, for Sphencal-polars, 
etc , the seveial forms cited are at once obtained 

1815 Reverting to the power series, 

(l-2Acosy+A*)“*=2Jo+fiiA+fijA*+ +22„A"+ {h<l), 

which defines a case of Legendre’s Coefficients in which 

cos7=co8dcos0o+8in0sin0ocos(0— (Art 1797), 

it appears that being a zonal harmonic, and a function of 6 
and IS a solution of the equation 

^+cot0^+cosec*0^+«(n+l)iJ„=O. 

or, what is the same thmg, if we write ju, julq for cos0 and 
COS0OJ so that cosy=/A/Ao+>/l”“/*Vl--iMQ®cos(0— 

1816 The (General Solution in the Case when ^ is absent 
If the i?;-axi8 be taken coincident with the axis of the 

harmonic, cosy=At=cos0=y, and the Laplacian 

equation reduces to 

It will be noted that we usually use p instead of /jl in this case 
The zonal harmonic Pn is a solution of this equation To 
obtam the general solution put and we obtain 

V>.| +2(l-y)f' %]- 0 . 

in which the first bracket disappears We therefore get 
dhi /dw 2p 2 dPn du_ B 

d^l 

B being a constant 
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The general solution of equation (1) is therefore of the form 

R^=AP^+BQ„, where ^ 

Legendre’s Function “ of the second kind ” 

If, then, we limit our solutions of equation (1) to such 
functions of as give Rn ^ rational integral algebraic form, 
we take the arbitrary constant B to be zero, and therefoie the 
most general solution of (1) of this form is Bn=^Pn 

1817 Since P„ is a particular form of the Spherical Surface 
Harmonic for which we have obtained the general result 

n YnYndl^d<l>^0 when taken over the surface of the 
0 

sphere, we have 

£ and ^P„P„d 2 J=-- 0 , (mi=n) 


1818 Particular Gases of P„ expressed in Terms of p, and 
Positive Integral Powers ot pm Terms of P’s 
The general result being 




1 3 (2n--l) 


1 2 


n 


{p" 


1) 

2(2ti-1) 


pn-2 


n(n—l)(n—2)(n-Z) _t, 

2 4(2«-l)(2«-3) ^ 


we have the particular cases 

Po=l, Pi=p, P3=iP*-iP> 


Reversmg these results, we have 

l=Po, ji=Px, P^=fPa+iPo, 

3»*=B%^4+tP*+t-Po. etc 

1819 The general character of these latter results will be 
obvious, VIZ p* will consist of a series of Legendie’s cofficients 
begmnmg with P„, fallmg in order two at a time, with certain 
numerical coeflBcients , t e its form is 

P"=-4nPnH“-^n— 4‘Pn— 4"1” » 

and we shall consider in due course the law of formation of 
the successive A'q 
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We note at once that, since each of the Fs becomes unity 
when p=l, we have 
Agam, if m<«-, 

J p'*P«£^=| ® 

1820 If /(p) be any rational integral algebraical function 
of p of lower dimensions than n, then, in the same way, 

\\mPndp==0 

1821 The »«TnA result may be deduced from Eodogues* foim of P„ 

for after the differentiations are performed (p* - 1) is a factor of the whole 
It foUows that I /(1»)P„<W=0 when the integiation is taken over the 
surface of the unit sphere 


1822 The theorem f^p”P„dp=0, («<»), may l^e ** 

several functions pj.P,, without nsing the general formula 
Ex 1 To find P„ assume P,=Ap’-)-Bp Then A+B=l 

Multiply by p and integrate, then 


Hence 


4=5 =1 and 
6-3 2 


Ex 2 To find P, Assume P*=Ap*+Pj>'+C' ThenA+P+C 1 
Multiply by 1 and by p* and integrate 

Then I+|+f=° 

= and P4=?5el:^^±^ 

36“^ 3 8’ ‘ 8 

Or we might use a determinant to eliminate A, B,0 , ^ .f 

Si prLsses, however, speedily grow labonons by ^^ue of the 
nuSjer of equations to he solved or the order of &e 
evaluated. It is therefore desiiable to follow another method, 

show 
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1823 Lemma 

If it be desired to solve a system of equations of form 


= 0 , 


-^+-2-+—+ 
a+y b+y e+y 


=0 


one less in number than the number of unknowns, with 
■e y 1 * j. — ^ 

5+X'^F+l+e+A+ -X- 

and further to calculate such an expression as j+^+c+0 

for the values of *, y, a. found from the above equations ^thout 
actually calculating x, y, *, themselves, we may proceed as follows 
For convenience take the caee of three letters ^ 

•jliexi vanish vrhen 6-aor P and to become ^ 

'when 0 = A Such requirements are ohvionsly satisfied by 

« „ 2 l(a4A)(6+A)(c-i-A) (d-a )(g-g) 

(a+ 0)(6+6>)(c-he^) (A-a)(A-/3)’ 

which IS an ohvions identity, for it is a guodfafcc relation in and 
by thret values of 6 The value of « can be found by 
multiplying by « + d, and putting d = - o, viz 

1 ( tf 4 A)(6 4 XXg+ A) (a4a)(c4ffl 
{6-a)(c-a) (A-a)(A-/f)’ 

and similarly for y and a When A is indefinitely large, the last of the 
given equations takes the form 1, in which case 

and geneially we have 

« y ^ ^ ie-a){9-m6-y) 

~(a+&)(b+e){c+0Kd+O) ’ 

there being one more factor in the denommator than in the numerator, 
no A occumng 

1824 Ex 1 Calculate Pfi Assume P4=-45>»4 Pj»®4C!p 
T hen 

Takea=4, j8=2, a = 6, 6 = 3, c = l m the Lemma 


4+f+f=0, ^+2140=1 




G = 


6 3 
2 4* 


and 
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Ex 2 Calculate 

The lesult is clearly without calculating -4, B or 0, 

we have, putting 0 = 8, 

«(8-4)(8-2)_ 2 4 6 16 

13 11 9 9 11 13""429 

1825 We have seen that J p^Pndp=0, if m <7i But it 

we can readily calculate the value as m the above 
example 

But first note that if m and n are one of them odd and the 
other even, the result is still zero For writing 

)P„ip=0, 

as no two sufi&xes in any of the products of the P’s can be 
equal. 

But if m and n be both even or both odd, and the 

result does not vanish In this case, writing 

Pn=4^>"+JBp”"*+C5p“"^4- , 

multiplying by p*, where 4=71—2, u— 4, n— 6, etc, and 
integrating from —1 to 1, we have a set of equations of 

the type =0. one lees in 

number than the coefficients to be found Also 

A+B+G+ =1, 

j ^ 2A , 25 , 2(7 , 

Hence the problem of evaluating this integral (m > n) is 
that considered above 

Here a=7i— 1 , y8=7i— 3, y=7i— 6 , 

a=n, 6=n— 2, 0=71—4 , 

and 6=m fl, 
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j ^29“P„<^==S 


(m+l-«-l)(m+l-n-3) to or ^ factors 

(m+l+»i.)(m+l+M— 2) to or factors 

, {m^n+2){m—n+4i) m— 1 (or m) 

’ (m+n+l)(m+u— 1) wi+2 (or m+1) 


1826 If m==:u, we have J p*"Pm dp=2”^^(m »)7(2m+l) ' 


1827 Again 


)#= 2 (l+ 3 +T+ )’ 

Hence 

|'_Po*<£i)=2, J^Pi*di>=f, etc, 

Kemembenng that the area of an elementary belt on the 
unit sphere may be wntten as d(r= 27 rsin 0 d 0 = — 2wdp, 
we have for the whole sphere 

1828 Professor J C Adams has shown that we may coZculoae the value 

oj ^ wheie /2=\/l -2jpA+A*, hy meam of Rodrigue^ esspresgion 

for Pn, and thence we may establish the integrals J PmP„<^=0 or 
according asmi*nor m—n 

Integrating by parts, we have at once, wiitmg X foi (p*- 1)" for short, 

3 S (2»-1)A"/*X^5=(-1)« 1 3 6 (2n+l)A-l7, say 

Take a sphere of radius unity, OA the ladius, 0H~h <\^ H lying 
upon OA Diaw an elementary double cone with vertex H intercepting 
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superficial elements cfar, dr' at P and Q Let AHP^xj/^AOP-Bj QOA = 
HP=^R,EQ = K Then dcr//Z* = da'IW* ,j)=cos0=A + 7?co8i^, 
sin0/R=:smv^/l, dp=-sin^d!0, dor=sm^d^d<(>, 

^ beiDg the azimuthal angle of the plane AOP , 

ameddlR*^&m&dd'lE* %e dplR* = dp'IR'* , 
dXJ /‘^(-sin*^)" Ecos^j , ,v-P .« » »d/p 


and for opposite elements at P and sin**'^ and ^ hare tbe same \alaes, 

but cos \p has an opposite sign , hence corresponding elements of the 
integrand cancel when the integration is effected for the whole sphere, 

%t ^ = 0, and theiefore U is independent of h 



Hence to evaluate TJ we may take h-% and therefoi e J2s* 1 
Then { — l)*{2n’\-l)U=pJX'‘!P*T^—J^ sin*"6>(--8ir 

= 2j^^sm*«+ie<ifl=2"+‘»ii/l 3 6 (2 b + 1), 

O 


^“271+1 


2A* 


It follows that r Pn(Po + -Pi^+ +PnA^+ )dp=Qr^» 'whence 

X J-l ^ 2 271 + 1 

PJ?n^=0, (m-hix), and = before 

n p jja 

■where J?*=l-2pA+A*, -gj-=A-p and 

2A(p— A)=1-A*-JP, and we have 

P P, l-A*-2e' 


d/, P Pn 


24 


-j 1 —A*» ^Tti f 
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Tbus/« i=i^,(^X»-l-^‘^).iie'iuctionfoimuUfoi such integi alt. 

1830 Since(l-2i»A-t-A‘)"*=i’o+-PiA+ +•?»**■+ + i’n.(-»A-+* + , 

■we hdTe 

1 3 (2fe-l)(l-2pA+AT^=^* + ^‘*+ ■ 

_2fc+l 

and ■writing (l—2pA^■7^*) ® sQo + ^i^ + ^a^*"^ +S«A”+ , we have 


Therefoie 


‘l 8 (2i— 1) dp* 


pC/„(eo+«iA+ 


(l-2i)A+A') * 

( j^*§«dy=co®I of 10 -fsit+ii 
i« ^^Sdp=\ 3 (2A-l)xcoef of A^in laiti , 

or writing ife h- tn = ?, 

( 2 /fc-l)xcoef of A*-* lu /at+L 

1831 We can now -undertake the calculation of the 
coefBeients of the senes leferied to in Art 1819 It is 
convenient to consider the cases of odd and of even powers of 
p sepal ately 

(i) Take i4^iPa™+i+^*»-iP»»-i+ • +^ 1^1 

Multiply by P*m+i, P*m-i successively, ajid integrate from 
p= - 1 to ^=1 We then obtain 

^2tw+1 _2 ^ ^ 

2(2m+l) +1 (4?n+ 3)(4m+l) . . (2m+S) 

2^-s- ^ ^ 4 6 2m 


2^«m-i » 4 6 2m 

2(2fn — 1)+1 (4T)i+l){4m — 1) (2m+S) 

2-^a,»-8 » 6 8 2 t>», 

2(2m-3)+l (4m-l)(4TO-3) (2»n,+3)’ 

Hence ■wnting 2m+l='?i, we have (n odd) 




2^+1 1 


+ (2u-7)<?^^^P„_4+. .] 
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( 11 ) Take 

then multiplying by Pj^, Pj^j, etc , and proceedmg as before, 
and wilting 2m=n, we obtain the same result 
Particular cases have already been given in Art 1818 
It will now appeal that any rational mtegral algebraic 
function of p of degiee n may be expressed as a senes of 
Legendrian coefficients, of which the order of the highest is n 

1832 Expansion of /(p) m Terms of Legendre’s Coefficients 

Supposing the expansion possible, let /(p) = Then 

multiplying by P^, P„ and integrating from -1 to 1, 
2 1*^ 

J which determines An , 

f(P)=l |](2w+l)P„j' ^PJ{p) ip 

It IS assumed that f(p) remains finite and continuous 
throughout the range of integration 

1833 The Senes obtained for/{^) is uiuQue 

For if a second senes ior f{p) were possible, we should have 

f{p)=i,AJ?„ and/(p)=^SJ?„, whence ^(A»-B„)Pn=0 
Multiply by P„ and integrate fiom — 1 to 1 Then 


1834 Differential Coefficients of P„ m Terms of Lower Order 
Legendre’s Coefficients 

Pn being a lational integral algebraic function oi p of 
degiee w, is a similar function of p of degree n— 1, and 


therefore expressible in terms of and lower Legendrian 
functions, and of form 


dj) 


«^n-lPn-l"l"'^n-8p n-8"l“'^n-6p n-5"l“ 


Multiply by P^-i, ^n-s, and integrate from -1 to 1 

Then, since dp = [Pwi^^n]- 1 “ J ^ -Pn dp, and 

m having any of the values n— 1, w— 3, w— 6, ,m and n are 
one of them oven and the othei odd, we have P^P^=1 or —1 
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according as p is +1 or ~1, and therefore , and 

dP 

further, since cannot contain a Legendnan function of as 

high order as the second integral vanishes Hence in all 

r dP 

Hence 

and we have 

^={2«-l)P._,+(2n-5)P,_,+(2n-9)P„_s+ +SP^ (or P,) 
according as w is even or odd 


1836 Similarly we may wiite 
d^P 

and multiplying by for r=n-2, n-4, n-e, , and integrating fiom 
p=“ltop = l and using accents for differentiations, 


i^l^r=f_Pr^dp = [P,P^'-P/P,iU+p_P,P;'^^ 

and as r<n the final integral vanishes 
Also, since (1 -p*)P«"-2j)P,j'+»(n+l)P^=0, we have, when 3>= ± 1, 

. »nd therefore [i>,P/-/VPJU= 


P P 

and n and r being both odd or both even, ■ is an odd function of jp, 

t P P “1^ Of I 1 

— =2 Therefore — — (w-r)(w+r+l) and 

^=1 (2n-l)(8n-3)P^+2(2n-3)(2»-7)P^+3(2n-6)(2»-n)P^+ , 

and in the same way higher order differential coefficients ma> be expressed 


1836 Obviously 

][(2»-l)Pn^+ ]dP. 

and, if m+n be odd, no suffixes can be the same in the t^o brackets, and 
the integral vanishes But if m+n be even, suppose Then the 

teims which do not vanish are 

(2m- dp+ (2«- 6)*y'^ P« dp+ 

=2[(2m-l) + (2m-6) + (2m-9)+ H-l(or 3)] asm is odd or even , 

and there being oi ^ terms in the two cases, their sum is m either 

/ I dP 

i''^-^dp=0 or m(m+l) as m+nis odd or even, 
m bemg the smaller of the two, m and n 
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1837 


We might also proceed directly thus (w ^ n), 



and Aince n is gieatei than the degree of any power of p in the 
terminal integral vanishes 

Again, (1 -!>*) — 2pP^'+m(m + l)P„,=0, and therefore if p=±l 

^ ,_ w(m + l) ^ 

" 2 p 


Now IS an even or an odd function of p according as m + w is 

P rP P “1^ 

odd or even, and theiefoie — ” =0 or 2 as m + 9 i is odd or even, 

n dP dP ^ ^ 

thei efore J ^ dp = 0 oi m (m + 1) according as m + n is odd or even 


and n 


1838 DiJSierential Equation satisfied by Legendre’s Functions 
Staitmg again from the definition of Legendre’s Coefficients, 

VIZ 7=-(l— it IS easy to see that they 

satisfy a form of Laplace’s equation, without reference to the 
fact that when is a cosine these coefficients are Zonal 
Hai monies 

Foi 7^(1— and 21og7+log(l— 2p/t4-/i®)=0, 
whence 




Again, 

|{(l-P*)f} = -2ApP+3A‘(l-p*)F*. 

= (2Ap- 3/i») F»+3fc*(p-fe)* P. 

and adding, (2) 

by virtue of P(l— 2p/!.+A*)=l 
Substituting 7-=2:P„/4“, and equating to zero the coefSoient 

|{{1-P“) ^»}+n(«.+l)P„=0, (3) 

or (l-p*)'5|i‘-2p^+^(«+l)r»=0 (Art 1813) (4) 
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DifFerentiating s tunes, we have 


(1-p*) 


dp’** 


2(«+l)jp 


d’*^Pn 

dp^^ 


+{«.(n+l)— s{s+l)} 



which IS known as Ivory’s Equation 

If we then take as the expansion of P„ in powers of p. 


( 5 ) 


it follows that 
Moreover, 


shows that 4^=1 3 (2 ti — 1), also that i^n+i> ■d-n+ti 

are all zero, foi the coefficient of contains no power 

of p above p", and this coefficient containing the poweis 

p*, p”-*, p"-*, , it IS clear that A^i, 4b-»> -^n-* > 

all zero 

Also, as A,= —A^il(n—a){n+8+l), we have 

. 1 3 (2ii— 1) 

•d,=l 3 (2n— 1), A„^t=- 2(2?i— 1) ’ 


1 3 (2a- 1) 

‘^“-*“2 4:(2TO-l)(2n-3)’ ’ 

and we have the senes of Art 1801 (A) 


1840 It appears that ^^=1 3 6 (2 to- 1), and that all 

higher differential coefficients of vanish 

If -n he even, =2m, the lowest order term of P„ is an 
arithmetical constant, viz what is got by putting p=-0y % e 

the coefficient- of in (1+^®) ^ viz (—I)*" — 2 4 ^ 2m ^ 


If n he odd, =2m+l, the lowest order term of Pn contains p. 


VIZ {— 1)”‘ 


3 5 (2m+l) 

2 4 2m ^ 
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1841 Vanons IHieorems 

Since ^i=( 2»+1)P„+(2»-3)P_,-F (2n-7)P„_«+ 
we have 
dPf^ dP^ 


w— 1_ 


=(2n+l)P„ and P„+i-P„_i=(2M+l)rP„dj, 


dp 

and since ^{(1-1^) ^}+«(«+l)P«=0, 


we have 




p p 2Wi + l . « ^.dPn 


1842 Since 

7=(l-2i)A+A‘)-*=SP«A’‘ and ^|^=(3,-A)7«, 

we have (1— 22»A+A*)2(n+l)P„+ife"=(p— A)2P„ft", 

whence (n+l)P„+i- 2 j»iP„+(w-l)P^i= 2 )P„-P„_i, 
le («+l)P«+i-(2»+l)i>P„+nP„_i=0, 
which fonns a difference equation connecting any three 
successive Legendnan Coefficients 

1843 Again 

te (l-2;^+A»)SA"-i^=2A-P„, 


dP« 


dP. . dP„ 


dp 


and subtracting the result 
we have 



1 n-1 

*■ &p 

^Pn+l 

dP„-a. 

dp 

dp 

dPn 

dPn-l 


=Pn. 

=(2n+l)P„ 


1844 Since ^=hV^ and ^=(p— A)73, we have 


0,«-i)|-(i- 


)^= - F»y(l-2j)A+A*)= - 7p , 
ZV 37 3 
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equating coefficients of (y^— 1) nj?Pn-i , 

up 


%e 


or 


Pn-pPn-l= 


1^-1 dP^i 

dp ’ 


(3^-'^)-^=(r^+T^KPn^l-pPn) 

^hT 


Hence ^=1 




w +1 


•pPnJ 


We therefore have the two results, 

P«-pP^i=^P'„.i, 


JP^n -P n-l= 


n 

7^-1 

n 


p: 


1845 We now have P^^-pP„=t^ p'^ 

=^n^P„dp [since ^(l=/^)+n(a+l)P„=o] 

where 0 is a certain constant, viz the value of Pn+l when 
p=0 To find C, 

p _ 1 <i"+>(3)*-l)»+i 1 

"+i 2“+i(n+l)i <^«+x ~2"+i(»4-l)' 

^ + +(- 1 )** n+lC^j^1tr+2^ 

If n be even, each term left after (n+1) differentiations con- 
tains p, and therefore in this case C vanishes If n be odd, 
there is a term not containing p after the differentiations, viz 

when r— - Hence when j?=0, we have in this case 

n+l 




1 


2«+i(n+l)i 


(- 1 ) ■ 


\ 2 
n+l 


P„,-rP.-o[P^+0. where 0-0 e. 
accordmg as ms even or odd ) 
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We also have by difierentiation (and wnting n— 1 for n), 
K-pP'»-i=nP^.i 

1846 Since (n+l)-P»+i— (2n+l)pP„+ftP„_i=0, we have 
(n+l)F^,-(2»+l)j)P;+nF,.i=(2n+l)P,=2V,-F„.„ 

«P',+,-(2»+l)2)F,+(n+l)F..,=0. 
a difference equation for the first differential coefficients of 
the P’s 

1847 Differentiating again, 

»F'^.,-(2n+l)^»F;+(r^+l)F:.^=(2»+l)F,=P;;^..-F;.., 
whence (»-l)F^,-(2n+l)pF;+(»+2)F^_i=0 

Similarly («-2)P:;i-(2n+l)j»P:+(n+3)P;'.i=0, 
and so on, formmg a senes of difference equations for the 
higher differential coefficients 

1848 Since (1), an(iP!,-pPLi=flP,_i (2X(-4-it» 
1843 and 1845), we have, by squaring and subtracting, 

(p*-l)(P'*-F.‘_,)=«‘(it-P!!_,) (3) 

Wilting «»i>* -(p« - l)Pi'= I7„ we have 

17,- i7_, ={«•-(»-!)•) PS., =(2»-l)P*_, , 
Un^i-Un^= =(2n-3)J^_j, etc, 

and. C7i=Pf-(p«-l)P^» =l=p; 

Hence n*PS-(p*-l)P;’=Pj+3P;+B/1+ +(2n-l)iF^., (4) 

1849 Again differentiating (1) and (2) r times, and again squaring 
and subtracting, 

(p*-i){(pr7-(i^^iT}=(«-*)‘(/^T-{«+r)*(P!2.i)‘, 

or wnting F'.=(«-r)*(^tI^)^-(p*-l)(-PS^‘’)“, 

F,-F,^,={(n+r)*-(«-l-»)«}(PrL,)»=(2n-l)(2r+l)(P!.l,)*, 
and if »=>, F,=0, if n=r+l, F,+i=(2r+l)*(P!l’)*. 

whence |j!^=(2»- l)(pM ,)*+(2«-3)(PS10‘+ +{^r+l)(lPf, 

or completing the senes with zeio terms and reveising the order, 

F./(2. + l) = (4’-')"+3(2^’'>y+5(f4'?+ +{2»-l)(P£l,)‘ 

1850 Ulnstrative Example 

To find a senes S which, mU assume a coTistant value A at aU points on 
the surface of the %mit sphere in tAe northern hemisphere, and a constant value 
B at all points of the surface in the southern hemisphere 

Suppose the senes to be ^sCo+CjPi+CaPa4-C73P3+ 
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Then 8^A from to p-l, S=B to p-0 Therefore 

multiplying by Pn, 

f CJ>,^dp=j°^BP^dp+j'^APndp, iindJ°^Pn^=(-irl Pndp, 

e.*- 4 {<' w'} * 

C..0. (.>0), ; g- - ^ (.A-B) 

Also, if n=0, Ct=i(A+B)J^ ’ 

if«=l, 0,=l(A-B)l'p<lp=i(A-B) 

Hence the senes required is 

. ^+Pp^.l-Pr3P,_3 ,i_5UPg_ \ 

" 2234 2 456 / 

1861 In case the dwtribution be symmetrical about some other axis 
than Ojsj the zonal harmonics may be expressed in terms of harmonics 
with Oz for axis 

1862 Tor instance, tf toe require an taspreasim xn terms of Harmomca 

mOx Oz for axxs, where the vaZue of 
ihefimctxon xa A over the whole Aetiw- 
> sphere with OA for axxs and nearer 

^ ^ ^ AemwpAere 

/ remote jrom A^ then we have 

b/ X. ]ust found an expiession for such 

/ N. a function m terms of Zonal Hai- 

/ \ monies with axis OAy viz SC^Pn 

/ ^ “7 If P be any point on the spheri- 

cal burfdce, and we put zOA — o.^ 

e6p=^, POA = e\ AzP=^<l>, we 
X. have, fiom the spherical triangle 

O coB0'=cosacoB^+sinasmdcoB<^, 

and Pn(coa 6') becomes a spheiical 
Surface Harmonic expressed in teims of 0, and the value of the 
function sought will be 

„ A+B^ ,A-BfZQ^ 3 708.3 611«5 ^ 

^=—Oo + — 1-2-2 3-4 + 2 - 40 -®^/ 
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1863 List of Woiiking Formulae for Lbqbndrb’s Coefficients 
(Differentiations 'with regard to p are denoted hy accents ) 

1 ^{0.-p‘)Pn'} + n(n + l)P^=O, (l-i)*)P,»-2pP,'+«(» + l)P, = 0, 

^^+cotfl^+n(« + l'P«=0, p = ii=coad 
1 d** 

2 Rodiigues’ Formula, •Pn=p;i:i 


i P«= 


1 % I (2»-l) ^^. »(»-!) 






n(»-l)(w-2)(»-3) 

2 4(2»i-l)(2»-3) ^ 


) 


4 P, = l, P,=J., Pa=lJ'*-i. P3 = 5I>’-^ 

P ®«i. 


P ’ 2^ 


_V+L_3 

4^ ^2 4’ 


,67, 36 
^r4*^ + 2-43’> 


etc 


6 p^ = 


1 3 5 


P^^){(2n+ 1)P„ + (271 3) ^ F,^j 

+(2»-7) <^”'^y^ - ~ - > p,^+ } 


6 1=P., p=Pi, P’^iP. + 'fPi, P^=iPi+iP3, 
p*=^P,+^P, + Af’<. y*=fJ’i+J^»+Tfii^»> e<® 

(P±"^P^“1®)8X)"<*X = ~ fj (y:Fs/^_loosx)"+^ 

8 I' P„P,(Jp=0 if «if », J_^P»^=2^ 

9 P,' = (2«-l)P„_i + (2»-6)P»_, + (2ft-9)P„_,+ toPoOr3Pi 

10 ■P»+i~'P«-i = (2» + l)^« P»+i - “1)^» 

12 ()i + l)P,+i - (2» + l)j>P„ + nP ,^! = 0 

13 «P,;+i-(2»+l)pP«+(»+l)P,;_,=0 

14 pPn'-P^ i = tiP«, Pn-pPi.i = »P^ 

15 p«-pp.-i=^p,;.„ pp.-p^=^p« 

16 Pn+i-pJ^H-n jPndp + C (7 = 0, if n be even, and 

'0 n+l 

=t2ll 

2T6+1 

17 1 + 3 Fi + 5 Fa + 7 Fa + = 0 for all values of p except p = 1, and then 

IS oc See Alt 1857 


■ /*^,V' . ij ifnbeodd 

ww 
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1864 The Boots of Pn=0 

Between any two real roots of a rational algebraic equation 
f{x)=0, at least one real loot of /('c)=0 must lie , and if the 
roots of the equation f(x)—0 are all real, the roots of f (a!)=0 
are all real, and separated by the roots of f(x)—0, and lie 
between the extreme roots of /(®)=0 The roots of (a/)=0 
are therefore all real and lie between the extreme roots of 
and therefore between the extreme roots of f(x)=0 , 
and similarly for all the derived functions 

Hence the roots of P„=0, le of 
between +1 and —1, for the roots of (y)®— 1)“ are all real, and 


either +1 or —1 

Also no two roots of Pn=^ equal For if they 

could, P„=0 and would have a common root But 


UP 

(p*-l)^+2(«+l)p^+{»(®+l)-’’'(«+l)}^=0 

for all positive mtegral values of s So that if Pn=0 and 
^^=0, we have ’‘® 

contrary to the result ^=1 3 5 (27i- 1) (Art 1840) 

Hence the roots of Pn==0 are all different and lie between 
-j“l and — 1 

It IS obvious from the forms of shown in Art 1818, that 
when n is odd one of the roots is zero Also, that in any 
case as the powers of p are either all odd or all even, all the 
other roots occur in pairs, one positive and one negative, of 
each magnitude 


1855 The Curves r=aPo> r-aPi, etc, are readily 

traced 

( 1 ) r=ajPo=a 18 a circle, centre at theoiigin and radius a (Fig 596) 

(2) r=aPi=acos 0 IS a circle of radius ^ touching the ^-axis at the 
origin (Fig 696) 
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(3) ♦ — - has max rad vect r=a, ^=|» 'where 6—0 oi 

IT, and 0 = (2a+l)^, and touches the lines 6— ±C08“i3"^ (Fig 697) 
ss 


0 


Fig 595 Fig 596 


(4) j = aPi = a - " g has max rad vect a and a/N/5, where 

^=0 and rtcos~*6“^» and touches 6=^ ±co9"V3/6 598) 



Pig 597 Fig 598 


/rx r» 35 cO8*0-3OcOS® 0 + 3 , j i. J, n n 

(5) r=a/\=a = has max rad vect a,whered=0, 

o 

where 0=^ , y if 6=coa~^'^, etc , and touches ^=scoff"^| j: > 
and so on for those of higher orders (Fig 599) 
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1856 We may now note the effect of a small hai monic when super 
posed upon the graph of a carve others ise circular by tracing curves of 
the type r = a(H- €P»)» '^here e is a small positive fraction 'We merely 
have to add with their proper signs the radii of the curves traced, multi 
plied by e, to those of the ciicle 

(1) r=a(H-£po) nieans that the radius of the circle is slightly hut 
uniformly mcreased (Fig 600) 



Fig 600 Fig 601 


(2) r«a(H-€Pi) Here the new locus shows the substitution of a 
Lima^on locus for the circle The Lima^on lies partly inside and partly 
outside the circle (Fig 601) 

(3) r=o(l4-£Pj) This change substitutes an oval for the circle, which 
IB thereby extended at the poles, and contracted at the ends of the 
perpendicular axis (Fig 602) 



Fig 602 Fig 603 


^ 4 ) r=a(l+eP 5 ) Here the circle is extended in three places, and 
conti acted m thiee other places (Fig 603). 
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(6) r=a(l + €P 4 ) Here the circle is extended in four places and 
contracted in foui others, and so 
on (Fig 604) 

If we revolve these cut ves about 
the axis, the coizesponding shapes 
of the bolids of form i =a(l + €P„) 
can be readily imagined , r=a re 
presenting a spheie, and < bmall 
and positive The shape is that of 
a spheie slightly swollen out at 
the pole, and surrounded by belts 
alternately lower than and highei 
than the normal level of the 
spheiical surface, and when n is 
even the equatorial plane is a plane 
of syminetiy 

If the ladius of the sphere be 
affected by other harmonics, eg 
f=a(l+eP„+€'P,*), the locub can 



Fig 604 


be similaily constructed by supei position, % e the addition of the separate 
effects to the ladius of the spheie 

1857 A Remarkable Discontmnity 

The expression 1 -|-3Pi+5P2+'7i^3+ +(2w+l)P„+ is 

discontinuous It vanishes for all values of ^ except 2>==1, 
when it becomes infinite 

For (1— and differentiating, 

0 

(p— A)(l — 2pA+/t®)”^=2 

Multiplying the second by 27t, and adding to the first, 

(1 - h*){l - 2ph +7i*r^ =. 2 + l)-PnA". 

1 

09 

and putting fc—l, ^(27i+l)P„==0 

for all values of p except when p—l,ie at the pole of the 
spheie, and there the expiession becomes infinite, being the 


limit when 1 of 


1 -\~h 


Similarly putting k=—l, 

l-3Pi+5Pa-7P,H- +(2n+l)(-l)»P,+ =0 
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except when p= — 1, ^e a,t the opposite pole, and there it 
becomes infinite 


We also have j | {l+^PJi+5P^^+ )dpd<l> 




2ir 


aindddd^ 

[ 


JO 

1-h* 


OJO 

1-A»I 


h 


(1 —2h cos 0+ 
j^+jy_2x 2_4, 


2t 


1-A* 


i^r 

L Q_ 


(1 — 2h cos 9 + /t*)® Jo 


')Jo 


1858 Physical Meaning 

The potentials produced at points within or without a spherical surface 
of area 8 and radius Tq by a layer of matter on the surface of surface 

density (2n+l)P„/AS are respectively 
Pnrd^lf^*^ For both 
these expressions satisfy Laplace’s 
Equation, the second vanishes at oo 
and Green’s surface condition is 
satisfied, viz that the difference of 
attractions on two points on the 
same normal, one just outside and 
one just inside, is to be 47r x surface 
density And such a solution is 
unique 

Take a particle of mass unity 
situated at the pole C of the spheie 
with centre the origin 0 and radius 
The potential produced at any 
point P distant r from 0 in colatitude cos~^jp is 

(ro*-^or+f^) * = or asr<oi>»o, (I) 

and we have seen that an internal potential P„-~ and an external 

n 

potential P»j^ produced by a distiibution of suiface density 
which vanes as (2»+l)Pn 

Hence the potentials (I) are produced by a distnbution 2(2» + l)Pn 

0 

But the distribution producing a given potential inside and outside is 
unique, and we have seen that a concentration into a point at the pole O 

does produce it Therefore the distnbution 2(27?+l)P» must represent 

a concentration of matter mto a single point at the pole C, and must 
therefore vanish at all points of the sphere except at the pole, where it 
must become infinite 
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This theorem is of great seivice in obtaining expressions for the 
potential in the case of discontinuous distributions of matter 

1859 Let P be a point at which there is no attracting 
matter, 0 the origin, Q the position of an attracting elemeiit 
of mass m , OP=r, OQ=r\ PQ=^R Suppose the attractmg 
body to be a homogeneous solid of revolution whose axis is 
taken as the 2 ;-axis Then the potential at P is expressible 

in the form F=2^=S-4nP»^“+2Pn~, where Aa, Bn are 

constants, the first summation 'ZAJPnT^ refeirmg to that for 
all those particles for which r < /, and the second for those 
for which r > ? ', and this is a unique solution Now supposing 
that the potential is known for these two parts in convergent 
senes for each such portion at each point on the axis, where 
Pn=-1» tben the values of An and Bn aie known for all values of 
Therefore, assuming that the potential at any point on the 

axis 18 expressible as its value at any pomt 

oflf the axis may be at once wiitten as 2^-4„r"+^^Pn 

1860 Considei the expression 

0 

'wheie (A.), Pniff) are Zonal Harmonics 
and A., /a the cosines of the colatitudes of 
two points 

Take the case of a circular wire of 
infinitesimal section Take as origin 
the centre of a sphere of radius Vq of 
which the wire foims a small circle, 
and let the 2 -axis be the normal to the 
plane of the wire Let M be the mass 
of the wiie considered of uniform line- 
density 

The potential of the wire at a point Z, (0, 0, z) on the s-axis is 
J/’(ro* - 2 Ar(, 2 J whei e cos"*X is the angular radius of the small circle, 

%e ^SPnWf— ^ or — 2Pn(A.)f— ^ as *< or >9q, and tlieiefore 
^0 0 Vq/ Z 0 V*/ 

at a point Q in colatitude cos'^/a and distant r from 0, the potential is 
^ PnM(pJ at where r < », , and ^ |P»(X)/'«(fi)(^)“at 

where ^ > r© 
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Now (2jft+l)Ptt(X) IS tire law of distiibutiou of suiface density giving 
a potential ccP»»" within and ocP»/f”+i without the spheie Hence 

eo 

a surface density 2(2w + l)Pn(A.)P»(/i) will give the same potentials as 
0 

it has been seen that the distxibution of a unifoim hue density 

along a ciicular wire gives, and is unique Theiefoie the expression 
00 

2(291+ l)Pn(X)Pn(iu) must be zeio at all points of the spherical surface 

except for such points as lie along the small circle of angular radius cos'"^ X, 
where the surface density is infinite but the line density finite That is, 
the expression is zero except where X=/i, wheie it is infinite 
The theoiem is similai to one occuriing in Poisson’s discussion of 
Pouner’s Theorem, Chapter XXXY 

1861 Practical Method of Expression of a Rational Integral 
Algebraic Function of Terms of Harmonics on Unit Sphere 

Let Hn^Ax^+x^’“'^(By-{-Gz)-\-x'^~-\By'^+Eyz be 

the general homogeneous expression of degree n, which con- 
tains J(n+l)(n+2) coeffiaents Subtract and add 

where , 

which contains J(n^l)w coefficients A\ O', to be found 
Apply the operator to irn“(a'*+2/®+2;®)i?n-2» viz 
(A^A')x^ + 

We then obtain, after this operation, by equating to zero each 
resulting coefficient, J(w— l)w equations to determine the 
l)n quantities A', F, O', etc, and 
becomes a spherical harmonic of degree n Next apply the 
same mode of procedure to and so on We have then 
expressed in the form 

r“r*+r*(r«-*r^,) -f + 

or »-*(r„+ Tn-aH- r»-4+ ) , 

and it we take our sphere as r=l, we have 

yn+rn-2+yn-4+ , 

a series of surface harmonics 

If the rational integral algebraic function considered consist 
of groups of terms of diflTerent degrees, the same rule will 
apply to the terms of each group 
As a prehmmary to such procedure, all terms which are 
obviously already solid harmonics should be laid aside, to be 
restored when the process is completed, amongst the other 
harmomcs of their own degrees 
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1862 Ex Express 

= + ajiy + aa* + 65^?+ + cxyz 

as a senes m the form r*r3+r*rj+rFi+ F® 

We only need consider the tei ins JjA* + 6*^* + 6,2*, 

t e (6i - k)ai^ + (6, - X)y* + (Jj - A)«* + X(a:* + y* + **), 

and V*[(*i - + (*i “ A.)y* + (63 - X)«*] = 2(6i + 6, + 6, - 3 A) = 0 

if A-=J(6i+6|+ J,) , 

j> = ^ y. + ?^ ,1 

+ 5^2 + 65*3? + 6«a?^] 

+ [di* + + a,*] + r*, 

which on the surface r = 1 is of foim Fj + Ft + F^ + F® 

1 863 If the function be not alieady expressed in Cartesians, 
It IS usually best to express it so first 

Ex Express sin* 0 sin^ 2<^ lu terms of Suiface Harmonics 

sm* B sin* 2 <^ = 4 (sin 6 cos <l>f{sm 6 sin <^)*= (*■= 1 )> 
and proceeding as before, 

= + + + ir*. 

and putting a;= 8 in 0 cos<|f), v=ssin ^sin<^, 2 j=co8 0 , and r=l, we have a 
result of the required form F4+ F2+ Fo 


1864! Change of Axis of a Legendre's Coefficient 

If P„ be Legendre's coefficient of ordei n, we have the series 


of solid harmonics 
P^r^z, 


P2^ = 


3;?^— 1 ^ 2 g *~ a ;^— y * 


2 


P8^= 


633®— 3 jp^ 62;*— 32 r® 

“ ft » — ' c\ ' 


2 "" 2 
2g^-3ga?^-32!y« 


2 


etc 


2 ' 2 

Writing ZZ+mY+nZ for 0 , where Z^+m®+n®==l and 

these sohd harmomcs become, 
when referred to new axes OX, OY, OZ, ZZ+mF+nZ, 
3(ZZ+wr+nZ)2-(Z2+P+Z*) 5(ZZ++)«-32P(ZZ++) 

2 ’ 2 


etc, 


X Y Z 

and the axis of this set of haimomcs is viz OA 

I m n 

(Fig 607) 

K we transform to polars so that this line is given by 
Z=sin0'cos^', m=sm0'sm^', n=coB0', and Z=lisin0cos^, 
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r=i2sin 0sin 0, Z=JScos0, the axis OA of the new set of 
harmonics is inchned to the new Z-axis at an angle & and 
the azimuthal angle is 0^ and the expression 
IX+mY+nZ ^ ^ q, 

tt 


and IS still a ccmne, viz the cosine of the angle between the 
original axis OA and the direction OP of the point X, Y,Z 
If then we take r s 22= 1, and if, instead of p, we write 
cos 6 cos fl'+sin 6 sin 6' cos (0— 0')> 
we get a more general form of Harmonic than the Legendre's 
Coefficients There are now two independent variables 6 and 0, 
6' and 0' being regarded as known 

The Harmomcs in their new form are known as Laplace's 
Ooefflcieiits and denoted by Y^t Fg Thus for Legendre's 
Coefficients the z-axis OA is taken as the axis of the system, and 
AOP=d In Laplace's Coefficients the axis of the system is 
the line 0\ 0', and the direction of P is 0, 0 



The curves for which AOP is constant are a set of parallels 
about the axis of the coefficient in either case, viz cos 0= const 
for a Legendre’s Coefficient, and 

cos0cos0'+sm0sm0'cos0— 0'=const for a Laplace's Coeff 
Both sets are Zonal Surface Harmonics When multiplied by 
r~, OP^y they aie Zonal Solid Harmonics If we furthe^^ 
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tiansform coordinates so that Z becomes the distance from 
any other fixed plane through 0. the Solid Zonal Haimonic 
remains a Solid Zonal Harmonic and the Surface Zonal 
Harmonic remains a Surface Zonal Harmonic 

18G5 Tesseral cmd Sectorial Harmonics 

Take the case of an unreal plane Z=z+a{xi iy),l—aym=at, 
^=1, so that 

Then, if F{z) is a Solid Spherical Harmonic, so also is 
F{z+a(x+iy)}, %e 

also satisfies Laplace’s Equation V®7=0 for all values of a, 
and the equation being hnear each teim of this expansion will 
also do so, and will itself be a Solid Spherical Harmonic , and 
taking either sign for i, we have new foims of Solid Spherical 
Harmonics (x±iyYF^^\z) Also their sum and difference are 
also Solid Spherical Harmomcs Therefore transforming 
to polais with r=.l, aj=sin0cos0, y=:sinflsin^, 2 !=!COB 0 , 
sin* 0 cos 50 (cos 0) and sin*0sin80 JP^*^(cos0), or, what is 

the same thing, cos 80 and (1—Jp*)^ sin 80 are 

new forms of Spherical Surface Harmonic functions of 0, 0 

1866 These new Harmomcs are called Tesseral Harmonics 
of degree n and order 8 When s=7i, 

^=^“=1 3 5 (2n-l), a constant 

dp'' ' ' 

n n 

Rejecting the constant, (1— p*)^cos^0 and (1— p*)^sinu0 aie 
called Sectorial Harmonics of degree n 

It has been seen that in the case of a Zonal Harmonic its 
vamshing gives an equation of degree nmp with all its roots 
real, and the spherical surface is mapped out into a senes of 
belts or zones by circular sections at right angles to the axis 
of the Harmonic, the angular radu of which sections are 
determined by the roots of this equation 
In a Sectoiial Harmonic the roots give the poles in 
which the axis of the Harmonics cuts the sphere But in 
addition we have, by the vamshmg of such an Harmonic, 
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COS 710=0 or siim 0 =O, as the case may be, which indicate 

roots u0=2\7r+j or Xtt, a set of great circle sections 

through the axis of the system of Harmonics, which therefore 
map out the surface of the sphere by meridians 

In the case of a Tesseral Harmonic the vanishing of 

(l_ip 2 )irCOS^^d^ would give in addition to (i) the poles, 
sin apg 

(u) the meridians (in numbei s), the solutions of =0 

This 18 an equation of degree n—8 in p determining ti— s 
small circles whose planes are at right angles to the axis of 
the system 

The surface is now mapped out by these meridians and 
small circles into a set of tile-shaped elements or tesserae 
Thus to any Zonal Harmomc correspond new Harmonics, 
Tesseial and Sectorial, which are all species of Laplace's 
Functions 

1867 The most general homogeneonn function which 
'tationol with respect to 6 cos <p, y=8in 9 sin 0 , z =co8 0, 

and of the n^ deg) ee,for which r is put = 1 , and which satisfies 
the equation 

+r::^ 

'w 6 =aaPn+^(^ 3 ^JfcCOS^ 0 + 6 ^ sin k<j>) sm* 9 

where P„ is the Legendrian coefficient of the order 

For considermg the expression u 4 *cos A; 0 +jB*sm 40, 
^ftCos40 could not he a rational mtegral algebraic function of 
sm 6 sin 0 , sm 9 cos 0 , cos 9 unless Ai, itself contains a factor 
sin*d 

Put Q^cos 40 sm* 9 v=cos 40 % say Then the differential 

equation becomes(l-/**)^- 2 /t^+|-n.(n+l)-j-^|it= 0 , 

JL 

and writing i 6 =(l— we have 
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'which IS Ivory’s Equation of Art 1839, where 

1816) 

But as we require the vntegral function of fj. which will 
satisfy the general equation, we take £=0 Hence 

Q=A cos sin* 0 

^ dju^ 

satisfies the equation And in the same way, starting with 
Q=smfc0sin*6 v, we should have ariived at a solution 

Q=:Ssinifc^sin*0-^j~ , and these solutions hold for all posi- 
tive integral values of Ir Hence the most general solution 
of the kind required, viz homogeneous (with r=l) and a 
lational integral algebraic function of sin 9 cos 0, sin 0 sin 
cos 0, IS that stated above, viz 

Q^aoPn+^ia^kCOS k^+bjtain k(f>) ain^ 0-:^ , 

where /a=cos 0, and contains 2n+l arbitrary constants It 
IS clearly useless to continue the summation for values of 
for the last factor would vanish for such terms 
It thus appears directly from this form of the Laplacian 
Equation how the Tesseral and Sectorial Harmonics arise 

1868 To expand any Function of fi and say F(fi, ^), in a 
Senes of Laplace’s Functions 

We have seen when p is any quantity between ±1, that 
with the definition (1— 2pA+A*)"^sl+PiJl+PjA*+ , we 
have l+SPi+SPa-l- +(2n+l)P„+=0 except where p=l, 
when the sum becomes oo Let p stand for the cosine of 
the angle between the direction /x, fp and a fixed direction 
<p', so that p +7l — /xVl — /A^cos {p — <p'), and consider 

the integral ||(1 +3Pi-f 5Pa+ )P(/a, p) dfx d<p 

If we integrate over any closed region S on the sphere, which 
IS not cut by the direction /, this result is evidently zero 
If the integration extends over the whole surface of the sphere, 
the direction /x', <p' must be included, but no part of the 
integration contributes anything to the result except that 
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included in a very small contour about the direction fi, (f>\ and 
in this direction <f) becomes 0') Hence the value 

of this double integral is 9£»0j|(l+3^i+5P2+ )dfjLd^, 

taken over the infinitesimally small area within the small 



contour just enclosing /a', But as I+ 3 P 1 + 5 P 2 + 
vanishes at all other points of the sphere, this is equal to 

J?'0u'.^')jj(l+3Pi+6P*4- 

taken over the whole sphere, =4<3rP(jit', ^'), by Art 1857 , 

^')=^E(2n+l)|jPU ^)Pndfid<t, 


When the integrations are effected each term is a function 
of fit 0 ', which enter through the P functions alone, and each 
term will satisfy Laplace's Equation and be a Laplace's 
Function 

This proof IS due to O'Bnen 

When F(fi, <j>) is itself a Laplace’s Function, say Y^, we have 
4xy„'=|; (2r+i)f jy„p, d<t>, 


where Y^ represents the value of along the axis of the 
functions, 1 6 when /a = /a' and 0=0', and every term vanishes 
except that for which r=n, whence 
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1869 The Value of the above Integral may be readily deduced by 
Physical Oonsideiations 

Take a layer of matter of surface density o*= 7* on the auiface of the 
sphere (radius a) The potential at any internal point C at distance r from 
the centre and JR from the element d8j 

p- _ /* <rd8 _ r <rdS 1 « r . r> r* 


' (a^ - 2ar COS 6 





j ^nJPndS =4 :tcT and 'where dia w the elementary 

solid angle subtended by d8 at the centre 

1870 Lemma 

If ttsp + l, vsp-l and we may show, by applying Leibnitz* 

Theorem and comparing the non-'vanishing terms on each side, that 
ttVD"+n4"i;»*/(n+«)»=jD**-*M"r’*/(n-e)t , %e that if »s(pa-l). 

Hence j 

“ -D*^**" dp, and integrating by parts, 
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1871 Integral of Product of Two Harmonics over tTmt Sphere 
If Ynj Zn be two Spheiical Harmonics each of degree n, viz 

AqKq -\- (^8 4 "-®* 81 ^ ^ 0 ) ^8 

and + 2 (^« "I" » 

where (Art 1867), we have, upon integrating 

the product with regard to <f> from 0 te 27r, 

and integrating this with regard to p from — 1 to 1, we have 
by the Lemma j YnZJlpi^ 

=2v4oao2;5^+^(^«®<+BA)|^3^|l 2n+l 

In the case when the harmonica are of different orders, 

by Art 1788 

If the harmonics be identical, le we have 

L r 

1872 If any function of /x, 0, say V=F(ij., <p)i be expanded 
in a senes of Laplace’s Functions as F= Yo 4ri+y*+y»+ . 

which IS true upon the surface of the sphere r=c6, then at 
points within the sphere we shall have 

7^=Y^+JiI+yX+ , 

Or Q/ 

and at points without 

For each term is a spherical harmonic satisfying Laplace’s 
Equation and satisfy mg the conditions at the suiface, and the 
latter vamshes at oo , and there is but one value of V which 
does so 

Thus, when 7 is given all over the sphere, we can write 
down its value at any internal or any external point 
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1873 Differentiation of the Zonal Haxmomcs 


p 

Z z=P Z — 


With cylindrical cooidinates (p, z). 


r=N/»*+p*, ft=(soa9=zl‘J^+p*, 


3r z /** /i 

_ JULs/l — jufi 

■dz s/z*+p’‘ ^’32 r ' Zp ’ Zp 

r 

Zz’^'^Zr ' r Zpl’ Zp '^Kzr 

r 

(Art 1844), 


3Z 

Therefore, whether i be positive or negative, a 

rule analogous to the differentiation of a power It follows that 


Again, by Aits 1843, 1845, 



1874 Change of Ongin of Zonal 
Hannonics to a New Origin O' on the 
same Ans Oz 

Let 71 be a positive integer 
Taking 0 as the origin and Oz as 
the axis of the Zonal Harmonics, 
Z„ IS a function of p and z alone, 
==/(p, z) Then taking O' at the 
point (0, 0, —a), the new ordinate sf 
of any point P, whose coordinates 
are x, y, z with regard to axes with 
origin 0, IS when referred to parallel 
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axes witli ongin ^+a, and the corresponding Zonal Har- 
monic Z„' IS denoted by /(p, % e /(p, z-^-a) , and this being 
of degree nin 2 ;, we have 

7 '-f 


tlie accent denoting the Zonal Harmonic of degree n with 
reierence to the new origin That is, 

'2' 3a* 


Z/=Z„4-»^- 


32; ‘^2* 32;* ' ‘ wt 32;*^ 

=Z„+naZ^i+^^^a*Z^g+ 4-na"-‘Zi+a’* 

Similarly, if the Zonal Harmonic he of negative order, 
and r> a, we have a senes in ascending powers ^ but 
extendmg to 00 . For, as before, is of form F(p, z), 

Z.,=J(/>, a+a)=J?-t.a-g^ +jf ^ + 

But in cases where r, being measured from the first origin, 
IS <a, this expansion is inadmissible We then have 

Z1 j= ( 2 + a)*}"^= (a* +2<ir cos 0+ r“)"^ 

Differentiating with regard to a, « e with regard to «+ a on. 
the left side, 

3Z:,_ 1 2Zi , 3Z, 4Z, , ^ 

»e 1 Z, -2 ^+3^-4^*+ ) 

* a*\ ® a a* J 

Differentiating again, 

1 2Z:,=^(l 2Z,-2 4^*- ). etc. 

and thus, by continued differentiations, we arnve at 

o;' —ifi t ^(^~hi)(^+2) Z3 , “I 

a^L la”’“l2 a* 123 a®"*" J 
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PROBLEMS 

1 Show that is a 

spherical harmonic, and that the corresponding surface harmonic on 
unit sphere is 

{A cos® <#> + J5sin®<^)sin®^ + (7oos® ^ - ^{A oos<#> + jBsin<;f>)sin0 - f (7oos^ 

2 If OA, OB^ OC be three perpendicular axes cutting a unit 
sphere with centre 0 at A, B, C, and if P be any other point on the 
surface, show that cos P-4 oosPBco^PO is a surface harmonic 

3 ABC IS a fixed quadrantal triangle on unit sphere, and a 
point P moves on the surface, so that 

V= a cos® PA+h cos® PP + c cos® P(7 + 2 /cos PB cos PC 

+ 2p cos P(7 cos P-4 + 2^ cos P-4 cos PP 
18 a surface haimonic Show that the cone F^O has three perpen 
dicular generators 

4 If Pn be Legendre’s coefficient of order ti, show that 

J^^PlPn(6P,-3)«ip = 0, 
unless 71 = 3, in which case the value is 6/7 

5 Show that 

J' + Pin/5 + P,n/6 + + Pr.'siwri )* - 2 (» + 1) 

6 Show that ^P„<^=0, except m the cases 

j_^P*Po<^ = |. I ^Pi^ = -S%> |_j^P‘^4'^P = 3TT 
1 Show that p'P„ dp =0, except in the cases 

8 Show that the area of one of the larger loops of the curve 

r=oP, IS m cos-1 

9 Show that if * be very small, the area of the nearly circular 
figure r = a(l + eP,) is approximately wai(l + ^t) 

10 Show that if « be very small, the volume of the nearly 
sphencal surface r=a(l +«P 2 ) is very approximately iwa«(l +|<») 
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1 1 Show that if jB^ = 1 - 2ax 4- a^, 22'® = 1 - 2j?a;+ a®, 



and deduce the values of 

and 

12 Show that 

sin3^ 1 S D sinid 4 j> , 16 sin5^ 1 . 8 ^ , 128 ^ 

sm6 " 6 8U10 35 * 


13 Give the rational integral function of the second degree of the 
three quantities, smX, cos A. sin d, cosXeoa^, and put the terms of 
the second order undei the form 

Cj Bin® X4-(cj sm® ^ -i-CaSin 9 cos 0 -1-04008® 6 ) cos® X 

+ (C5COS ^ sin 6) sm X cos X, 

and show that, with the addition of an arbitrary quantity it 
becomes a Laplace’s function if 30^= - (^h+^a+^s) 

[Suith’s Pbizb, 1876 ] 

14 For points », y, z which he on the sphere a;®4-y®4-J5®== 1, 
express Q as a senes of surface harmonics, where 

(J = a;+ 2y +-3«-4 4ai® + 5y® + 6«® + 7^ -f- 8«a? -h 9ay + 10a;® + llay« 


15 Express sin^ ^ in a senes of Legendre’s coefficients as 


sin*^ 


Ip -i? 

15^0 21 



p. 


Why cannot sin®^ be expanded in a finite senes of sphencal 
harmomcs® [Math Trip , 1873 ] 


16 If * prove that if JPnd/t* be taken to 

vamsh whenyu-=l, 

Show how by the help of these formulae the numencal values of 
Pp P21 ^8» those of their differential coefficients, noay be 

convemently found for any given value of yu 

[Prof Adaus, S P , 1873 ] 

17 Prove that 



+ OOS0C 


D 




[Oou:. Ex«] 
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18 Obtain a solution of the differential eciuation 


d 


• j \ 


sma;?^=iO 


in the form of a senes of cosines of multiples of x 

[Math Tsif Jl , 1888 ] 

00 

19 Show that if (1 — Soa; + a*) ® = 1 + ^ Q%o .^ » then will 

(ti+ 2) 6^2 - {2ii +1. + l)flJ0^i + (n.+h - l)6n“ 0 

[E J Route, Proc LM S , xxyi 

20 Prove that if 

Fb( 1 - 2aa; + a2)“^ = l 4-jKja+Z‘2tt®+ , 

Oi) 

(ill) j 

(iv) (n 4- “ (2w + 3) xK^ 4- (^ + 2) K^i = 0 , 

(v) Z,i'=»(2fH- 4-(27l-3)Z,^^^-(2n-7)Z^4- 

(vl) (2^1 4- 3)|z’„ dx « “* ^nr-l + , 

(vii) ir,,^i=3?, + 7P3+ 

jSTan - 1 + SPj 4 - 9 P 4 4 - 4 (4u 4 - l)Pzn 

(viii) P K^K^dx^O or (ii+ l)(«4-2), 

^ according as m 4 - ms odd, or even and m^n, 

2m-H 

21 If F=« (1 - 2ay 4- «*) ^ = 1 4 show that 


1 /d^r 

{2m, - 1) \^y 


1 3 


2ffl4-l 




22 If r«=(l-2a^4-a2) - 1 4 * pro^ e that 

(,) (.) 

23 Show that the roots of 

n «(n.-l) , Ti(a-l) n(n- l)(Ti-2)(«-!t) 

1 2n<2«- l)® + 1 2 2n{2«-l)(2a-2)(2n-3) 

are all real and unequal, and he between 1 and - 1 
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24 Prove that one solution of Legendre’s Equation 
(1 - +n(« + l)y = 0, 

where nis a positive integer, is a polynomial of the degree, and 
determine it 


26 Prove that a like statement is true of the equation 
(1 - ai®) yj + aajyi + - 1 - a)y ^ 0 
unless 1 + a - n he one of a senes of numbers » - 2, n - 4, n - 6, 
which terminate in 1 or 0, according as n is odd or even, and in that 

case a polynonual of degree 1 + a — a is a solution 

[Math Taip II, 1918] 

26 P«(fi) being the coefficient of m (1 - 2/iA + and a 

unequal, show that ^ “ zero "» and « 

differ from one another by 2. and that when m=»+2, its value la 
2(n+l)(» + 2)/(2n + l)(2n+3)(2m + 6) [Math Tbip 11,1916] 

If in=3ti, show that the value is 

2 (4^8+ l)/(2n - l)(2w + iy(2n + 3) 

27 Prove that 


(1) J'^(l-**)P«'{*)P,'(*)dz=0 

(u) r (l-a^){jP«'(!B)}*d® =2«(» + l)/(2» + l) 

[Math Imp H , 1914 ] 

28 Prove that = + (2«+l)J^ 

29 Prove that 


(i) |'P„{oos e)dd = 0 or IT I 4 or even , 

( 11 ) J^cosdP,(cosfl)ie = 0 or j^|L|__^^Jas«i8evenorodd 
30 Show that 






Ji -y* 

[Use formula of Art 1813 ] 

[Orbllb, Jo 7 ir LVI , Todhuntbb, Funcitona, p 116.] 
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P**--Pj‘ P4*-Pj* 

31 Show that j>?8_ j)^ 2 > p *a _ p^> P/^-P/* 

respectively equal to (y* - l)/l*j (p* - l)/2*i (P* “ 1)/®* (P* “ 

* hJq 

andthatPj = P,.whenp= -Jorl, Pg=P^ whenp=-^^-g— or 1 

32 Prove that 

Po* + 3Pi» + 6P,* + + (2» + 1) P,* - (» + 1)*P,* - (p* - 1)P,' * 

“ [Maih Twp , 1888 3 

33 Prove that 

Po'» + 3Pi'* + 6P,'* + + (2n + 1)P,'* - + 2)*^« * " (P* " 1) 

[Math Tbif , 1888 ] 

a+i 

34 If (1-2 o!1!+o») ^ =l+^'io+V*+ +-Z,“*+ .Ibeing 

a positive integer, show that, accents denoting differentiations with 
regard to x, 


(i) Z^„dx = 0 if m+nheodd. 


(u) (1 -X*) V-2(Z+ l)x^„'+n(« + 21-H)^«=0, 

(ill) -Z’b' = {2 (» + 1) - 1 } ^»-i + {2 (n + 1) - B} + {2(» + 1) - + 

36 If (1 - 20® + - 2 

W " "3*^“ n> 

(“) (1 -®*) ^^-(2« + l)a%^+«(»+2m)P*„=0, 

(m) |^^(l-x*)’»-*P«,i’«,,<^® = 0. t-fn, 

ft .V J 2 »"»-t n(n i- 2 m-l) f 
(iv) \n(2m-l)j 

36 Show that, if *>0 and Px be the Legendnan coelhoient of 
order X, 

J-i ^ ^ L,i and » being different 

r«.»>np ParP dx.i positive integers, and p 

(“) y+n+3Jo " any positive quantity 

(m) [Wn+ada- [Math Trip II , 1889 ] 


(“) [Math Trip 

37. Prove that P,(8eo ff) - J: J'seo«d{l + sin floos x)"dx 
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38 If denote Legendre’s csoeflBoient of degree n, show that 

I ft (1 - ft ®) dfx IS zero unless m-'nbe unit^, and detennme 
its value m these oases [Mat? Trip , 1896 ] 

39 Prove that 

m 

and deduce the formulae 

(w-7W)> ^ ' 

(u) P,<»)-^J^(!C+coa<^N^^l)»(i^ Trip, 1887] 

40 Denoting by jP*(ft) the Legeudnan coeflSoient of order », 
prove that if m -*i: tij 

if m 4w he even, hut zero if m+7i be odd [Math Trip , 1897 ] 


( 


41 Prove that if be a positive integer fsiuh^ZT-j cosech*"a;is 
equal to 

and that either expression satisfies the differential equation 

42 Prove that 

J "*® ^ /*tr fk 

COS 7b<h COS'S I COS nd Sin J 

S-d^4.J _ — Ld4>, 

0 n/C 0S<^— COB 6 s/cosv-cos^ 

except when w=0, when the nght side =ir>/2Po(cos ^ 

[DmiOHUST, Todhvi^tir, Functtons o/ Laplace, p 36 ] 

43 Show that if the usual polar variables <f> be replaced by 
d d 

X, y defined by cot ^ tan ^ = - y, the surface harmonic of 

order n satisfies the equation ^=0 

If Fbe any solution of this equation, verify that 


ZF 2V 37 ,3F 


are also solutions 


[Math Trip II , 1889 ] 
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4:4 X* IS the solid Zonal Harmonic of positive order n, having 
the axis of z for its axis and the ongm of coordinates for its 
origin , IS the sohd Zonal Haimomo of positive order m, having 
the same axis, and a point distant a from the origin for its origin , 
prove that 

= +Ba»-%+a« 


The corresponding Zonal Harmonic of negative order being 
denoted by prove that for points included within any sphere 
whose radius is less than a, and whose centre is the new origin, 


Yn- 


1 



Til a ch^ 3'w' a® 


] 


Obtain the expression for for points outside any sphere 
whose radius is greater than a, and whose centre is the new 
ongin in the form 


Yn- 






[Math Trip , 1885 ] 


46 Prove that the senes 


is equal to - /* for all values of ft from - 1 to 0, and to /* for all 
values of ft from 0 to 1 Apply this formula to calculate the 
potential of a hemispherical shell whose surface density vanes as 
the density from a diametral plane at an external or intemal point 

[Math Trip , 1878 ] 

46 Show that the sui face 

ri 1^ 1 3 9 P^ . 1 3 5 ISP, 1 

4-2 4 3 6'*'2 4 6 6 8 J 

consists of two equal spheies which touch each other at the ongin 

[Math Twp , 1884 ] 


47 If a; =* sn a; + -^^8 sn®aj + snV + A^ sn^jc + , show that 

_;i,)4+etc 


wjo 


[Math Trip III , 1886 ] 
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48 Prove that if = + r*=a /)*+«*, then 27» being the 

solid Zonal Harmomc of degree and P* the corresponding Legendre’s 
coeflScient, ^ 

^ Z7n^,=r*[i>l_i-(tS+, + i)p,], 

where accents denote differentiations with regard to the cosine 
of the co-latitude, giving 

49 If p=a;®-i-y® and Pi be the solid Zonal Harmonic of degree t, 

show that J 

where »»=ai« + ya+*® [Math Tmp . 1890 ] 

50 Show that 




+ [SP.1870] 


61 Find the number of independent solutions of the equations 
^Bx + yyy+^se^O,aux+yvy + ziiz==fiUf andprovethatifi^ be a solution, 
ii(» 2 ^ya^_^«)-i( 2 n-i) satisfy the first equation 

Prove that if 


a-h^<i) + 7 <i)»=»/(aj + y(«H.»w^) and A + JBw-i-Cbi^=^<l>{a + fi<a + y(o^), 
where w is one of the primitive cube roots of unity, then a-)S, 
P-y^y^OfA-B, B-C, C-A will all be spherical harmonics 

[Math Teip , 1876 ] 


62 Prove that the function which has the value +1 on the 
Northern hemisphere and — 1 on the Southern is given in Zonal 
Harmonics by the series where 


(-!)“{- 


3 5 


(2»-l) 1 

T" £ 


3 6 ( 2 to + 


2n+l)\ 

2n-i-2)/ 


2 4 6 2n ' 2 4 6 (2n-i-2)J 

Hence find a function which has the values A +B, A- B on 
(i) the Northern and Southern, (ii) the Eastern and Western, (in) 
any two corresponding hemispheres, respectively, the axis of the 
Earth bemg permanently the axis of the harmomcs 

[Math Tril , 1884 ] 


53 The polar equation of a neatly spherical surface is r=a-h6P^, 
where is a zonal harmonic of the degree, and i is a snoall 
quantity whose powers above the second may be neglected Show 
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that the area of the surface exceeds the area of a sphere of radius a 
by 27r&2 (7 i 2 + w + 2)/(2a + 1) [Math Trip , 1878 ] 

54 In the nearly sphencal surface r*=a + hP^, where is a 
zonal harmonic and is small, prove that at any point the excess of 
the measure of curvature above 1/a^ is to a first approximation 

-» (»* + » - 2)i*„ ni , 1886 ] 


55 Show that the Legendre’s function of the second land 
(Art 1821) may be expressed in the form 

n n J. ^ 1 f2w-ln 271-6 „ 2/1 - 9„ I 

C„ = P„tanh j’ 

and that the general solution of John Ivory’s Equation, 

^ {(1 + {»(»+!) - s ( i + 1)}(1 = 0 , 

is given by and further that may be expressed 

/ d 

as = (1 a form corresponding to that of 

Eodngues for 0 being a constant 

56 Find the integral of the square of a tesseral harmonic over 
the surface of the unit sphere 

If the general expression for a tesseral harmomc be of the form 


^(1 - /a2)*^J^1cos7w<^, wheie the coefficient of the highest power of 
/X in IS unity, prove that 
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SUPPLEMENTARY NOTES 
Note A Definition of Intbgbation Riemann 

1876 The definition of the integral (&, given m 

Art 11, for the case where ^(a?) is single-valued, finite and 
continuous for the range is an analytical expression of 
Newton’s Second Lemma It is pointed out in Art 13 that 
the several subintervals Aj, Ag, of the range a~h need 
not be taken as equal so long as it is understood that the greatest 
of them IS ultimately taken as indefinitely small , and Cauchy 
adopted this modification as the basis of his investigations 
(see Art 1266) But m dividing the range Orh into an 
infinite number of subdivisions, 

^2 “^2 ® 1 > — ^ n - 1 » 

the definition has still kept to the idea that each of these 
intervals is to be multiplied by the value of <p{x) at the 
beginning or at the end of the interval, that the sum of such 
products is to be formed, and then, if such sum has an 
existent hmit and converges to a definite quantity, that limit 

IS defined as | dx And it has been seen in Chapter V 

how Cauchy proposed to exclude from the definition any 
element or elements in which ^ (a?) becomes infimte or 
discontinuous 

For the class of functions met with m elementary analysis 
and with which this treatise has been mainly concerned, this 
treatment will suffice, and has been adopted as ofifenng an 
adequate scope for the beginner, with fewest difficulties in 
the initial conception of the processes to be followed 

940 
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But it IS evident that the multipliers of the several sub- 
divisions need not have been taken as the values of 0(a;) at 
either end of the interval, but might equally well have been 
taken as any of its values intermediate between the greatest 
and least values which 0(a;) is capable of assuming in each 
interval 

1876 Starting with this idea, Biemann in a memoir {Ueber 

die Barstdlba/rTceit emer Function dv/rch eine Tngonome- 
tnache Reihe) has given a definition of integration which does 
not require that the function considered shall be continuous 
in the interval a-^b Let a and b be two finite quantities 
between which a real variable x ranges Let be a func- 
tion of X which remains fimte, but not necessarily contmuous 
m the interval Take d a definite given small positive 
quantity, which is called the Norm, of any mode of division 
of the mterval Orb mto sub-elements or segments Si, Sni 
VIZ a, <52=3^2— ©achof theseelements 

being nob greater than the norm d of that mode of division 
Then evidently there is an infinite number of modes of division 
corresponding to any particular norm d, and each of these is 
also a possible mode of division for any greater norm Let 
€i, €n be positive proper fractions, and let 8 stand for 

n 

^Srf(Xr-i+e^r) Then, if 8 converges to a defimte limit 
1 

whatever mode of division be chosen and whatever the frac- 
tions €i, € 2 , €n may be when the norm d is made to dimmish 

mdefinitely, this hmit is represented by f{x) dxy and the 

function IS said to admit of integration foi the range a ->6 
(See Prof H J S Smith, Proc Land Math Soc , vi , p 140 ) 

1877 A formal proof of the convergence of the senes 8 
under certain conditions is given by Riemann, and amended by 
Prof Smith m one or two particulars in which Biemann’s 
demonstration is wanting in formal accuracy The values of 
(l>(x), corresponding to the values of x for any segment, are 
called the " oidmates ** of the segment The diflference between 
the greatest and least ordinates of a segment is termed the 
“ ordinate difference ” or the " oscillation ” of <l>(x) for that 
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segment Let Di, Dg* oscillations in the several 

segments Then the greatest and least values of 8 for any 
particular mode of division are respectively attamed by takmg 
the greatest and least ordinates of the several segments, and 

n 

the difference of these sums, viz 0, is given by 

But for any definite norm d the greatest and least values of 8 
do not in general result from the same mode of subdivision 
Therefore the difference © between the greatest and least 
values of 8 for all modes of division corresponding to a given 
norm d will in general be greater than 6, which is the 
difference for a particular mode of division And to be sure 
of the convergency of S it will be necessary to show that 0 
in any case diminishes without limit when d dimimshes 
without limit 

1878 Professoi Smith enunciates Kiemann's Theorem as 
follows 

Let cr be cmy gvoen quantity , lunoever small Then, if m every 
SUvision of norm d the sum of the segments for which the oscilla- 
tions surpass <r diminishes without limit when d diminishes without 
limit, the function admits of integration, and conversely 

Let 0(d) and L{d) be the greatest and least values of 8 
correspondmg to a given norm d, not necessarily arismg from 
the same system of subdivisions for that norm 

Then taking any two norms d^ and d^ (di> d^, since every 
mode of division for norm is one for norm d^, we have 
0(di) -4: 0 (^ 2 ) aiid L(d^ > L(d^ Moreover, for every norm d^ 
another norm d^ can always be found which is less than d^, 
such that 0(dj)^ G(ia) and L(d^<iL(d^, unless the max 
and mm ordinates of the several segments are the same 
throughout the interval, however small the segments may be 
taken, in which case 0(d) and L(d) are respectively &i(6— a) 
and h^{b-‘a), where Aj and Aj ^be greatest and least 
ordinates common to all the segments And therefore, except 
m this case, a senes of norms d^, da, d^, of decreasing 
magnitude can be found so that (?(di), 0{d^), 0(d^), forms 
a decreasing senes, and Hd^), L(d^, L{d^) an inci easing one 
Ajnd G(di)>i(d 2 ), except m the case where the function 
can be represented by a senes of segments of Imes parallel to 
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the 2C-axis, when we may have 0 {d^=L(d^ For if the two 
systems of division which respectively furnish 0 (d^ and L{d^ 
be supeiimposed, then to find the value of 0 {d) for the new 
system of division, each resulting segment will have to be 
multipbed either by the same ordinate which multiplied it 
before or by a still greater one from a neighbouring segment , 
and to find the value of L{d) foi the new system, each segment 
must be multiplied either by the same ordinate which 
multiplied it before or by a still smaller ordinate from a 
neighbouring segment So that the least value of S obtain- 
able by taking the greatest ordinate for each segment m any 
mode of division whatever is not less than the greatest value 
of S obtainable in any division whatever by taking the least 
ordinate of each segment 

If then, for any given norm d, L'(d) be the least value of S 
for the mode of division which yields G{d), and G'{d) be the 
greatest value of S for the mode of division which yields L(d), 
0 (d)>G'(d), GXd)^L'(d) and i(d)<X'(d), 

>[G(d)^LXd)]+md)^m] 

But if SjL be the sum of the segments which m the division 
{(?(cZ), oscillations > cr, 8 ^ the sum of the segments 

which in the division {G\d)j L{d)} have oscillations > <r, and 
Q be the greatest oscillation tor any division of norm d, which 
is by supposition finite , then 

6(d)— i'((i)=contnbution from 8 i 

+contribution from (6— a— sj 

>SiQ+o'(6— a— Si) 

and 6'(d)— L(d) > SjSl+o-Cb— a— S2) > 

adding, G(d)—L{d) > (siH-S2)(f2— <r)+2<r(6— a), 
and therefore, as er is as small as we please and d can be taken 
so small that is as small as we please, G{d)--L(d), that 

18 0, diminishes without limit as d diminishes without limit 
and f(x) admits of integration for the range a to 6 

1879 Conversely, if /(«) admits of integration in the in- 
terval a to 6, iS converges to a definite limit, and 0 dimmishes 
indefinitely as d is made mdefinitely small, and therefore also 
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each of the differences 6 must do the same But if s he the 
sum of the segments in which the oscillations exceed a- in any 
mode of division, we have o-s > 0 And however small cr may 
have been taken, we can, by taking d small enough, make 6/<r 
less than any assignable quantity, however small Hence if 
S converges to a definite hmit, s must also dimmish without 
hmit as d IS indefinitely decreased * 

1880 Prof Smith (loc ait ) points out also that Biemann’s 
critenon of mtegrabihty is applicable in the case of any 
multiple integral extended over a finite region 

1881 It is incidentally assumed that the interval a-6 is 

one which extends from a given value of os, viz x=a, to a 
greater one, x=h, and the mterval a-b has been divided mto 
subsections Xi—a, ajj— etc If we reverse the order 
of the array of points a, ® 2 » ®n-i> the only difference 

in the argument will be that the sign of each of the partial 
products formed in constructing the maximum and minimum 
values of S has been changed, the new sums formed for the 
reversed order do not diffei m absolute value from the values 
before considered, but are of opposite sign It therefore 

follows that f® V , P V , 

J^/(a5)db=-Jy(a!)db 

1882 Moreover, if we add to the array several other 

points of division of—Cj, a?=C 2 , the maximum and 

minimum values of 8 have not been respectively increased 
and decreased, for the norm of the mode of division with the 
additional points m the array cannot have been increased 
by their introduction But the sums corresponding to the 
maximum and mmimum values of S for the several intervals 
a to Cj, Cl to Cj, etc , are respectively 

and >|V(a?)efo, etc , 

and modes of division of these intervals can be found for 
which their maxima and mimma differ from these respective 
quantities by less than any assignable quantities, however 
small Also the aggregate of any of these modes of division 

* Proc Lond, Math 8oc , vi , p 143 
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of these partial intervals forms a mode of division of the 
whole interval Orb Hence j f(x)dx must be equal to 

the sum of the integrals \ f(x)dx, \ f(x)dx, , T f{x)dx 

Jfl Jci JCn^i 

1883 In the same way other general propositions such as 
those of Chapter IX may be reconsidered for Riemann’s 
generalised definition 


Note B Convergence of an Integral 

1884 An infinite integral is one in which either of the 
limits IS +00 or — 00 , or m which the integration extends from 
— 00 to +00 In what follows we shall assume that a is a 
positive quantity, %e a>0, and that f(x) is a finite function 
ot X for all values of x from a given value x=a to another 
value x=b which is greater than a, and that/(a;) is mtegrable 
in this range 

The integral f(z) dz is defined as the limit, supposmg such 
hmit to exist, when x becomes infinitely large, of the mtegral 
Z = J* f{z)dz If such limit be finite the integral is said to 

converge to that limit If there be no finite hmit to the 
increase in the value of Z as a; tends to + oo , then, according as 
Z tends to ±oo, the integral is said to diverge to ±oo 
Integrals in which the integrand changes sign periodically m 
the march of x from a to oo , such as 

roo 

I sxnajcto or I SB®8in(&r+c)cte, 

Ja Ja 

are said to oscillate, and such oscillations may be either finite 
or infinite by virtue of the growth of the multiplier of the 
factor of the integrand which causes the changes of sign 
during the march of x 

1885 If f(x) be a function which changes sign during the 


march of x, the integral 

r j 

I /(^) I 


integral may 
convergent 


f{z)dz IS said to be absolutely 

a 

dz is convergent But such an 
be convergent even when not absolutely 
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The integral j* f{z) dz is defined ss the sum of the integrals 

J “d f{z)dzy wheie c is a fimte constant, and is 

said to be conyergent when each of these integrals is conver- 
gent Moreover, this definition is independent of the particular 
value of c For, let c and c' be two values of a? on the range 
of its values, o'>c 

Then T fiz) cfo = f dz+^ f{z) dz (a: < c) 

Jx Jx Je 

and ^^f(si)dz^^ f(z)dz+^^f{z)dz (a;>c') 

Hence, as^^f(z)dz and J f(z)dz are hmte, ^ f{z)dz and 
f{z) dz are both convergent or both divergent as »->•— oo and 

J* f{z)dz and |* f(z)dz are both convergent or both divergent 

Therefore, supposmg T f(z) dz and F f(z) dz to he both 
convergent mtegrals, we have 

f{z) /(*) /(*) 

which establishes the independence of the definition with 
respect to the paiticular value of o used 


1886 If fiix) be two positive fimte functions of as, 
both integrable for the range a to b, &>a>0, and such that 
/ 2 (a?)>/i(a?) for all values of x for that range, then, when b 

becomes infinitely large, J* f%(z)dz is convergent if n h{is)dz 

be convergent And if J%(x)^fx{x) for all values of x from 

a to b, then, when b becomes infinitely large, 1 f 2 (z) dz is 
«o la 

divergent if j f^[z) dz be divergent 


In many cases comparison with a known convergent or 
divergent integral will suffice to determine the convergency 
or divergency of an mtegral 
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f * Az 

For example, i£ a>0, J ^ is convergent or divergent 
according as ms > oi >1 

Hence J** <j*” ^ and is convergent, whilst 

Jh Jft ^/^ 


and ifa divergent (6>a) 


1887 If then an index n can be assigned which is > 1, and 
for which aS^f{x) is hnite for all values of a? from x=^a to 
0 ?= 00 , here a > 0, it will follow that | a?"/(a5) ] does not exceed 
some finite positive limit X, and therefore that 


and IS therefore convergent Hence in such case J f(z)iz is 
absolutely convergent ® 

But if an index n can be assigned which is 1, and for 
which IS never less than some finite positive limit X 

(excludmg zero) for all values of x from a to oo , (a > 0), or if 
it becomes infinitely large when x increases indefinitely, it 
will follow that 




and therefore in either case becomes positively mfinite, and 
the integral diverges to -1-x 

And if an index n can be assigned which is > 1 for which 
7f*f(x) IS negative, and its numerical value is never less than 

some finite limit X (excludmg zero) for all values of x from 

^00 

a to oo , (a> 0), it will follow that f(x)dx diverges to — oo 

Ja 

It appears therefore that under the conditions specihed as 
to the integrability of /(z), and as to its lemaining finite for 
the range of integration, a to oo , where a > 1, if n can 
be assigned > 1, such that a fimte limit of xi^f{x) exists when 

f* 

X becomes infimtely great, then I f(z)dz is convergent, and 

if w can be assigned > 1, such that x^f{x) does not become zero 
when X is increased mdefinitely, but whether it approaches 
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a finite limit or becomes either positively or negatively infinite, 
the integral J* f{z)dz is divergent 

For instance the integiala * ^ 2 = J” 

i espectively convergent and divergent, for the indices 2 and 1 can be 
assigned for these respective cases for v^hich 

Lt^^co «-nd 

and is finite in each case 

1888 Again the integral J" d$ is convergent, a being positive and 

> 0 For by Art 340, ® 

£ .1 (9rf«+jjr‘ sm Odd, a<^<b, 

= - (cos a - COB D + j (cos ^ - COB 6), 

2 2 

which for any values of a, f, b cannot be greater than “+ and, when b 

increases without limit, cannot be Similarly j 18 con- 

vergent 

Also these mtegrals taken from 0 to a are obviously both finite 
Hence the integrals fiom 0 to oo are finite Their values have been 
found in Arts 994, 1048 

1889 For other tests for Convergency, the reader may 
refer to Prof Carslaw’s Founei^s Senes, pages 98-121 

Note 0 Standard Forms 

1890 In such standard mtegrals as those of Arts 44, 71, 

etc , VIZ f . ^ - etc , which it is usual to give simply 

as sm“^-, sinh“^-, etc, it is to be noted that the left-hand 
a a 

members are even functions of a, whilst the right-hand members 
are odd functions of a To be strictly accurate, such results 

should be written as sm"^ sinh”^r^, etc , where I a I is the 

M [cl ' ' 

positive numerical value of and where the inverse function 
IS understood to have its principal value Similarly 
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For in such cases the integial does not change its sign with a 
And for exactness theie must be a corresponding understand- 
ing as to all deduced results In the same way m any other 
of the integrals discussed, and m which a constant is to be 
found with an even index m the integrand, and with an odd 
one in the result of integration a corresponding modification 


IS to be understood, eg 


m the integral 


Art 1044, the result of which is usually written as 



but which is itself manifestly unaltered by a change of sign 
of a or of 6, the value should strictly be written as 


\b\ 


log 


a +|61 


And similarly in any hke case 


Note D Rational Fractional Forms 
Hermite's Process 

1891 In the integration of rational algebraic fractional 
foims, VIZ f(z)l^{z) (Chap V), where /and ^ are ])olynomials, 
rational as regards z, it has been assumed that the factorisation 
of ^{z) could be effected This depends upon the possibility 
of solving ^(z)=0 

It IS a well-known fact, established by Abel and Wantzel, 
that it IS impossible to solve algebraically the general equation 
of degree higher than the fouith Hermite has given a 
solution of the quintic by aid of Elliptic Integrals (Burnside 
and Panton, Th Eq,^ 435) In consequence, the integration 
of such algebraic fractional forms as involve an unfactorisable 
denominatoi of the fifth or higher degree can only be 
completely performed for special forms of the numerator 
But in any case, as we know that the equation 0(a;)=O does 
possess as many roots as indicated by its degree, although 
there may be no means of discovering them, we are entitled 
to assert that the integral of f{x)l<p{x) does in every case 
consist of two portions, the one a rational algebraic function, 
and the other the sum of a set of simple logarithms with 
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constant coefficients in which such pairs of terms as involve 
complementary imagmaiy roots may combine to form real 
terms by aid of the inverse symbols tan-^ or tanh“^ 

1892 It has been shown by Hermite that the algebraic 
portion of such integrals can be always found, whether be 
factonsable or not, and m cases where no logarithmic portion is 
present, or if the residual numeratoi happens to be a constant 
multiple of the whole integration can be effected But 
in the general case no means of discovery of the Logarithmic 
portion IS available for the reason stated 

An exammation of the oidinary process for obtaining the 
H c F of two polynomials m x, A and B, will disclose the fact 
that each of the successive " remainders ” is of the form \A+^By 
where \ and /a are themselves polynomial expressions, and that 
when A and B are prime to each other the final remainder 
which IS then merely numerical is also of the same foim 
It follows therefore that it is always possible in such case 
to find two polynomials X and fi such that XA+fxB is 
independent of x, and therefore also to find two polynomials 
X' and jx such that X'A+/a'J?= 0, where 0 is any given third 
polynomial m x Moreover, supposing the degrees of A and B 
in a; to be respectively the and and that of C to be 
not more than 1, we may note that it may be assumed 

that the degrees of X' and y! do not exceed the (g— 1)**^ and 
respectively For if we take their degrees to be 
greater than g—l and y— 1, we could by division write 
X'=X'^jB+X'", /a'=/a"u4+/a"', where X", X'", /a", /a'" are other 
polynomials such that the degrees of X'", jul" do not respectively 
exceed g—l and 1, and thus (X''+)w'')ilB+X'''4+/A'''jB==0, 
and by equatmg coefficients of terms of higher degree than 
the highest in G , of the (p+g)“ (2>+3+l)*\ etc, degrees, 
it wdl appear that \"+/*" must vanish identically 

1893 In the discnssicn of the integration of /(»)/^(a;), 
where <ft(x) is nnfactonsable, we may assume 

(1) That ^(a;) contains no repeated factor, otherwise the 
HOF process upon ^(®) and ^'(*) would disclose that factor 

(2) That /(as) is of lower degree than ^(as), by Art 140, and 
that m this case the result is purely loganthxmc 
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(3) But if ^{x) be itself the square ot an irreducible poly- 
nomial u, and f(x) of lower degree than ^6, we may find 
polynomials X and /a such that 





and supposing u of degree jp, ^ is of degree p—1, so that 
X and /A are of respective degrees :|>p— 1 and p— 2, so that 
ju IS of lower degree than u, and therefore the unmtegrated 
poition IS entirely logarithmic, but vamshmg if vanishes 

(4) If <l>{x) be the power of an irreducible polynomial u, 
we may find X and /a such that/(a5)=X^-|-M*^*'“S and then 



in which the index of the u in the integrand has been lowered 
by unity , and by repetitions of this process we may obtain a 
result m which the only unmtegrated part is of the form 



(5) If 4>{x) be the product of positive mtegral powers of 
such irreducible factors, say , the separate 

pxime factors niay be discovered by the usual process 

employed in finding the hcf for ^(a?) and its differential 
coefficients, and thus, supposmg a <P <y , if we determme 
X and fjL so that ^e can wiite/(a5)/^(a;) 

in the form — H — ^ — , and repetitions ot the process will 

separate out the fraction mto the form » 

to each of which portions we can apply the foregoing rules 

Honce m all cases the algebraic portion of ^ 

discovered 
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Ex To integrate 

Here I = ^ ^ ^ ^ ^ ^ dx, and finding A, ja such that 

A(1 + 6flf^) + /ji(l +*+»«) s 6 + 4a;, we may take A of degree 4, /a of degiee 3, 

(a® + Oja; + + o^a;*) {1 + 6a;*) 

+ (6o + hjx + + h^){l +a! +a;®) 5 6 + 4a;, 

giving ai= - 1, 6o=6 and the lest zero, whence 

- a; (1 + 6a;*) + 6 (1 + a; + a;*) =; 6 + 4a;, 


r_ r(l+®+a!*)(-3+6a;*)-a;(l+6a;*) + 6(l+a; + a;*) , 

J (l+a; + *«^* 

6a;*+2 


r 6a;*+2 . f 
6a;* + 2 


l + 6a;* 


.dx 


+ a;+a;»)* 

X C dx 


f ^±1^ _£ f dx ?L—+iogn+x+x^) 


The same piocess will be helpful even in simple cases 

Eg (i) Jas J («©+ Oi^) 2a; -f 6o(^ + l)s 1, we have 


(ZosO, 6o=l» 


r + I .1 [ 

J {a^+iy 


dx 

a;*+l“2(^+l)'^2 


^ . li. -I 

+stan 


(ao+aia?)(l +a7+^)+(6o+6ia?+6ja;®)(l4-3r*)s - H-2a;S, 


we have 


I 


ai«6o=62=0, ao=-l, ^1=1, 
r -(a;®+r+l)+ay(3j;®+l)^ x 

(x^+x-hiy jfi+x+l 


Note E Legendre’s Sttbstitution applied to 
Functions op Form l/XJY 


1894 With regard to integrals of the form dx, 

where X=ct^x^+2b-^x+(^, Y=:a^^+2b^+C2 discussed in Art 
291 onwaids, in which we have adopted the substitution 
Y 

y— should be mentioned that Greenhill in his “ Chapter 

A. y 

on the Integral Calculus” generally prefers to put 


This of course alters the character of the substitution-graphs, 
making them symmetneal about the a>axis (See Ex 56, p 323 
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Vol I) An alternative substitution is mentioned by Mr 
Haidy as being followed by Stolz {Ormdzuge der Dtfi v/nd Iwt - 
rechnwng) and by Dr I’A Bromwich, viz to use the same 
substitution as that of Legendre in the reduction of an 

whereby 


Elliptic Integral to Standard form, viz x= 
X takes the form 


{(OiX® +c^) ^ +2 (aiXu + bj\ +0i) i + "H^i) }/ (f + 1)^ 
and r takes a similar form with suffixes 2 Then, if X, /x be 
so chosen that 


a2X/4“|-6|(X"j"/w) -0, Art 1463) 

I IS reduced to the form 


A 


f 

J (af +6>s/5?^' 



dj 

{af+b)^a'i^+b'’ 


where A, S, a, b, a\ V are certain constants And now we 
may proceed either as m Art 310, or use the substitutions 
Wa'^+6'=1 in the fiist, in the second which 

reduce each integral to the form This method 

fails if But we may then put a^aj+6i=^ and proceed 

as in Alt 309 


Note F Continuity, Double Limits, Differentiation 
OF AN Integral, eto 

1895 Contmmty of a Function of two real Independent 
Variables 

Let zs/(a;, y) be a single-valued function of two independent 
real variables x and y which may be regarded as fixmg a 
definite point Construct a small rectangle with centre at 
x; y and with comers x±^, y±ri Then if 6^ be positive 
proper fractions and finite values of rj can be found for 
which the value of f(x±d^^, y± 02 * 7 )“/(®» taken positively 
is determinate and less than any arbitranly chosen positive 
quantity e, howevei small, for all combinations of the quantities 
§ 1 , d^t the function is said to be continuous at the point x, y 
and throughout any region of the x-y plane for each point of 
which the same test is satisfied 
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1896 In the case of such a function as the above, viz 
y\ it may happen that in evaluating the value o£ z 
for a pomt for v^hich x=Xq and the mode of approach 

of Xy y to the limiting position a?Q, is not immaterial That 

IS J{x, may not be the same thing as 

Take for instance the case of Sir R Ball’s Cylindroid, viz 


the surface At any point for which x—Xq, y— y© 

other than those which he on the z-azis, the value of z is 

1® n^^t dependent upon the direction in which 

X, y approaches its limiting position But for points on the 
z-axis putting y=ma? so that the direction of approach is defined 

as being m a definite direction, and as m changes 


from 0 to 1, z changes from 0 to so that if the direction of 
approach to the point for which a?=0, y=0 be unassigned, the 
value of z cannot be assigned, and there is discontinuity m 
that its value is not independent of the relative mode of 
appioach of x and y to their ultimately zero values As a 
matter of fact, the z-axis is a nodal line upon the cylindroid 


1897 In partial differentiation of a function of two inde- 
pendent variables, z=f(Xy y), which is itself single-valued, finite 
and continuous for all values of x and y which he within 

specified limits, the value of the fraction 

Sy 

will m general approach a definite limit when Sy becomes 
indefinitely small for each value of x within the specified 

range The hmit is then denoted by V) 

possible that within this range of values of x there may be 
one or more values of x for which no such hmit exists In 
such case the operation of differentiation fails and is an 
illegitimate process Take the case /(a?, y)=x sin xy Here 
y+^y)— /(g, y) _ XBmx{y+Sy)—xsmx y 
Sy Sy 

and foi all fiiute values of x and y this tends uniformly to 
the hmit (x^oosxy when Sy is indefinitely diminished 
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But if » be increased indefinitely, the hmit when = 0 of 

asmgCy+y-gsmay ^ 

does not vanish, but may assume any value we please, however 
great Therefore, for instance, the second diflTerentiation 
suggested in Ex 37, p 381, Vol I , would be an illegitimate 
operation 

But in the case cfe^^dx, where r is a positive integer 
Sit r* 

and a is real and positive, ^=J afer^ — ^ — dx, and whether 


a be zero, finite or infinitely large, afer ^ — — tends uni- 
formly to the limitmg form — vanishmg whether 

x=0 or 35=00 Hence the differentiations employed m Ex 3 
p 369, Vol I, are legitimate although the range of x is 
infinite Similar remarks apply to Aits 1039, 1041, 1046, 
etc , as therein noted 

1898 If discontinuity m such a function as z— /(a?, y) 

exists for any values of x, y, the equation ^ 

necessarily true for such pomts This equation holds for any 
point a?, y if a small rectangle whose centre is x, y can be 
constructed in the plane of x-y within which each of the 
differentiations is a possible operation, » e provided there be 
no discontinuity in the function or in either of its differential 
coefficients 

The rule ^ c)dx (Art 354) (1) 

18 virtually a consequence of 

■3*21 / 2 ) 

3ai0c~3c3® 

r 

For ■^(x, c)=J^(a;, o)dx is only another way of writing 
whence assertion of 

rule (1) IS that 

^ To “d d\fr 'dip 

~ ^}r{x, c)=J^ e)dx, which is the same as ^ -^= ^ 
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Hence the assertion (1) is equivalent to the assertion (2) , 
and therefore, where the one rule fails, the other breaks down 
also 

1899 In all multiple integral evaluations and theorems, 
such for instance as that of Art 361, viz 

n ^(a?, y)(fedi/=f f 4>{x,y)dydai, 

a JaJcQ 

it is assumed that the subject of integration remains finite 
and contmuous for aU points within and at the boundaries 
of the region over which the mtegration is conducted, and 
moreover that the differentials which we integrate do not 
become infinite or discontmuous at any point V7ithin the 
range of the integration at each step of the process It this 
be not the case, anomalies and contradictions may arise such 
as that noted in Ex 38, p 381, Yol I 

Note Q Uniform Convergence 

1900 After the investigations of Stokes {Trans Comb Ph%l 
Soc , vm 1847) and Seidel {Abh d Bayenschm Akad , 1848), 
some time elapsed before writers on the General Theoiy of 
Functions realised fully the impoitance of careful distinction 
between the uniform and non-uniform convex gence of infinite 
senes The question of uniformity of convergence is a funda- 
mental pomt in this General Theory, and it always arises when 
we have under consideration the limiting value of a function 
depending upon more than one independent vanable For a 
very useful discussion of the Convergence of Infinite Senes 
and Products, we may refer to Chiystal's Algebra, vol ii , 
pages 113-185 Befeience may also be made to Dr Hobson’s 
Trigonometry, ch xiv , or Harkness and Morley, Th of F , 
eh in 

1901 Consider any senes ^^+^2 +^9+ +^n+ - > which 

each term is a single-valued finite and continuous function of 
a vanable z, which may be complex, and lying within a given 
region P m the Argand diagram, and of the integral number n 
which signifies its position in the series, then, if foi every 
positive value of e, however small we can assign a positive 
mtegei v mdependent of z, such that foi all values of n 



TINIFOBM OONVEEGBNOE 


967 


greater than v, the modulus of the residue of the senes beyond 
the term Un is less than e, the series is said to be umfoimly 
convergent for all points within that region (Ohrystal, Alg , ii , 
p 144) If Zun converges uniformly within the aforesaid 
region to a definite value 0(«), then <f>{z) is itself a continuous 
function of z for all points within the region That is at 
each point within the region F, writmg Ur^f(z^ r), 

(See references above ) 

1902 With the definition of an integral as in Art 1266, 

n 

Viz ^iid supposmg that each of the 

ft)’s IS a single-valued finite and continuous function of z and 
a complex constant a, which both he in a definite region F 
of the Argand diagram, say Wr=/r(a» and that when 
a and z are made to approach indefinitely near definitely 
assigned points and Zq lying within the region F, the 
function fr(a, z) tends uniformly to the value z^) and is 
continuous, then we shall have 

n n 

(^r 2?r-i) CO*^i=2iif|^oo 2/ (^r ^r-i) 

% e. z)dz=jLt^^f(a, 2 !)(fe= j/(ao, z)dz 

This result, for the case when z and a are real, has been 
assumed in Art 354 


Note H Unicursal Curves 


1903 In any case of a rational integral function of x and y, 
say ^(cc, y), in which the real variables x, y are connected by 
a rational integral algebraic equation F(x, y)=0 whose graph 
is a curve of deficiency zero, and therefore unicursal, both 
X and y aie expressible as rational algebraic functions of a 


third variable t, as also and therefore m all such cases 

P (U 

the integration y)dx can be effected with the limitation 


mentioned in Note D, and the result is partly rational and 
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partly a loganthmic transcendent of form 514 log (as— a), 
where A and a are certain constants 

1904 The principal elementary cases of unicursal curves are 
(a) the come, (6) the nodal cubic, (c) the three-node quartic 
{a) The equation of a conic may be written as 
where Uj, 'Wj, aie hnear functions of x and y Putting 
and solving, we may express both x and y as 
rational algebraic functions of \ 

(6) The equation of a nodal cubic may be written 
where Wj, v-^ are hnear homogeneous functions of x and y, and 
v >2 IS homogeneous and of degree 3 Putting y=\x, we can 
express both x and y as rational algebraic functions of X 
(c) The general equation of a three-node quaitic may be 
wiitten in homogeneous coordinates (say areals) as 

axr'^ + by-^ +czr^+ + 2gz-^xr^ + = 0 . 
and therefore, taking another point x\ y', connected with 
y> ^ by the relations we have 

•+-2gf2J'aj'-l-27ia/y'=0, 

% e the three-node quartic may be regarded as the “ inverse ” 
of a conic, using the term mversion ” in the sense m which it 
IS employed by Dr Salmon, H PI Curves, p 244 

Now a/, y\ € being the coordinates of a point on a conic, 
which 18 a umcursal curve, may be expressed in terms of a 
fourth new variable t as rational functions of i, and therefore 
x, y, the coordinates of a point on the inverse three-node 
quartic, can also be expressed in the same manner For writing 

where i'=A+/»+/8 and ^= 7 +i+i, we have 

It Js 

_x z 1 

So that if os' =•6, etc , then x—-^, etc Hence the “ mveise ” 
■p 9Ji 

of any unicursal curve is itself unicursal 

In all such eases the integral y)dx will only require 
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for its expression, lational integral algebraic functions and 
simple logarithmic transcendents 
The general cubic may be written uvw=Zf where w, v, w, z 
are linear functions of x and y Any point upon it may be 

defined by the equations vw^\z, If there be no node, 

the deficiency is unity The curve is not then umcursal But 
if these equations be solved for x and y, we have Ao; and 
expressed in the form P+>/0, where P and Q are rational 
polynomials in X of degrees not higher than 2 and 4 respectively 

Hence in this case, for the integration of y)dx elliptic 

integrals will in general be required Similarly, if the deficiency 
of the connecting relation be of higher degree, transcendents 
of a higher complexity than the elliptic mtegrals would in 
general be required 

Note I General Review 

1906 The functions of a single variable £P, with which we 
have been more particularly concerned, may be classed as 
(I) Algebraic, (II) Transcendental 

(I) An Algebraic function is one which may be theoretically 
expressed as a root of the equation 

/o(ai)r+/i(®)3/""^+ +/»(»)=0, 
where nis a positive integer and /o> fi* fn are polynomials, 
rational as regards a?, but in which the coeflScients may be 
either commensurable or incommensurable, leal or imagmaiy, 
but independent of x 
This will include as particular cases, 

(a) The general lational integral polynomial 

(b) The rational algebraic function, which is the ratio of 
two rational polynomials 

(c) The general irrational species, m which commensurable 
fractional indices may occur as poweis of rational polynomials 

(II) Of Transcendental functions we have such as involve 
an exponentiation of the vanable or the taking of a loganthm 
And as the vanable may be a complex quantity, this will 
include, besides the elementary cases of ^ or log x, the trigono- 
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metrical or hyperbolic functions and their inverses For a 
single exponentiation or the taking of a logarithm, the function 
IS said to he a transcendent of the first order, but if these 
operations be repeated the function is said to be a trans- 
cendent of the second or higher order Thus e®*, log log logo; 
are said to be respectively of the second and third orders 
of transcendents 

We may also have any anthmetical combination oi the sum, 
difference, product or quotient of two or more of these groups 

Such functions are said to be simple or elementary 
functions 


1906 We have, besides such functions as described above, 
transcendents of a higher degree of complexity, such as 

Soldner’s function li(a5), which is J* or j*^ - ^ 




the Cosine 


and 'Sine integrals, viz Ci(x) == ~ ^ > Si(fl 5 ) s dx , 

FresneUs Integrals , Bjramp’s Integral , Spence's Transcendents, 

defined as L«(l±:a;)=±^-.~±~— ^±etc, the Elliptic 

Integrals, or others which have been computed and tabulated 
for special purposes 


1907 The problem of Integration with which we have been 
confronted is this Supposing that we are given the differential 

equation ^=/(a?), where /(a?) is one or other of the known 

classes of functions, or a combination of them, is it possible for 
us to solve this equation so that y can be recogmsed as itself 
one or other of these classes of functions or a combination of 
them ? When no such solution exists y is a new transcendent 

1908 The general discussion as to how completely this 
question can be answered would occupy much more space than 
we have at disposal The reader may be referred to Bertrand, 
Colo Int, ch V , and to Gamb Math Tracts, No 2 (2nd ed ), by 
Mr G H Hardy 

But we may remark that, in the first place, if f(x) be a 
rational function of sc, it appears from Chap V and the 
remarks in Note D that the mtegral y is in all cases partly 
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rational, partly logarithmic, that when the denominator is 
factonsable into linear or quadratic factors, the complete 
mtegral can be found But when the denominator is of the 
fifth or higher degree and unfactonsable, though the rational 
part can be found by Hermite’s process, the transcendental 
logarithmic portion can only be obtamed in certain cases 
But the only barrier to complete integration m all such 
general cases is that of the impossibility of solving the general 
quintic or higher degree equation 
If f(x) be an irrational algebraic function of the form 

where A, B, 0, D are rational polynomials and Q is a 

polynomial of not more than the fourth degree, it has been 
seen that its integiation can always be eflfected, and when the 
degree of Q is not above the second, only simple functions will 
be reqmred , but when Q is of the third or fourth degree, the 
mtegration will usually call for the assistance of the Elliptic 
Integials 

It has also been seen that in all cases m which <p(x, y) is a 
rational integral algebraic function of x and y, and y is 
connected with a; by an equation whose graph is unicursal, 

the integration ^4>{x,y)dx can be effected in terms of the 

elementary rational algebraic and logarithmic functions 

1909 In addition to these &cts, a theorem due to Abel 
states that if y be an algebraic function of x, defined as above 
in (I) by the equation /o(a;)y"+/i(®)y'^^+ +/n(®)=0, then 

Jycte can always be expressed as Bo+Biy+ 

where B^, B^, B^.^ are polynomials in x And further, that 

in the case when y”=a rational function of x, the mtegral 

Jy dy=y X a rational function of x The proof of the first of 

these theorems is somewhat difficult and long Reference for 
them both may be made to the works already cited Other 

forms for which Jy is expressible by means of algebraic 

functions and logarithms will be found given by Bertrand 
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1910 It may be noted that, smce differentiation of a fxinc- 
tion involving irrational algebraic quantities or exponentials 
cannot destroy them, such quantities cannot appear upon the 
integration of a function that does not already contain them 
Logarithms may appear upon the mtegration of an algebraic 
function, but always multiplied by mere constants and by no 
functions of sc Tor the operation of differentiation upon the 
result could not eliminate logarithmic terms otherwise 
involved 


If, therefore, the integral of an algebraic function be expres- 
sible by means of the simple functions at all, it cannot contam 
exponentials, and whatever loganthmic terms occur are such 
as to appear in the first degree as transcendents of the first 
order multiplied by constants 


Many cases have been discnssed of the integration |/(®) 


in which f{x) has involved exponential, loganthmic, tngono- 
metnc or hyperbohc functions, but there is no general rule 
which would indicate the nature of the result to be expected 
as there is in the case of rational algebraic functions, and the 
theory is fax less complete Beference may be made to 
Liouville's “M^moire'* {Jom / Ma£h^ 1836) 


PROBLEMS 

1 Integrate 

, , l-7ic^-8a;® ,, a; + 6a;«4-12a»-i-6a;“ 

2 Obtain the rational part of j ax 

S Show that 

r^a;2(2a8-l)(a*-3a!2^-2»-hl) . 1, 76 29 

J s • + ®i3 - 176 

t Show that if J rational, ac' + o'c=266', 

.incl find the integral. [Habdy, No 2, Camb Math Tracts, p 18 
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5 Discuss the convergency of the integrals (a) j logsmajrfic, 

(h) (c) id) 

6 Show that [ ®— da, although convergent, is not ahsdvidy 

COnveigBllt [Camla.'W, JVnOMr’^ Sen**, p 103 ] 

7 If the function be positive in sign, but diminishing in 

00 

value as x vanes from a to oo, then the senes 

! oo 0 

^ <l>{x)Jx IS finite or infinite, 

and the soiios lies between ^{x)dx and d* 

[Catjchy, Boole, F Difft p 126 ] 

8 If a > 0, discuss the convergency of the senes 

0) S (o +»)’»’ ^ (o + ®) {log(a + »)}“ ’ 

0“) ^ (0 + «) log(tt + n) {log log(a + n)}”* [Boons, Jc] 

9 In the curve ,r» + y» + i»=3(«y, show that we may express 
X and 1/ in the form 2a!-c+aA.= ±B, 2y-c+a\- +B, where 
3 Ji^ = 4X»-9o*X* + 6acX-c^ and e=a^-V, 

by putting !B + y + a » cX-' 

Hence show that j 

reduci'cl to an elbptic integral [S*« Haw»v. U , p SO ] 


10 Prove that 

j“/(^a, + glog*^=0, 

11 If /(a) an even function oi % prove that 
( 1 ) + + 



964 CEAFTSK XL 

12 If ^(s) 91 <f>(2a — x), show that 

(>) JV(») ■?(») = ||V(a){/?(a) +F(a-x)}dx, 

(u) J^/(sin25)sin25i^ = iJ*^ /(sin25)<f^, 

(m) r /(sin 2 6 ) sec® 6 dd=^^\ /(cos B) see^ $ dd 

Jo Jo [Glaisher] 

13 If x^f{«aLx)da^ show that if n be an odd integer, 

[Glaishbr ] 

14 Prove that if 4>{x) = <^ (1 - «), then will 

(i) £^(a)logr(!t)<i!e=ilog»- j: <(>{%) dx - g <l>(x) log Binvxdx, 

fi 11 

(u) sinira;logr(®)djc = -logir--(log2 - 1 ), 

Jo IT ^ TT ^ ° " 

(ui) f sm*«!logr(a)<iB=i(21og2jr-l) 

Jo ® [Glaisher ] 

16 By the transformation = show that 

r tan-^^il+f:) = t 

Jo 1 — 2® — fl3 l+a 8 [Glaishbr ] 

16 Show that the curve d^<f> on unit sphere consists of two 
loops each of area tt — 2 , B and ^ being colatitude and azimuthal 
angle 

17 Show that the solid angle of the cone 

z2(a2+y2)2«a^(a;2+yj + «2) 

IS IT 


18 Examine the nature of the curve on unit sphere defined by 
the equation ^sin J^cos 1, and show that the solid angle of 
this cone is 2x/3 
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19 Prove that 

J|/)“®cos dcosO' dSd8'=^ - jJJlogpcos 

where dS, dS' are any elements of two unclosed surfaces over which 
the first integral is taken, and p the distance between them which 
makes angles 6 and 6' with the normals at its extremities , also ds, 
d6' are any two elements of their bounding arcs over which the 
second integral is taken, the directions of these elements of arcs 
being inclined at an angle rj/ Give an optical interpretation of the 
result [Math Trip , 1886 ] 

[See Arts 846, 1783, and Herman, OpUcSt Art 157 ] 


20 If a, y, z be each real, finite and determinate functions of 
cos a, sin a cos P and sin a sin ft, the locus of the point ar, y, z will be 
a closed surface containing a volume 


1 

3 


fir f2ir 

^Cai 



1 




Jo Jo 



z 




where 

[Math Trip , 1870 ] 


21 The volume enclosed by a closed oval (synclastio) surface is 

r, its area is 5, and I denotes the integral (j^ extended 

over the surface, pg being the principal radii of curvature at the 
point where da- is the element of area A sphere of any diameter 
rolls on the outside of the surface , and for the envelope of the 
sphere the corresponding integrals are constructed Show that 




is the same for the envelope as for the original surface 


22 Show that the length of an arc of a curve on the sphere 
x^+y^ + z^=i^ may be expressed in terms of the coordinates «, v 
of a point on a plane curve by the transformation 
X z 1 


by the formula 


[G B Mathews, Feb 1921 Art on 

“ Einatein’s Theory of Relativity” ] 
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CHAPEEE XXIII 
Paab 44 


2 2 ^(aU 6 l)(ci_dt) 

7 -2 cos(7yi+^)g sm(w+n)a Bin(ffl-?z)a Bm{m-\-n)a 
® w(7n+w) ^ n{m-\-ny n*(w-») 7i*(«i+w) 


6 /nr^rr ^r ^^vdiidv 
Jo Juvj- 4u* 


8 /= 



a 

1 

' Hi 


rdlydr 


10 

2 Jo Jo W+4^ 2 J- 1 J 0 ^,j 2 + 4 ga 

A* flVy c^/h^v 

A+A 

a a y* a 

y)dy<te+jY J{x,y)d^dx 

a Tr+v5f-ji« 


3 r 

14 I=j^^^j^^f(si,,y)dxdy+j‘"^ /‘''^/(*,y)&7(Jy 




16 /-f/; ^f(r,e)dr^6 


' 4 a Jo 
8 


U- 

16 Fpi F, being the -wiluee of F at 


^ 4 i? 

Pand Q, the intersections of ^^= 2 ; m the first quadrant 
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17 /= 


a*-c* 


"‘‘H- “>1:^ 


dxV 


18 I 




dxUi- 




ii*l7= f^def 
v'pz^ •'I •'0 

“ ''"r£ 

26 (8m*|+8iiih^7j)<i|rfi, 


Wooe*tf+4aln>« 
20 One 

22 Art 




28 /“Jcota+smh-^cota 


29 S=«6o//8in 0^^+«^*e[^+^ydd4, 


CHAPTER XXIV 
Page 144 


33 Art 902, s/irBecixTra 




1 fJUl 


;P+«+a 


CHAPTER XXV 
Page 176 

J h^P+9-i*-h2^+t+* 


jp+l g'+l p+g+3 Ai^*+«+*-^ 2^+»+* 

/.» 4 V-5/ 

W o-?=5-T6 

(U) 


^ 1 8,F+»+H^_fijl>+r4r+4 

“®*® “p+} + »+4 8jl>+«+r+3_^+»tH» ’ 


(J>+1)«' 

*=6TO»+? 

5 ir/x<i86V/1890 6 3fa«/''/2, J^(6*+<!*)/4 

7 Jf=jt*^{ir(a+6+c)+4(/+^+A)}/30 

8 ir=:ir/xa6c(a»+J»+«*)/30, i= 6 o( 2 a^+ 6 ’+c*)/ie(<»*+i»+<!») 

[2 W + <!»a» + o»i* + 36* + 3fi*]/7 {a8 + 6» + c>) 

“ f.r(^)r(8±^t.)/r(iat)r(£±^V>) 
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CHAPTEE XXYI 


Pjlgs 212 


4 flr/2 

5 A system of ducontinnous lines and points, the ongin being the 

centre of the system, 

(-oo<^<-l), r=s-l, (-l<a?<-^), (-J<^<0), 

IT «■ IT IT _ etc 

3'=- 4. y=-i6' y=r 3'=ie’ 


6 The part of the plane 1 between 5 /s ±x 

which contains ( 1 , 0 , 1 ) 

The part of the plane ss - 1 between 

which contains (— 1 , 0 ^ ~ 1 ) 

The parts of the plane between yas dba? 

which contain the y-azis 
The portions of the lines d?/l=y/l«=(jB-i)/0, 

=y/( - l)=*(«-"t)A for which a is positiTe 
The portions of the lines jr/l=y/la!(s+i)/ 0 , 

=*y/( - 1 )= for which 1 ? is negative 
9 A staircase of treads and risers,^ the former consisting of lines, the 
latter marhed hj points 


4 



Pagjk 237 


20 (a)0,(6)i(c)co,(d)i 


6 

23 


w 






m 

2 


42 ^/5^72e 


CHAPTER XXVII 
Paox 289 

27- (i)log^^^, (n) (n+4)log(n*|-4)— 2(71+2) log(»H-2)-|-a log w , 

(in) i{(n+6)«log(n+6)-3(n+4)*log(7i+4)+ 3Cn+ 2)»log(w+2)-»nogf^} 


CHAPTER XXVni 
, Page 363 

A A* ifc» 

^ ?i+7i)(A+tt-l) » 14 waVSn 

23 ^-^= 7 - 7 ', ay+a7'+a'j3+i(?7'=a7+a'7+aiS'+y0'7, 
a' 7 '(a + = ay (a'+ /S') 

30 ir/4 33 — ^ 57 

®Vl+a Wl - a Vl+a/ 4 ®a — 6 
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CHAPTER XXIX, 
Page 415 


1 (i) («? 2 +yV, wtan-i^, 

V 

(u) *y(logV»'+y')‘+(tan-iy/*y, (m) o', yloga 

(iv) gfl loff - & taa-iy/a;^ 51 og\/P+p+atan“^/a 7 

(v) >/cosh*y— cos^r, 

( vi) ^/ cofih^ y - sm® r, - tan“^ (tan (l tanh y) , 

Q"^ -^tanh"^ — ^ 


tan" 




l+«®+y*/ 

4 (i) - lit, 2d:*\/2 , (u) lit, ~2±t^/2, 

(ill) - lit, -2itV2, (w) lit, 2it^/2 

5 (i) One in each quadrant , (ii) n in each quadrant , 

(ill) One in each quadrant and one on negative part of ^-axis , 

(iv) and (v) n in each quad and one on part of ^r-axis , 

(vi) % m each quad and one on each part of y-axis 

6 (i) it, i2i, -lit, (ii) it, ±2i, 6 

7 (i) Oassiuian, (ii) Two at lines, (in) Beet Hyp 

8 (X®-a*cos*c)^/fl5®8irjccoa^c 9 p=aV4r* 11 A diameter 

EtW V T* W -er 

15 (ii) Xa=ae * Yz—m ® ain-^, 

(v) (a) Concurrent lines, Meridians , (5) Cone eirdes, Parallels of lat , 
(o) Equi spirals, Rhumb lines 

16 (ai"-aa»»)(6i"-68»)/n» 


CHAPTEB XXX 


Page 479 

1 (i) 8(*i - (lO S‘ " S(^ - 1)^ 2 27rt sm a, 2iri cos a, -irt sin a 

3 27rta, 4irta, 27rt, 0 12 

17 ^sin a + sin^cosh^^-VScos^sinh^^^ , if a < 1 , Oi a>l 

18 0 if a > 1, 27rt log (1 - a) - 2tr® if a < 1 19 tt, Stt, 2ir 
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OHA.PTEE XXXI 


6 a» - o= 


Paoe 520 


22 (i) I Mii-> (A gQ u) , (u) j, sinh-» . (m) to « - am « 

31 (i) amu, (u) -ptan“‘^pCtnMj , (m) — sech-'(A8nM) 


82 {(**+y^(l -aV) + j,Vy>i=4*»y’(l -*•)(! -y*) 

68 Paty=(l+l,)»/(H.Aie«) Multipliei 1/(1+A), Mod2\/?/(l+i) 


CHAPTER XTTTT 
Pasb 661 

11 P"+H»*)/(»+l), logp(u), 2 ^/ 4 p»( 1 ^)-/p(^^)-J 

12 ip'(M)+TV7«, TbP"'(«)-A7f(w)+*^«. APi+BPi-GC(u)+Du 

+C^, where p(v)=0 , 

19 y=ci^(w,»)+c,^(«, -») 

32 W gP'«+{(pi>)*+^}-«+2p(»)f(«)H-0', 

39 »- 1 p(^^ - p((Bi)| y|p j - p(a>i) J. 

CHAPTER XXXTTr 
Paob 598 

1 I=1+3X«, H--144[A(j?‘+y«)-(l_3A*W*««], 

A=(9A»-1)« 

8 *-p(tj,39,26), *=*/(*_!) 10 «=-3+6/«:* 

12 gm-iu, co8-i«, 1, Untt, fori=0, tanh-^ii, seeh-*24, gechv, smhu. 
forA=l 

16 »=p->(y.0.3e).^=l+P, or«=;ign-.V^.mod;| 

16 -2*«=p-i(*,0,*), t=il4z 
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22 (i) 2[f(a)-f(M)], where is=§?(tt,0,4) ind P(a)=a, 

(u) where a=p(«,0, 4), tt=pri(2, 0, 4) , 

(lu) 2« - log +s,(«+o)-4«], «=p-‘(2,0,4) 

where *»j+p(«,V. - Wl> P(“)=2, P()3)-=l 

where v^p{e^ + {ei-e 2 )a\ I, J} 

27 W3=X-ami^ W3 = 8auy3/dnW3 , modv^sTT, 

ory=^)((i>i-tt) wheie a?=(122-7)/(l 284-11) 

28 «=-r===,Bn-jfv/iE^Hi, 

v(a4-a2)(ai-a3) V“flSj— Oj 37 -^ 4 * 

(Art 1339) 


CHAPTER XXXIV Sbction I 
Paqb 660 

1 The points are opp extremities of a diam of a circle, centre at origin 

diam =a 

2 y=8inh?M7/8inhwa 4 r*»8inwi.dasa’", where (7H-l)7n=7i 



1 

11 

Ul 

IV 

V 

VI 

Force/a* = 

y/a* 

a/2y* 

aV/(«*-i-y*)* 

Q?ty* 

y/o* 

«/2y* 


rep 

att 

rep 

att 

att 

rep 

Line 

0 

II 

y-"Oo 

y-0 

yaao 

y—a 

y=a 


Vll 

Vlll 

IX 

X 

Force/a® = 


l/3aV* 

2 a«y> 


(a'+y*)* 



rep 

att 

att 

rep 

Line 

y=a 

y=a 

y—oQ 

y =0 
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1 

11 I 111 

IV 

V 

VI 

vil 

Vlll 

Force oc 

const 

9 



1 * 


f 2n+i 

9 


rep 

lep 

lep 

rep 

rep 

att 

rep 71 > - 1 
att 7K - 1 

rep 

Circle 

» =0 

II 

0 

«=0 

f =0 

f =0 

9 =00 

9 =0 

r=oo 

9 =a 


IX 

X 

XI 

All 

Foice X 

r 


r/(a«+js-,^)a 

^ 2o 

t 


lep A + 
att A 

rep 

lep 

lep 

Circle 



r=0 

9 SQO 

7=0 


9 The parabola 11 (y - l)-|-3jr(a;-H4) =0 satisfies the conditions 

10 Two straight lines equally inclined in opp diiections to the v axis 

11 Rect Hyp 

12 and 13 Circular arc Discont solutions as in Art 1606 (1) 

14 A central conic 16 sin -j* , where a is know n 

19 Ellipse Centre on initial line Action a inin Tree path undei 
att radial force to focus 

22 A circle 25 A catenary 

28 A cii cle Max area for given length [jp «= -d + cos (^ + a)] 

31 Parabohc arc wrapped on a cone Focus at veitex Axis along a 
generator 

CHAPTER XXXIV Section II 
Page 692 

1 ?/ B a cosh n{z — h) Minimum 
3 Taking c +'• and 

i7o > - a, («?! > «?o> “ a, mm X (^0 > ^1 > «» )» (^0 > “ « > ^ 1 j neithei ) , 

to < - a, (a?i < ro, max ), (^o < < - a, mm ), (j7o < - « < neither) 

CHAPTER XXXV Section I 
Page 717 

1 If a cosine cui ve y— cosj be diawn from v=0 to and a point 
placed at tbe 01 igin, the total graph consists of this portion with 
repetitions fiotn tt to Stt to Stt, etc 

10 <j!> ( t) = 2 d „ sin^^, whei e 
1 

-dn= “ COS ?i7r + cJcosnir ^ - cos wtt ~ )+ Cofcos wtt ^ - cosmtt 

«7rL *V a^/ ci-j a^/ ^3 
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11 


14 


1 

2 


4 

a 

6 

7 


10 

13 


16 

19 

27 


OO OD 

^(^)=Ao+iA„co6 2»iriir/a8+SB„sm Sniraj/oj, where 

4o={Cias+-ca(aa-ai)+Cs(a3 

^ n = ~ {^ sin ^nva^la ^ + Cj (sm Oa/o, - sm SwTrai/oj) ’ 

-CjBinSwirOj/aj}, 

-S„=~{Ci(l -cos2»7rai/a3)+Cj(cos2nirai/a8 -co8 27ma2/®8) 

+ 03(1 - cos Sniroj/og)} 

Repetitions of the portion of y=a?(ir* — r*)/12 which heshetween;3;= db ir 






CHAPTER XXXV Sbctioh II 
Pass 737 

(2r+I)g'4. 


TP® * 1 

■g +4S(— l)*‘-^cos»« (-5r<*<B) A senes of equal parabolic arcs 
1 „_(2r+l)ir« H 2iK^ 1 (2»+l)2n-* 

f2?+ip““ — I — 

8 * 1 

“S (2r + 1) 1 ; , 0 to IT inclusive 

^2 J^(l -(!osjpir)sm^8m^* 

tTT® 

80 


(0 to 2o-a) , y= -?^~Tr®(2c-47), (2c-ato2c) 


V ii oin J . 4^® \ tlTT , 2i? WTT 4Z® 

Sf„sm-^, A„=^-gj^+j5-5jcos-g-+;jS^8m^-^^. 

B j.f'B B ( ^ 4P\»ir,2P mr o ^ 

5.+2il„cos-j-. il„=^_-j^jsin-g-+jpj3Cos^, 

2® ^® * 1 nr TTTSi/ 

48a'^aTp?H®^® cos -p , repetitions of the part between ar— 0 
and x=l 

If /(a?) changes to and /' («?) to <^'(^) at a?=a, 

Bn |“T ^«+ r[/(“) eo® ^-/(O)] +f [^(0(- 1)"- <A(a) eos^] 

mcoBn{4>-e)di, 

C= g * circle, centie at the ongiu, and radius 

symmetrically placed about the initial line, and subtending an 
angle Tr~2a at the oiigin , together with the origin itself 
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CHAPTER XXXVI 
Paoe 788 

2 j(iad )• 7 3a‘A 6aS/2, a»8=2a 8 Art 1660 (12) 

10 Edges 2a, 26 , (i) (a*+6*)/3, (ii) aad (iii) r® + (a*H-6')/3 for a point 

diet 9 fiom centre 

11 (i) a t (ii) 4a/3 12 lOa/7, a (axis 2a) 

13 (i) sides a, 6, c, (a*+6*+c*)/6 , (ii) a^/Z (side*aa) , 

(ill) Ga^/S (rad =a) , (iv) a®/2 (edge=a) 

14 2/0, 3/2a, a— semi maj az 36 17aVl6 

39 2 (^/P+3 - c)/6®, whei e 6 = rad of disc, c = dist between centres 


OHAPTEE XXXVII 


Page 849 


6 

11 1/7 
23 7 r*a^ 



6 (®) tV I (^) A * (®) 
12 280/1287 


c®\ , c 1 c/_ , 0 ® \ . /_ 

av 2a 5r a\ 2ayy 4? 


A 

25 6/2a 


07 (Sp)* (2g)' (3>i+gt)^ (yt +gaV (Pn+gJ> 

Pllpi‘ en’ (Sp + SV 

(2p+1)(2p+ 2) (2y+n~l) 

(2p+3+i)(2p+ff+2) (2p+g+a“l) 

28 128 / 467 r^ 39 6 c */6 


CHAPTER XXXIX 
Page 931 

4 6 + (7a+2y4-3s)+(-a;>+s3+7y2!+8sa?+9ay)+{lOj7®— 6a:(a;®+y®+a®)} 

+ llj!yar 

15 If sin^d could be expressed in a finite series of Ps, it could be 
expressed in a finite series of cosines 

19 Art 1806 

CHAPTER XL 
Page 962 

^ 1+®+^’ l+a!» + jc*’ + 

2 4 — — <^g+6 

l+SB+a:^ a' a'a^-^^b^jr+c' 

5 (a) conv (6) a 4: 1 conv , 0 < w < 1 conv , a > 0 di -► + oo 

(c) conv (d) 0 < a < 1 conv , n ^ 0 div , a > 1 div 

8 All conv if m > 1, div if m > 1 
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Volume II page 361 ) 


Abel, 337, 382, (i) p 639, (i) p 641, 
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Biquadratio Function, 367, etc 

Bonnet, 340 


Boole, 23, 536, 557, 880, 895, 924, 
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Bottomley, 73 
Bow, 606 
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Bnot, (i) p 64 

Bnot and Bouquet, 1245, 1327 
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Burstall, 737 

Cajon, 516, 518, 672, 752, 962 
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Oudioide, 423, 622, 642, 632, 751, 803 
Carnot, (i) p 63, 793, 826 
Caislaw, 1692, 1889, (u) p 963 
Cartesian Oral, 615, 619 
Cassunan Oral, 388, 597, 1252 
Catalan, 971, 1068 
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719 

Cauohy, 343, 344, 352, 937, 938, 940, 
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p 202, 1169, 1175, 1197, 1201, 
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590 
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Change of ranahles, 792, 794, ^0, 841 
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Chrystal, 1900, 1901 
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Clerk Maxwell, 467, 604, 1671, etc , 
(n) p 791, 1790 
Clifford, 382 
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Condorcet, 1701 

Confoimal representation, 1235, etc 
Conjugate points on stationary oarve, 
1676 

Contmnity, 1225, etc , 1806 
Contour integration, 1301, etc 
Convergence of infinite integral, 1884 
etaeq 

Cornu, 560, 1169 
Corresponding points, 463 
Cotes' Spirsds, 609 
Cournot, (u) p 150 
Crofton, 1727 1731, (u) p 861 
Cullen, (u) p 242 
Culverwell, 1568, etc 
Curvature (oonfoimal representation), 
1251 

Curves on oylmder, 717 , sphere, 
721 

Cycloid, 618, 640 
C^lindncal Coordinates, 774, 777 
C^hndroid, 1896 
C^ber, 1726 

D'Alembert Mortality Curve, 1736, 
1742 

Definite Integrals 
988 1070 Some weU-known In 
tegrals 

1071 -1 120 Yanous groups, Dogar- 
ithmio 

1 121 -1201 Denvation from Senes, 
eto 

Deformation of path, 1276 
De Moivre, 1217 

Do Morgan, 706, 897, 916, 946-949, 
967, (u) p 147, (u) p 148, (ii) p 
160, 1180, 1200, (u) p 650, 1648, 
1751, (n) p 741 
Density of Distnbution, 1692 
Difiexentiation 

Definite Integral, 364, 1898, 1902 
Multiple Integral, 364 
Dimidiation, 1366, 1369 


Dinchlet, 968, eto , 1601, 1616, (ii) 
p 936 

Divergence Theorem, 1783 
Donkm, 1600 

Double Differentiation and Integra- 
tion, 360, 1897, 1899 
Double Limits, 1902 
Duplication, 1355 

Eocentno Anomaly, 1 156 
Emstem, (ix) p 965 
Elastioa, ^3 607 
Elementary functions, 1905 
Elliott, 496, 1182, eto , 1187 
Ellipse, Orbit, 199 , Rectifioation, 567 
Ellipsoid, 761 
Elliptic Coordmates, 812 
Elliptic functions Penodioity, 375 
Legendnan, 367, eto , 1329, etr 
Weierstrassian, 1380, eto 
Reduction, 1446, etc 
Enoke, 1778 

Energy condition of equilibnum, 15454 
Epicycloid, 640, 566 
Epmome, 372 
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— 1x4-551 pp 5x8 Orig pubi at $11 50 


[100] $5 95 
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FUNCTIONS OF REAL VARIABLES 
FUNCTIONS OF A COMPLEX VARIABLE 
By W F OSGOOD 

Two VOLUMES IN ONE 

**WeU~orgamzed coursesy systematiCy Itietdy fun- 
damentaly with many brief sets of appropriate 
exercises, and occasional suggestions for more ex- 
tensive reading The technical terms have been 
kept to a minimum, and have been clearly ex- 
plained The aim has been to develop the student’s 
power and to furnish him with a substantial body 
of classic theorems, whose proofs illustrate the 
methods and whose results provide equipment for 
further progress ” — Bul^ttn of A M S 
— 676 pp 5x8 2 vols ml [124] $4 95 


DIE LEHRE VON DEN KEHENBRUECHEN 

By O PERRON 

Both the Arithmetic Theory and the Analytic 
Theory are treated fully 
“An indispensable work Perron remains the 
best guide for the novice The style is simple and 
precise and presents no difficulties ” 

— Mathematical Gazette 
—2nd ed 536 pp 51/4x8 [73] $5 95 


IRRATIONALZAHLEN 

By O PERRON 

Methods of introducing irrational numbers 
(Cauchy, Bolzano, Weierstrass, Dedekind, Cantor, 
Meray, Bachman, etc ) Systematic fractionSy con” 
tmued fractionSy Cantor's semes and algomthmy 
Luroth's and EngeVs seriesy Cantoris ^odiicts 
Approximations, Kronecker theoremy Algebraic 
ana transcendental numbers (including transcen- 
dency proofs for e and n, Lioumlle numberSy etc ) 
— 2nded 1939 207 pp 51/4x81/4 [47] Cloth $3 25 

[113] Paper $150 


EIGHT-PLACE TABLES OF 
TRIGONOMETRIC FUNCTIONS 
By J PETERS 

With an appendix on the computation to twenty 
decimal places 

— Approx 950 pp 8x11 [154] In prep 


SUBHARMONIC FUNCTIONS 

By T RADO 

— (Ergeb der Math ) 1937 ivH-56pp 5iAx8i/t [60] $2 00 
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THE PROBLEM OF PLATEAU 

By T RADO 

— (Ergeb der Math) 1933 113 pp 5V^x8 Orig pubi (in 
paper binding) at $5 10 [81] Cloth $295 


EINFUHRUNG IN DIE KOMBINATORISCHE 
TOPOLOGIE 

By K REIDEMEiSTER 

Group Theory occupies the first half of the book, 
applications to Topology, the second This well- 
known book IS of interest both to algebraists and 
topologists 

—221 pp 516x81/4 [76] $3 50 


KNOTENTHEORIE 

By K REIDEMEISTER 

—(Ergeb der Math ) 1932 78 pp 516x816 [40] $2 25 

FOURIER SERIES 

By W ROGOSINSKI 

Translated by H Cohn Designed for beginners 
with no more background than a year of calculus, 
this text covers, nevertheless, an amazing amount 
of ground It is suitable for self-study courses as 
well as classroom use 

'*The field covered is extensive and the treatment 
IS thoroughly modern in outlook An admirable 
guide to the theory ” — Mathematical Gazette 
— Secanded 1959 vi f 176 pp 416x6V6 [67] $2 25 

CONIC SECTIONS 

By G SALMON 

''The classic book on the subject, covering the whole 
ground and full of touches of genius ” 

— Mathematical Assoouitton 

—6th ed XV + 400 PP 51/4x81/4 [99] Cloth $3 25 

[98] Paper $1 94 


HIGHER PLANE CURVES 

By G SALMON 

Chapter Headings I Coordinates II Geneial 
Properties of Algebraic Curves III Envelopes IV 
Metrical Properties V Cubics VI Quartics VII 
Transcendental Curves VIII Transformation of 
Curves IX General Theory of Curves 
— ^3rd ed xix -|- 395 pp 5%x8 


[1381 $4 95 
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ANALYTIC GEOMETRY OF 
THREE DIAAENSIONS 
By G SALMON 

A rich and detailed treatment by the author of 
Conte Seetumt, Higher Plane Curvet, etc 
—Seventh edition IV I) 496 pp 5x8 [1221 |4 95 


INTRODUCTION TO MODERN ALGEBRA 
AND MATRIX THEORY 

By O SCHReiER and E SFERNER 


An Engrlish translation of the revolutionary work, 
Etnfuhrung tn, dte Analytisehe Geometne una 
Algebra, Chapter Headings I Affine Space Linear 
Equations (Vector Spaces) II Euclidean Space 
Theory of Determinants HI The Theory of Fields 
Fundamental Theorem of Algebra IV Elements 
of Group Theory V Matrices and Linear Trans- 
formations The treatment of matrices is especially 
extensive 


^‘Outstanding good introduction well 
suited for use as a text Self-contained and each 
topic is painstakingly developed 

— Matheimatxcs Tecxcher 


— Seconded 1959 viii-|-378 pp 


[801 $6 00 


PROJECTIVE GEOMETRY OF n DIMENSIONS 

By O SCHRESER end E SPERNER 

Translated from the German by Calvin A Rogers 
A textbook on the analytic protective geometry 
of n dimensions whose clarity and explicitness of 
presentation can hardly be surpassed 
Suitable for a one-semester course on the senior 
undergraduate or first-year graduate level The 
background required is minimal The definition 
and simplest properties of vector spaces and the 
elements of matrix theory For the leader lacking 
this background, suitable reference is made to the 
Authors’ companion volume Introduction to Mod- 
em Algebra and Matrix Theory 
There are exercises at the end of each chaptei 
to enable the student to test his master y of the 
material 

Chapter Heading's* I n-Dimensional Proiective 
Space II General Pro]ective Coordinates III 
Hyperplane Coordinates The Duality Principle 
IV The Cross Ratio V Pro] activities VI Lineai 
Proiectivities of P« onto Itself VII Correlations 
Vm Hypersurfaces of the Second Ordei IX 
Proiective Classification of Hypersurfaces of the 
Second Order X Protective Properties of Hyper- 
surfaces of the Second Older XI The Affine 
Classification of Hypersurfaces of the Second Or- 
der XII The Metric Classification of Hyper- 
surfaces of the Second Order 
— 1961 206 pp 6x9 


[1261 $495 
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PROJECTIVE METHODS 

IN PLANE ANALYTICAL GEOMETRY 

By C A SCOTT 

The original title of the present work, as it ap- 
peared in the first and second editions, was *‘An 
Introductory Account of Certain Modern Ideas and 
Methods in Plane Analytic Geometry ” The title 
has been changed to the present more concise and 
more descriptive form, and the corrections indi- 
cated m the second edition have been incorporated 
into the text 

Chapter Headings I Point and Line Co- 
ordinates II Infinity Transformation of Coordi- 
nates III Figures Determined by Pour Elements 
IV The Principle of Duality V Descriptive Prop- 
erties of Curves VI Metric Properties of Curves, 
Line at Infinity VII Metric Properties of Curves, 
Circular Points VIII Unicursal (Rational) 
Curves Tracing of Curves IX Cross-Ratio, 
Homography, and Involution X Proiection and 
Linear Transformation XI Theory of Corre- 
spondence XII The Absolute XIII Invariants 
and Covariants 

— Ready Summer, 1 961 3rd ed xiv + 288 pp 5x8 

[146] Probably $3 50 

LEHRBUCH DER TOPOLOGIE 

By H SEIFERT and W THRELFALL 

This famous book is the only modern work on com- 
binatorial topology addressed to the student as well 
as to the specialist It is almost indispensable to 
the mathematician who wishes to gam a knowledge 
of this important field 

*^The exposition proceeds by easy stages with 
examples and illustrations at every turn 

— BuUetm of the A MS 
•—1934 360 pp 516x81^ Orig pubi at $8 00 [31] $4 95 


SHEPPARD, ''From Determinant to Tensor " see Klein 


HYPOTHESE DU CONTINU 

By W SIERPINSKI 

An appendix consisting of sixteen research papers 
now brings this important work up to date This 
represents an increase of more than forty percent 
in the number of pages 

‘*0ne sees how deeply this postulate cuts through 
all phases of the foundations of mathematics, how 
intimately many fundamental questions of anal- 
ysis and geometry are connected with it a most 
excellent addition to our mathematical literature ” 
— BtiUetmofA M S 

^Second edition 1957 xviiH-274pp 5x8 [117] $4 95 


SINGH, "Non Differentiable Functions " see Hobson 
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DIOPHANTISCHE GLEICHUNGEN 

By T SKOLEM 

“This comprehensive presentation should be 
warmly welcomed We recommend the book most 
heartily ” — Acta Szeged 

— (Ergeb der Moth ) 1938 ix+130pp 5Vix8V4 Cloth 
Orig pubi at $6 50 [751 $3 50 

ALOEBRAISCHE THEORIE DER KOERPER 

By E STEINITZ 

“Epoch-making^ ” — A Hoar, Aea Szeged 

— 177pp including two appendices SVaxSVa [77] $3 25 


INTERPOLATION 
By J F STEFFENSEN 
“A landmark in the history of the subject 

“Starting: from scratch, the author deals with 
formulae of interpolation, construction of tables, 
inverse interpolation, summation of formulae, 
the symbolic calculus, interpolation with several 
vaiiables, in a clear, elegant and rigorous manner 
The student will be rewarded by a compre- 
hensive view of the whole field A classic ac- 
count which no serious student can afford to 
neglect “ — Mathematical Gazette 
—1950 2nded 256 pp 51 / 4 x 81/4 Orig $8 00 [71] $4 95 

A HISTORY OF THE AAATHEMATICAL 
THEORY OF PROBABILITY 
By / TODHUNTBK 

Introduces the reader to almost every process and 
every species of problem which the literature of 
the subject can furnish Hundreds of problems are 
solved in detail 

— 640 pp 514x8 Pr*»viously pubI at $8 00 [57] $6 00 

SET TOPOLOGY 

By R YAIDYANATHASWAMY 

In this text on Topology, the first edition of which 
was published in India, the concept of partial order 
has been made the unifying theme 

Over 500 exercises for the reader enrich the text 
Chapter Headings I Algebra of Subsets of a 
Set II Rings and Fields of Sets III Algebra of 
Partial Order IV The Closure Function V Neigh- 
borhood Topology VI Open and Closed Sets VII 
Topological Maps VIII The Derived Set in T^ 
Space IX The Topol<^cal Product X Con- 
vergence in Metrical ^ace XI Convergence 
Topology 

—2nd ed 1960 vi + 305 pp 6x9 


[139] $6 00 
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LECTURES ON THE GENERAL THEORY OF 
INTEGRAL FUNCTIONS 
By G VALIRON 

—1923 XII + 208PP 51 / 4 x 8 [56] $3 50 


GRUPPEN VON LINEAREN 
TRANSFORA^TIONEN 
By B L VAN DER WAEROEN 

— (Ergeb der Math ) 193 5 94 pp [451 $Z50 


LEHRBUCH DER ALGEBRA 

By H WEBER 

The bible of daasical algebra, still unsurpassed for 
its clarity and completeness Much of the material 
on elliptic functions is not available elsewhere in 
connected form 


Partial Contents VOL I Chap I Rational 
Functions II Determinants III Roots of Alge- 
braic Equations V Symmetric Functions V 
Linear Transformations Invariants VI Tdiirn- 
haus Transformation YII Reality of Roots VIII 
Sturm's Theorem X Limits on Roots X Approxi- 
mate Computation of Roots XI Continued Frac- 
tions XII Roots of Unity XIII Gsdois Theory 
XIV Applications of Permutation Group to 
Equations XV Cyclic Equations XVI Kreistei- 
lung XVII Algebraic Solution of Equations 
XVIII Roots of Metacydic Equations 


VOL II Chaps I-V Group Theory VI -X 
Theory of Linear Groups XI -XVI Applications 
of Group Theory (General Equation of Fifth De- 
gree The Group Gus and Equations of Seventh 
Degree ) XVII -XXIV Algebraic Numbers 
XXV Transcendental Numbers 


VOL III Chap I Elliptic Integral II Theta 
Functions III Transformation of Theta Functions 
IV Elliptic Functions V Modular Function V 
Multiplication of Elliptic Functions Division VII 
Equations of Transformation VIII Groups of the 
Transformation Equations and the Equation of 
Fifth Degree XI -XVI Quadratic Fields XVII 
Elliptic Functions and Quadratic Forms XVIII 
Galois Group of Class Equation XIX Computa- 
tion of Class Invanant XII Cayley's Develop- 
ment of Modular Function XXIII Class Fields 
XXIV -XXVI Algebraic Functions XXVII Alge- 
braic and Abelian Differentials 

— Ready, Fall '61 3rd ed (C repr oi2nded) 2,345 pp 5x8 
[144] Three vol set Probably $19 50 
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DAS KONTINUUM, 
und andere Monographien 

By H WBYL, E LANDAU, and B RIEMANN 
Four volumes in one 

Das Kontinuum (Kntische Untersuchungen 
ueber die Grundlagen der Analysis), by H Weyl 
Reprint of 2nd edition 

Mathematische Analyse des Raumfroblems, 
by H Weyl 

Dahstelluno und Beoruendung einiger 

NEURER ErOEBNISSE DER FUNKTIONENTHBORIE, by 
E Landau Reprint of 2nd edition 
Ueber die Hyfothesen, welghe der Geometrie 
zu Grunde liegen, by B Rtemann Reprint of 3rd 
edition, edited and with comments by H Weyl 

— 83 + 1 17 + 120 + 48 pp 5V^x8 [134] Four vols in one 

$6 00 


THE THEORY OF GROUPS 

By H J ZASSENHAUS 

In this considerably augmented second edition of 
his famous work. Prof Zassenhaus puts the origi- 
nal text in a lattice-theoretical framework This 
has been done by the addition of new material as 
appendixes, so l^at the book can also continue to 
be read as before, on a strictly group-theoretical 
level The new edition has sixty percent more 
pageo than the old 

The number of exercises, also has been greatly 
increased 

“A wealth of material in compact form ” 

— Bulletin of A M S 
— Second edition 1958 viii + 265 pp 6x9 [53] $5 00 


Prms Mub/»ef to chango without notice 




